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PREFACE.

THIS book is intended for students who have been through a

first year's physics course and who are proceeding further with

the study of light. It differs from other books on light by a

more systematic treatment, also by dealing with the full scope
of the subject and including the results of recent investigations.

A good knowledge of elementary mathematics is assumed.

The calculus is used, but I hope that the results obtained by
its aid will be intelligible to those who cannot follow the inter-

mediate steps, and in any case the greater part of the book is

free from it.

Of the 328 figures more than 270 have been specially

drawn for the book.

Mr. Chas. Cochrane, M.A., B.Sc., has read all the proof-

sheets and has worked all the examples.
The book is the fruit of nine years' teaching and experi-

menting at Glasgow University, and I am indebted to Prof.

Gray and the other members of the staff of the Natural

Philosophy Department, and also to some of the advanced

students for much stimulation and encouragement. Prof.

Gray has also read part of the proofs.

K. A. HOUSTOUN.

330175
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CHAPTEE I.

FUNDAMENTAL IDEAS.

LIGHT travels in straight lines. This is taken for granted by every-
one, for we always assume that a body exists in the direction of the

rays of light which enter our eye from it. Also numerous illustrations

of the rectilinear propagation of light occur in daily life. For example,
the rays of the sun entering a darkened room through a chink in a

shutter are seen to be straight ;
also if a shadow of a stick be cast by a

candle flame, the flame, the top of the stick, and the shadow of the

top of the stick are all in one straight line.

But if observations are made with great accuracy, it is found that

the propagation of light is only approximately rectilinear. If, for

example, light from a point source falls on a screen with a very narrow
hole in it, say J^ mm. diameter, after passing through the hole the

rays bend into the shadow to such an extent that we can no longer

speak of the rectilinear propagation of light. In this case diffraction

is said to take place. Diffraction will be fully considered in a sub-

sequent chapter ;
it can be ignored as far as concerns the great

majority of optical phenomena.

B

FIG. 1 (from Watson's "
Physics ").

Let us suppose that AB is a spherical source of light, CD a spherical

obstacle, and EF a screen. Each point of the source casts its own
shadow, so that on the screen we have an infinite number of overlapping
shadow discs, the point A casting for example the shadow H K and the

point B the shadow Gl. As A and B are the extreme points of the

source, the overlapping portion HI receives no light at all. The parts

3 1*
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GH and IK receive light from part of the sphere, and the shadow

gradually becomes brighter as we proceed from H to G and from I to

K. The whole shadow consists therefore of a perfectly black disc of

diameter HI called the umbra surrounded by a ring of gradually
diminishing darkness called the penumbra.

If the sphere AB represents the sun and the sphere CD the moon,
it is only when a point on the earth's surface enters the cone CMD
that the sun is totally eclipsed for that point. When it is within the

penumbra, the eclipse is only partial.

Pinhole Camera. If a luminous object AB
(tig. 2) is placed in

front of a small hole OP in an opaque screen and a white card placed
on the other side of the hole, an inverted image CD of the luminous

object will be formed on the card. A pencil of light goes out from

every point on the object in the manner indicated by the diagram, and
forms a patch of light on the card. The hole must be small, literally
a pinhole, otherwise the patches of light on the card will be too large
and the image blurred. Consequently the image is very faint and if

FIG. 2 (from Watson's "
Physics ").

a photograph is taken by this method a very long exposure is neces-

sary. The pinhole camera has, however, the advantages that it takes

in a very wide angle of view and also that no focussing is necessary,
i.e. there is perfect depth of focus.

Laws of Reflection and Refraction. The fact that a body not
itself luminous is yet visible in all directions, when illuminated by
light from a light source, shows that it must be capable of reflecting

light in all directions. Such reflection is called diffuse reflection and
is subject to no simple law. It takes place at all rough surfaces.

Rays that undergo diffuse reflection usually change their colour.

When a narrow pencil of light is reflected from a mirror or the

polished surface of a transparent medium, diffuse reflection takes place
to only a very small extent and the incident pencil of light gives rise

to two pencils, a reflected one and a refracted one. The light is then

said to undergo regular reflection. The point where the incident ray
of light strikes the surface is called the point of incidence, and if a
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normal be drawn to the surface ail this point, the angle which it makes
with the incident ray is called the Bangle of incidence and the angle
which it makes with the reflected ray is called the angle of reflection.

If the; normal be produced downwards into the transparent medium,
the angle which it makes with the refracted ray is called the angle of

refraction.

The laws of reflection and refraction are as follows :

The incident ray, the normal to the reflecting surface at the point
of incidence and the reflected ray are all in the same plane.

The angle of reflection is equal to the angle of incidence.

The refracted ray lies in the same plane as the normal and the
incident ray, and is on the opposite side of the normal from the inci-

dent ray.
The sine of the angle of incidence bears a constant ratio to the

sine of the angle of refraction for all

angles of incidence, the value of the

ratio depending on the nature of the

light and on the nature of the media
in contact at the surface at which re-

fraction takes place.
Thus in fig. 3 if P is the point of

incidence, M K the trace of the reflecting

surface, NP the normal and AP the

incident ray, the reflected ray PB and
the refracted ray PC are both in the

same plane as AP and PN, L NPB = FlG - 3 -

L NPA and sin NPA/sin LPC is constant, no matter what the value

of L NPA is.

sin NPA
Write - = u.

sm LPC

Then /x is said to be the index of refraction of the lower medium
with reference to the upper for the light in question. For all trans-

parent solids and liquids p is greater than 1.

When the angle of incidence is zero, AP and PB both coincide

with NP, and PC coincides with PL. The ray is then undeviated by
refraction.

If the surface on which the light falls is curved, we may divide it

up into small elements of area, regard these elements as plane, draw
a normal to each and consider each separately. The light falling on
each will then be reflected and refracted according to the above laws.

The laws of reflection and refraction can best be proved with the

spectrometer (p. 98), but a very simple means of verifying them in

the case of a glass slab will be described here.

Fix a piece of paper on a drawing-board and draw any straight
line AP on it. Place the slab in position so that one of its faces rests

along MK and draw the line MK by running a pencil along its edge.
Look into the surface of the slab and the line AP will be seen by
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reflection in the direction A'P
; then place a ruler on the paper so that

its edge seems a continuation of A'P and draw part of the line PB.

Remove the slab and produce BP to cut MK. It should cut it at P,
and it can be shown with a pair of compasses in the manner indi-

cated in the diagram that L APN = L NPB.
Draw a straight line AP as before and place the slab in position so

that MK and HJ are the traces of two of its parallel faces. Draw MK

M

N

Q J

FIG. 4. FIG. 5.

and HJ. Then looking into the face HJ of the slab draw with a ruler

QR, which appears to be the continuation of the line A P. Remove
the slab, draw the normal NPS, produce RQ to meet the normal at S
and join PQ. Then L SPQ is the angle of refraction.

The ratio of the sines can now be determined in different ways
but perhaps the neatest is as follows. It is found from the drawing
that SR is parallel to AP. Consequently L PSQ is the supplement of

L- APN and sin APN = sin PSQ. Hence, since the sines of the angles
of a triangle are proportional to the lengths of the opposite sides,

sin APN sin PSQ PQ
sin SPQ sin SPQ SQ

No matter how I- APN varies, the ratio PQ/SQ is always constant.

Let MN be the section of a plane mirror perpendicular to the

plane of the paper, and let P be a point source of light. Let PA be

any ray from P to the mirror
;
then after reflection it has the direc-

tion AC. Draw EA, the normal at A, draw PN perpendicular to MN
and produce CA and PN to meet at Q.

In As APN and AQN we have AN common, L. ANP = i- ANQ both

being right and L PAN = L QAN, since L EAN is right and EA bi-

sects L CAP. Hence the triangles are equal and PN = NQ.

The point Q is fixed and quite independent of the direction of PA.

If we draw another ray PB, DB its direction after reflection must also

pass through Q. All rays diverging from P and striking the mirror
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appear therefore to an eye at CD to diverge from Q. The point Q is

thus said to be the image of P, and^since the rays AC and BD them-

selves do not pass through 'Q but only their directions produced back-

wards do, the image is said to be virtual. If the rays themselves had

passed through Q, the image would have been real. The essential

difference between a real image and a virtual image is, that a real

image can be received upon a screen and made visible ; a virtual

image cannot.

If instead of a luminous point we have a line object PR, an image
is formed of every point of it as above, and these point images com-

bine to form the line image QS as shown in fig. 7. It will be

FIG. 6.

noticed that the object is reversed by reflection, that right and left are

interchanged. Consequently, if a piece of writing be held up to the

mirror, its image is illegible ;
if however it be blotted and the blotting-

paper held up to the mirror, the writing, being reversed twice, be-

comes legible again.
The fact that the image is as far behind the mirror as the object

is in front of it can be shown very easily with two pins, a short one
and a long one, and a glass plate, the back of which has been
blackened so that only the front surface can reflect light. The glass
is mounted vertically and the short pin stuck up in front of it. The

long pin is placed behind the glass in such a position, that it and the

image of the short pin appear to occupy the same position. Then
there is no parallax between the long pin and image of the short one,
i.e. moving the eye from side to side does not cause the one to move
past the other. If the adjustment is made accurately, the long pin
and the short pin are equidistant from the surface of the glass.

If the experiment is performed with a piece of mirror glass instead
of an unsilvered plate, the image is of course brighter, but a complica-
tion arises owing to the fact that the light has to pass through the
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glass before it gets to the mirror. It will be shown later that if / is

the thickness of the glass, this makes the image nearer the mirror by

2(/x l)*//x. If the mirror is on the front surface of the glass, this

complication falls away. But in this case the mirror has to be made

by chemically depositing silver on the glass and is not very permanent ;

the ordinary tinfoil-mercury process can be applied only to the back

of a glass surface.

Rotation of a Plane Mirror. Let MN be the intersection by
the paper of a plane mirror perpen-
dicular to the plane of the paper.
Let PO be the incident ray, OQ the

reflected ray, and OH the normal at the

point of incidence. Let the mirror

be rotated through an angle a about

an axis through O perpendicular to

the plane of the paper and let OR and
OG be the positions of the reflected

ray and normal after the rotation.
8 - Then

a = /_M'OM = _GOH = /_POH - /_POG =
= i(Z_POQ

-
2LPOR) = |Z_QOR.

But QOR is the angle turned through by the reflected ray. Therefore

the angle turned through by the reflected ray is twice the angle turned

through by the mirror.

Use is often made of a mirror and reflected ray to measure the

angle through which a body rotates. For example, in some patterns
of galvanometer a small magnet or system of magnets has a little

circular mirror attached, which reflects the light from a lamp on to a

graduated scale usually at a distance of about a metre from the

mirror. When a current passes, the magnet and mirror are deflected

and consequently the image moves along the scale. The reflected

rays thus form a perfectly straight mass-less pointer.

Multiple Reflections. ABCD is a thick plate of glass with

parallel faces. A ray of light Pa falls on the upper surface of the

plate at a and gives rise to a reflected ray aa and a refracted ray aa".

The refracted ray falls on the lower surface of the plate and gives rise

to the reflected ray a"l> and a refracted ray which is not shown. The
reflected ray a"b in turn falls on the upper surface of the plate at h

and gives rise to the refracted ray bb' and the reflected ray bb". And
so on ; the single incident ray Pa gives rise to an infinite number of rays

aa', bb', cc', dd\ etc., which appear to come from the images P
lf
P
2 ,

P
3 ,
P
4 ,

etc., to an eye above the plate. The first two, P
l
and P

a ,
are about

equally bright and the others get rapidly fainter, because each reflec-

tion diminishes the intensity of the light very considerably. If the

experiment is performed with a candle flame in a darkened room
usually
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c"\o'\&\

only three images can be seen. If, however, the lower surface of the

glass is silvered, the second image i

much brighter than the others and

altogether about five images can be

seen.

In an ordinary mirror it is this

second image that we see : the other

images are there but are so faint that

they can be ignored.

Suppose a point source P
(fig. 10)

is placed between two mirrors A and
B which have their faces turned to-

wards one another, so that its distance

from A is a and its distance from B is b.

Then by reflection in A an image is

formed at A
x ; by reflection in B an

image of this image is formed at A
2 ,

and by reflection again in A this in

turn gives rise to an image at A
3 ,
and

so on. Similarly by considering the

reflection of P in B we get Bj and
another infinite series of images, B

lf

\

\

P,

B
2 ,

B
3

. . . There are thus two infinite

FIG. 9 (from Watson's

"Physics").

series of images, but of course, owing to the light getting fainter by
successive reflection it is only the first of each series that are seen.

Above each image in the diagram is given its distance from P. The

!
*
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reflection at OA. P;, forms an image P"" in OB ; P"" is behind both mirrors

and can consequently produce no further images.
If we go back to the object P, it forms an image P' in OB which in turn

FIG. 11 (from Watson's "
Physics ").

forms an image P2 in OA. The latter forms an image P'" in OB, and this

image is behind both mirrors
;
hence no further images are formed. Thus in

the case in question seven images altogether are formed, and these all lie on
the circle with centre O and radius OP.

The angles between the different images are marked on the figure, the

angles AOP and BOP being respectively denoted by a and )3, and it is found*
that the angle between two consecutive images is alternately equal to 2a
and 2/3.

Refraction through Slabs with Parallel Sides. Let a ray of light
ABDE be refracted through a plate of a transparent material with

parallel sides, as shown in fig. 12. Let
;u,12 be the index of refraction

of the plate with reference to the medium in which it is placed, and
let

//,21 be the index of refraction of the medium with reference to the

material of the plate. It is found by experiment that the direction

of a ray is never altered by passing through a medium with parallel
sides

; hence the emergent ray DE makes the same angle a with the

normal as the incident ray does. If ft denotes the angle of refraction,

sin a

sin
ft'

sn
SET

Therefore pn =
1//A 12 .

Suppose that two slabs with parallel faces are placed together and
that a ray of light ABCDE passes through them as shown in fig. 13.

Let /x 12
be the index of refraction of the second medium with reference

to the first, let /x23
be the index of refraction of the third medium with
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reference to the second, and let p3\
be the index of refraction of the

first medium with respect to the thi$d. Then, if ft and y have the

values shown in the figure,

(I)

(I)

(I)

FIG, 12.

sin a

sin ft'

sn= ------- ana //,,,
=

Hence

and

sin y
sin a sin ft

sin ft

1

sin y

sm y
sin a

FIG. 13.

sin y
sin a

=
1,

/*31

The index of refraction with reference to a vacuum of air under
standard pressure and at a temperature of C. is 1-0003. The index
of refraction with reference to a vacuum is usually called the absolute

index of refraction, and, when the index of refraction of a gas is given,
it is always its absolute index of refraction that is meant. When the

index of refraction of a glass or a liquid is given, it is usually the

index of refraction with reference to air that is meant. If either the

index of refraction with reference to air or the absolute index of

refraction is given, the other can easily be found by the equation
/x23 /*i3//*i2 since the absolute index of refraction of air is known.

If we denote the absolute indices of refraction of the three media
in fig. 13 by plt /*2 , /*3 ,

then
/*12

= ^/^u ^23
= Ps/Pv and /*si

= Pi/Pa >

hence (1) can be written

/A!
sin a =

/A2
sin /3

=
/x3

sin y.

This equation can easily be extended to take in the case of n media
bounded by parallel plane surfaces, and we see from it that the inclina-

tion of the ray in any one medium depends only on the original in-

clination and is independent of the intermediate media passed through.

Astronomical Refraction. Since the index of refraction of air is ap-

preciably greater than for a vacuum, when the rays from a star enter our

atmosphere they are refracted. The effect of this refraction is to make the

star appear higher in the heavens than it really is. Since the density and
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consequently the refractive index of the atmosphere decreases gradually as

we ascend, the refraction does not take place all at once, but the rays are

curved during their passage through the atmosphere. We can get the effect

of this gradually decreasing index of refraction by supposing the atmosphere
divided into parallel layers, for each of which the index of refraction is con-

stant and has a smaller value than for the layer immediately below it.

Let fig. 14 represent the passage of a ray of light through such a layer.
Then applying the law of refraction at the point P we have

Pi sin i = fa sin r = ^ sin (i
-

p),
whereJL isjjiejieviationjproduced by the refraction. Since

p is smairwecalQ write sin p =
p, cos p

=
1, and the above

equation becomes

/*! sin i = us (sin i -
p cos i)

or p
=

(fji2
-

fr) tan i

since p.z can be written approximately equal to 1. If we
form this equation in succession for all the other layers and
add, and if we also assume that i is not near 90 and tan i

consequently varies slowly, then the total deviation is given

IA. approximately by
r -L'r . * \ j

p
=

(p
-

1) tan i,

where
/A

is the index of refraction of the atmosphere close to the earth's

surface. The index of refraction in the upper region of the atmosphere is,

of course, 1.

The full theory of astronomical refraction is very complicated, as the

magnitude of the effect depends on the temperature and pressure of the

atmosphere. The upward displacement produced increases very rapidly as the
star approaches the horizon, attaining a magnitude of 35' when i reaches 90.
This is greater than the angle subtended by the diameter of the sun or the moon.
Thus when the lower edge of the sun's disc appears to be touching the

horizon, the whole disc is really below the plane of the horizon. Hence
owing to the refraction of the atmosphere both ends of the day are lengthened
at the expense of the night.

It sometimes happens in a desert that the layer of air immediately
above the sand is much hotter than the layers higher up, consequently its

density and index of refraction are lower than for the layers higher up.
Rays of light from the sky incident on the hot layer at a very large angle
are thus totally reflected

* and pass upwards again in the colder region without

reaching the sand. If they reach the eye of an observer, he sees a piece
of the sky apparently mirrored in the sand and takes it to be the surface of

a lake. To this phenomenon the name of mirage is given.
If objects at a distance are regarded through a stream of hot air, e.g.

through the hot air issuing from a chimney or rising from a seashore heated

by the sun, they appear to wave about and tremble. This is due to the index
of refraction of the hot air being less. The patches of hot air act like prisms,

deviating the rays and changing the apparent directions from which they
come and the positions and shapes of the patches of hot air are always alter-

ing. The scintillation or twinkling of the stars is similarly to be ascribed to

changing inequalities in the refractive index of the atmosphere.

Image of a Point formed by Refraction at a Plane Surface. Let us

suppose that a pencil of rays is diverging from a point P on the under
surface of a parallel-sided slab of some refracting material, for example,
glass. The ray PN which meets the upper surface of the slab at right

.,

* For the meaning of this expression c/. next page.
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FIG. 15.

angles does not change its direction* in passing into the air, but any
other ray PS is refracted at the surface of

separation. Let SR be its direction after re-

fraction and let /x
be the index of refraction of

the glass. Then

_ sin TSR _ sin NQS _ sin PQS _ SP
~

sin PSM
~

sin QPS
~

sin QPS SQ'

If the angle QPS is small, SP/SQ = NP/NQ :

consequently /zNQ = NP and the point Q is

fixed. Thus, if a thin pencil from P be incident

at right angles on the upper surface of the glass,
it appears after refraction to come from Q, i.e. a

virtual image of P is formed at Q.

An experimental method of finding the index of refraction of a glass
slab is founded on this. A microscope is used, the tube of which can

be raised vertically by a rack and pinion motion. This microscope is

first focussed on a mark on the stage, then the slab of glass is placed
on the mark and the microscope focussed on the virtual image of the

mark formed by the slab. The distance through which the microscope
has to be raised gives PQ. This is read on a scale. The microscope
is then focussed on a scratch on the upper surface of the slab and the

height through which it has to be raised this time gives QN. Then,
when PQ and QN are known, the index of refraction can be calculated.

In determining the in-

dex of refraction of liquids

by this method a scratch on
the bottom of the vessel

containing the liquid is

taken as the first mark and
dust or chalk floating on
the surface of the liquid
as the second mark. The
method is not an accurate

one and is used principally
for illustrating the theory.*

If the rays diverge from
P making a wide angle with

PN, their directions after

refraction no longer pass

through Q but touch a curve
as is shown in the figure.
This curve is termed a caustic.

FIG. 16 (from Watson's "Physics").

Total Reflection. The angles of incidence and refraction are con-

nected by the relation sin i =
p.
sin r. If the ray is passing from a medium

*
It can be improved by using a Ramsden eyepiece with cross-wires instead of

the Huygens eyepiece usual with microscopes. Then the parallax between the
cross-wires and image makes the focussing more accurate.
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with a large index of refraction to one with a small index of refraction,

say from glass to air, /*
is less than 1. As t, the angle of incidence

inside the glass increases, r increases, and when sin i becomes equal
to

/*,
sin r = 1 and r = 90. The value of * given by sin i =

/x,
is

known as the critical angle. When the angle of incidence is greater
than the critical angle, sin r is greater
than 1. Consequently r can have no
real value ; there is no refracted ray and
the light is said to be totally reflected.

In fig. 17 are shown corresponding
angles of incidence and refraction for

rays incident internally on the surface

of glass of index of refraction 1*5. The

ray PA makes the limiting angle with
the normal. The ray PB is totally re-

flected.

=15

FIG. 17.

Aplanatic Surfaces. The optical distance between two points or

the optical length of the path traversed by a ray between two points
is equal to the actual distance multipled by the index of refraction of

the medium containing the path. If the path goes through different

media, then its optical length is obtained by multiplying the length
of each part of it by the index of refraction of the medium, in which
that part is, and then taking the sum.

An aplanatic surface is one for every point of which the sum of the

optical distances from two fixed points is constant.

Let us suppose that the two fixed points S and S' are in the same

medium, that the light goes directly to the aplanatic surface and back,
and that P is any point on the aplanatic surface. Then its equation is

SP + S'P = c,

FIG. 18. FIG. 19.

where c is a constant. This is the equation to an ellipsoid of revolu-

tion with S and S' as foci, i.e. the surface obtained by rotating the
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ellipse in fig. 18 round the line SS'. Now a property of the ellipse is,

that the straight lines joining any point^pn it to the foci make equal
angles with the tangent and normal at that point. Consequently if

PN is the normal at P, /-SPN = /-S'PN, and if the inner surface of the

ellipsoid be regarded as a mirror, any ray of light incident on the sur-

face from the one focus must pass after reflection through the other
focus.

If one of the foci, S', is moved to infinity, the ellipsoid becomes a

paraboloid of revolution, and if S is regarded as a source of light, every
ray that diverges from S, no matter at what angle, after reflection at

the mirror becomes parallel to the axis. Conversely a paraboloidal
mirror brings all the rays from an infinitely distant object to a point
focus.

Let us suppose that the point S is in a medium of index of refrac-

tion 1 and the point S' in a medium of index of refraction
//,.

Then
the equation to the aplanatic surface becomes *

SP + ju,S'P
=

c,

FIG. 20.

where P is any point on the surface. Let the point Q (fig. 20) be
a neighbouring point to P. From P draw PN perpendicular to SQ and
from Q draw QM perpendicular to S'P. Then, since the angle NSP
is small we may write SP = SN

; similarly S'M = S'Q.
'

Now
SP -f juS'P

= c and SQ + /xS'Q = c
;
hence by subtraction

SQ - SP = ^(S'P
-

S'Q)
i.e. SQ - SN = n(S'P

-
S'M)

or NQ = /xPM.

Divide both sides by PQ, which may be regarded as an element of a

straight line. Then
NQ _ PM
PQ

= ^ ^Q'

But NQ/PQ = cos NQP = sine (angle of incidence of SQ)
and PM/PQ = cos MPQ = sine (angle of refraction of PS').

Therefore, in the limit when QP is made infinitely small we have sine

(angle of incidence of SP) =
/*,

sine (angle of refraction of PS'), i.e. the

ray SP is refracted so as to pass through S'. Thus all rays incident

on the surface from S pass after refraction through S' and S' is a real

image of S.

Draw a circle with centre C and radius AC, A being any point on
it

; then with the same centre describe circles with radii equal to

*The curve represented by this equation is known as the Cartesian oval.
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AC//x and ju-AC, /x being greater than 1, and draw any line CP to meet
them respectively in P and Q. Join QA and PA.

In As APC and AQC we have /-ACP

common, PC : CA : : CA : CQ, hence the

As are similar and /-QAC = /-APC.

Thus

sin QAC
sin PAC

sin APC
sin PAC

AC
PC

If we regard the circle of radius CA as a

section of a glass sphere with centre C
and index of refraction

/x,,
since AC is the

_^ ^ normal to the surface at A, any ray di-

verging from the point P inside the sphere

appears after refraction at the surface to

come from Q. Thus Q is the image of P. P and Q are termed the

aplanatic points of the sphere and the surface of the sphere is an

aplanatic surface for P and Q. The sphere has an infinite number of

aplanatic points ; to every point on the inner sphere there corresponds
an aplanatic point on the outer sphere.

To an element of area surrounding P on the inner sphere there cor-

responds as image an element of area surrounding Q on the outer sphere.
The area of the whole inner sphere is 47r(AC//>i)

2 and the area of the

whole outer sphere 47r(ju,AC)
2

. The area of the element surrounding
Q is therefore

yu

4 times the area of the element of which it is the image.

Ordinary lenses give sharp images only when the rays make small

angles with the axis. The property of the aplanatic points of the

sphere may be used to construct a lens which gives a sharp image, no
matter at what angle the rays diverge from the axis.

For let ABED be the section of a lens of which CD is the axis ;

let P be the centre of curvature of the

one surface DE -and let P and Q be

aplanatic points of the other surface

AB. Then all rays diverging from P

enter the lens undeviated and after

refraction at the second surface appear
to diverge from Q. The lens thus
forms a virtual image Q of P.

FlG - 22 - For the above construction to hold
the object must of course occupy the one definite position and the light
must be monochromatic.

Law of the Extreme Path. The laws of reflection and refraction

can be summed up in a very general law entitled the law of the ex-

treme path. It runs as follows : The optical length of the path
traversed by a ray between two points is stationary, i.e. is either a
maximum or a minimum. The law was formerly known as Fermat's

Principle of Least Time, and was stated erroneously as follows : Eays
of light are the shortest optical distance between the points they connect.
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B

FIG.

The law will first be proved for the case of a single reflection at a

curved surface. This will of course include the case of reflection at

a plane. (

Let a ray of light from S fall on a curved surface AB at P and be

reflected so as to arrive at S'. Take
Q any other point on the curved

surface, not necessarily in the same

plane as S, P, and S'. Join SQ
and S'Q. Then it is required to

show that SP + S'P is either

greater or less than SQ + S'Q for

every position of Q whatever.

With S and S' as foci draw an

ellipsoid of revolution to touch

the surface AB at P and let SQ intersect this ellipsoid at R. Then by
the property of the ellipsoid of revolution SP + S'P = SR + S'R. But
S'R < RQ + S'Q

;
hence SR + S'R < SR + RQ + S'Q < SQ + S'Q, i.e.

SP + S'P < SQ + S'Q. If the surface AB had been more concave towards

S and S' than the ellipsoid itself is, e.g. like the dotted curve, then SQ
would have intersected it before meeting the ellipsoid and we should

consequently have SP + S'P>SQ + S'Q.

The case of refraction at a curved surface can be treated similarly

by means of the other aplanatic surface.

Take next the case of two reflections. Let PABQbe the actual path
of the ray and PA'B'Q a neighbouring path. We shall suppose that

AA' and BB' are small quantities of the first order. Then the law of

the extreme path demands that the difference between the two paths

Py

|Q

FIG. 24.

should be a small quantity of the second order. Take a point C on
AB at some distance from both A and B. Then since the law of the

extreme path holds for a single reflection, PA' -f A'C = PA + AC and
CB + BQ = CB' + B'Q as far as concerns small quantities of the first

order. The path PA'CB'Q therefore differs from the path PACBQ only

by small quantities of the second order. To complete the proof it is

necessary to show that A'C + CB' differs from A'B' only by small

quantities of the second order, and this is of course the case since the

distance of C from A'B' is first order.

More complicated cases can be treated in the same way.
2
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EXAMPLES.

(1) If the light of the sun is admitted through a small hole, an image of

the sun is formed on a screen placed to receive it, but if the aperture is a

large one we obtain an image of the aperture. Explain this.

(2) The refractive indices of glass and water with respect to air are 1'52

and 1 '33. Find the refractive index of glass with respect to water.

(3) A luminous point is placed between two mirrors inclined to one
another at an angle of 90. Find the number and position of the images
formed by reflection at the mirrors, and draw a diagram showing the path to

the eye of the axis of the pencil by which each image is seen.

(4) A luminous object is placed between two plane mirrors inclined to

one another at an angle of 60. Find the number of images produced and
show that they all lie on a circle.

(5) Two plane mirrors inclined at an angle B intersect in O ; P is a point
between the mirrors and PQR a ray emanating from P reflected at the
mirrors in succession so as to return to P. Show that OP bisects L QPR
and that the length of the path is 2OP sin 6.

(6) On a moonlight night, when the surface of the sea is covered with
small ripples, instead of a clear image of the moon a band of light is seen on
the surface of the water extending in the direction of the moon. Explain
with a diagram why this occurs.

(7) The apparent elevation of the centre of the sun's disc is 30. Find the

true elevation. The index of refraction for light passing from vacuum to air

may be taken as 1'0003.

(8) To an observer looking down at a pool of clear water the depth
appears to be 4 ft. What is the real depth ?

(9) A small air bubble in a glass slab appears to an eye looking normally
at the surface to be 2 cms. from the latter. If 1'52 is the index of refraction

of the glass, what is the real distance of the bubble from the surface ?

(10) A slab of glass 10 cms. thick with a refractive index of 1'52 is held
with its lower surface 6 cms. above a piece of paper on which a mark is

made. Where does the mark appear to be to an eye looking at it vertically

through the slab ^ Illustrate your answer with a diagram.

(11) Two mirrors are inclined at a fixed angle to one another and the
combination can be rotated 'alfout their line of intersection as axis. Show
that, if a ray of light is reflected first in the one mirror and then in the other
in a plane at right angles to the axis, the deviation is unaltered by the
rotation of the mirror.

(12) Prove directly without using the property of aplanatic surfaces

that, if a ray of light from a point P is reflected by a plane mirror so as to

arrive at a point Q, then the optical length of the path of the ray is a

minimum, i.e. is less than the optical length of any other path from P to the
surface of the mirror and then to Q.

(13) Prove directly without using the property of aplanatic surfaces

that, if a ray of light from a point P is refracted at the plane surface of a

denser medium so as to arrive at a point Q inside that medium, then the

optical length of the path of the ray is less than the optical length of any
other path from P to Q.

(14) Deduce from the law of the extreme path, i.e. without using the
law of reflection as an intermediate step, the formula connecting the posi-
tions of the object and image formed by reflection at a concave mirror.

'



CHAPTEE II.

ELEMENTARY THEORY OF SPHERICAL MIRRORS AND LENSES.

Spherical Mirrors. If the surface bounding two media is spherical
in shape and highly polished, it is said to form a spherical mirror. It

is not necessary for it to be silvered ; an unsilvered glass surface gives

quite as sharp images, but if the glass surface is silvered or if the

mirror is made of speculum metal, the images are much brighter. The

glass must be silvered on the front if the simple theory given in this

chapter is to apply, for if the mirror consists of a thin piece of glass
silvered on the back, the light suffers refraction at the front, both

before and after reflection at the back.

Spherical mirrors are divided into two classes, concave and convex.

In the case of the concave spherical mirror, the light falls on the sur-

face from the same side as the centre of curvature or centre of the

sphere of which the surface forms part : in the case of the convex

spherical mirror the light falls on the surface from the opposite side

to the centre of curvature. Thus a glass-air surface can be regarded
as concave or convex according to the side on which the source of light
is placed.

The formulae giving the positions of the images formed by mirrors

and lenses are algebraic. Thus, if v denote the distance of an image
formed by a mirror from the mirror, and we solve for v, we may find for

an answer a value such as + 10 cms. or - 7 cms. It has hitherto

been usual in elementary textbooks on light to take the direction

opposed to the incident light as positive ;
thus v = + 10 cms. means

that the image is 10 cms. from the mirror on the side from which the

light is coming, and v = - 7 cms. means that the image is 7 cms.
distant on the other side. In coordinate geometry and in plotting

graphs on the other hand, positive numbers are always measured to

the right and negative numbers to the left, and there is so much graph
plotting done in schools now that this convention is very well under-
stood. The two conventions agree or clash according to the side of

the page from which the light comes.
In this book we shall adopt the convention of coordinate geometry

throughout, and v = - 7 cms. will denote that the image is 7 cms. to

the left of the mirror, no matter from which side the light comes.
There is no reason why a student should unlearn his coordinate

geometry when he starts to study light, since the one convention pos-
sesses no advantage over the other.

19 2*
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Let AB represent a section of a concave spherical mirror, let C be

its centre of curvature, and let P

be a point source of light. Join

PC and produce it to cut the

mirror in A. We shall suppose
at first that AP is greater than AC.

Draw any ray making a small

angle a with AP to meet the

mirror at B. Then CB is the
normal to the element of the mirror at B. Let LPBC = <. The ray
after reflection at B makes an angle </>

with the normal and meets
AP at Q. Denote ^-BCQ by fi and 2_BQA by y, and let the coordinates

with respect to A of the points P, C, and Q have the values u, r, and v.

Then, from the figure

FIG. 25.

and consequently a + y = 2ft
can write

y = < + /?

But since a, ft and y are small we

AB
/

AB AB
, p =

,
and v = -r ' 'u

On substituting these values in the equation above and dividing out

by AB we obtain

u

If the point P is on the other side of C and the reflected ray meets
AP to the right of A we proceed in the same way. If however BQ
meets AP to the left of A (fig. 26) the equations between the angles are

a =
</> + ft 2< = a + y,

which give a -
y = 2ft In this case, however, y = -

AB/r, so the

FIG. 26. FIG. 27.

final equation is the same as before.

If the mirror is convex (figi 27) the equations are

y = + <, 2< = a + y,

and these give y
- a = 2ft In this case a = AB/M, /?

= -
AB/r, and

y = -
AB/v, so the equation again takes the same form. In figs. 26

and 27 it will be noticed that the reflected ray itself does not pass

through Q but only its direction produced backwards.
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Eays diverging from a point P therefore and making a small angle
with the straight line joining P with ihe centre of curvature of the

mirror, after reflection at the' mirror either converge towards or ap-
pear to diverge from another point Q. Or in other words the mirror
forms an image of the point P at Q.

In each of the three figs. 25, 26, and 27 keep the mirror and conse-

quently the point C fixed and rotate the line PC through a small

angle about an axis perpendicular to the plane of the figure through
C. P and Q then describe arcs which may be taken as straight.
Next rotate the figure about PC. Small circular elements of area will

be traced out at P and Q and the one element will be the image of

the other.

Spherical mirrors have usually a circular rim and the straight line

through the centre of curvature perpendicular to the plane of this rim
is called the axis of the mirror. We have proved, therefore, that a
circular mirror always forms an image of a small plane figure situ-

ated on the axis and perpendicular to the axis.

If the object is at infinity, 1/u is zero and v becomes equal to r/2.
All the incident rays are then parallel, and after reflection they con-

FIG. 28. FIG. 29.

verge to, or appear to diverge from, a point F midway between A and
C. This point F is called the principal focus or simply the focus of

the mirror and the length AF is called its focal length and is usually
written f.

If the property of the focuF and the fact that the mirror forms

images be assumed, the position and size of the image can be found

very easily by a graphical construction. Let there be an object at P

t

FIG. 30. FIG. 31.

(figs. 30, 31) only one-half of which, P/?, is drawn. Draw a ray from

p through C
;

it falls on the mirror perpendicularly, and consequently
after reflection comes back along the same path. Draw another ray
j)B parallel to the axis

;
after reflection it passes or appears to pass
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through the focus. The point q where BF cuts pC is therefore the

image of p and the perpendicular to the axis, qQ., consequently the

image of pP.
Since AB is small in comparison with the radius of curvature it

is greatly exaggerated in the figures for the sake of clearness it may
be regarded as straight and at right angles to A P. Then AB = Pp
and consequently AB/GU/

=
Pp/Q.q. Triangles ABF and GU/F are similar

as are also triangles Q</C and PpC. Hence
AB _ AF P _ PC

Qiq

~
QF

a
Q.q

~
QC'

But the left-hand sides of these two equations are already equal ;

hence
AF PC

OF
=

QC'

which gives /(2/
-

v)
= (2/

-
u) (f

-
v),

or fu + fv = uv
and on dividing out by uvf1112

- + - = ->=->u v f r

the equation which has already been found.

'The relative sizes of the image and object can also be obtained

from figs. 30 and 31. For
/I 1\

v( -- -
)

Qg QC _ r - v \v rj

P
=

PC
=

- (u-r)
=

r^TT
\r112 1111

But since - + -=-. - _ - s= - _ -,
u v r v r r u

Q.q v
and - = ---

Pp u

The ratio Qq/Pp is termed the linear magnification. The minus sign
means that if u and v have both the same sign then Q</ and Pp are

drawn in different directions from the axis, or, in other j^vords, that

the image is inverted. Apart altogether from the question of signs
the above equation can be put into the following useful rule : the

linear dimensions of the image and object are in the ratio of their

distances from the mirror.

In working problems on mirrors it is better not to rely on the

equation
1 1 = 2 = 1

u v
~~

r
~

f
alone, as errors of sign are very easily made, but to verify the result

by the graphical construction.
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As the position of the object varies, the change in the position and
character of the image formed by a spherical mirror can be traced

very readily by the graphical construction. It is given in the follow-

ing tables :

CONCAVE MIRROR.
Position of Object. Position, of Image.

At infinity. At focus.

Between GO and C. Between F and C.

AtC.
Between C and co .

At infinity.
From an infinite distance
behind mirror to mirror.

At mirror.

AtC.
Between C and F.

At F.

Between F and mirror.

Character of Image.

Real.

Real, inverted, diminished.

Real, inverted, same size.

Real, inverted, magnified.

At mirror.

CONVEX MIRROR.
Position of Object.

At infinity.
Between infinity and

mirror.

At mirror.

Virtual, erect, magnified.

Erect, same size.

Position of Image.

At focus.

Between F and mirror..

At mirror.

Character of Image.

Virtual.

Virtual, erect, diminished.

Erect, same size.

An interesting optical illusion called the "Phantom Bouquet" can be

produced with a large concave mirror of about a metre radius of curvature.

A bouquet is placed in front of the mirror in a darkened room in such a

position as to produce a real and magnified image. Th? bouquet itself is

suspended upside down and the image is erect. The mirror and bouquet
are placed in a large box and the bouquet illuminated strongly by wire fila-

ment lamps. These lamps are placed in the box in such a position that

they cannot be seen from outside. After reflection by the mirror, the rays
from the bouquet emerge from an opening in the box and form the image in

front of it. An empty vase is placed below the image. If an observer looks

at the vase so that his direction of vision meets the mirror, he sees the

bouquet in the vase, but if he looks at it from the side, the vase appears
empty.

A similar illusion, that has been shown at different places during the past
four years, is one of dancing human figures about nine inches high. This
also requires a darkened room for its exhibition. The figures are, of course,
diminished images of real human beings, and their size is simply due to the

image being much closer to the concave mirror than the object is. The axis

of the concave mirror is at right angles to the line of vision of the spectators
and the rays are turned towards the latter by a combination of plane
mirrors, which at the same time inverts the image. The details of this com-
bination are left as an exercise to the reader.

The illusion known as "Pepper's ghost" requires a large plane sheet of

plate glass, which is placed vertical and at an angle of 45 with the line of

vision of the spectators. The latter consequently see two scenes superim-
posed, the background which is visible by the direct rays that come through
the glass, and objects at the side of the stage which are visible by the rays
reflected through 90 by the glass. The background is usually somewhat
dim, and at first the actor who is to fill the role of the ghost is kept in the
dark at the side. He is too far to the side to be seen by the spectators

directly. When it is time for him to "appear," the limelight is turned on
him and his image at once appears superimposed on the background by the
reflected light. The image is of course transparent ; bright parts of the

background can be seen through it.
"
Kineplastikon

"
is merely a variily a variant
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of Pepper's ghost, in which the place of the live actor at the side is taken

by a screen on which a picture of an actor is projected by the cinemato-

graph.

Refraction at a Spherical Surface. Let us suppose that the com-
mon boundary of two transparent media is spherical in shape, and that

the rays emitted by a luminous point P in the first medium are

refracted at the spherical boundary. The first medium may be thought
of as air and the second as glass, although for the sake of generality
we shall put ^ for the index of refraction of the first medium and /*a

for the index of refraction of the second, /x2 being greater than
fj.r

Just as in the case of the spherical mirror the refracting surface

may be either concave or convex with respect to the point P. We shall

first take the case that it is concave (fig. 32).
Join P to C, the centre of curvature of the surface, and let PC meet

the surface in A. Let. PB be any ray making a small angle a with
PC and meeting the surface at B. CB is the normal to the surface at

B. After refraction the ray will proceed as if it came from Q. Let
/-CBP =

</>
and ^-CBQ = 6. Then by the law of refraction

/A!
sin

<f>
=

/*2
sin 0. Since the angle a is small, the angles < and

must also be small. Hence this equation may be written

/*i*
= P$ (2)

Let Z.AQB = y and z_ACB =
(3.

Then
= & -

y, < = /?- a,

and on substituting in equation (2) this gives

Hi(p
-

a)
= ^(P ~

7) or /M ~
Mi = Pfa -

/h) (3)
Now let AP =

u, AQ =
v, and AC =

r, where it, v and r are all

measured positive to the right of A. We may then write

AB AB AB
a== u^ = v and 0~ 7'

and on substituting these results in (3) and dividing out the common
factor it reduces to

A*2 Ml _ /*2
~

/*] ,fr
V

~
U

~

~T~~
If the point P is on the other side of C, < = a -

ft and = y
-

fi,

but the proof is otherwise the same. Thus all rays diverging from P
and making a small angle with AP appear to come from Q after re-

fraction, or in other words a virtual image of the point P is formed at Q.
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If the refracting surface is convex* (figs. 33 and 34) there are two
cases according as BQ meets AP to the left or the right of A.

FIG. 33.

If we take the former case (fig. 33), < = a + /?,
=

(3
-

y and

consequently W + PL* = 00*2
-

MI).

Since a = AB/w, y = -
AB/y, and /3

= - AB/r this reduces to (4).
In this case the image is real.

FIG. 34.

If we take the latter case (fig. 34), <f>
= a + ft, 9 =

J3 + y, and
therefore

In this case a = AB/u, y = AB/v, and /?
= -

AB/r, so the final equa-
tion is once more the same. In this case the image is virtual.

If in figs. 32, 33, and 34 the refracting surface and consequently C
is kept fixed and PC rotated through a small angle about an axis

through C perpendicular to the plane of the paper, P and Q describe

small arcs which may be regarded as straight lines. If the figures
then be rotated about AP these lines describe small areas, and every
point on the one area is the image of a point on the other. Thus by
refraction at a spherical surface, images are formed of plane elements
on the axis of the surface and at right angles to the axis.

Refraction through a Lens. A lens is a portion of a refracting
medium bounded by two spherical surfaces or by one spherical surface

and a plane surface. The straight line joining the centres of curva-

ture of the surfaces is called thejtxis of the lens, or, if one of the sur-

faces is plane the axis is the straight line normal to it drawn through
the centre of curvature of the other. A plane through the axis is said

to be a principal section of the lens.

Lenses are divided into two classes. The first class, convex or

converging lenses, cause a beam of parallel rays to converge ;
the

second class, concave or diverging lenses, cause a beam of parallel rays
to diverge. Fig. 35 gives the principal sections of some typical lenses.
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Of these, A, B, and C are cogyex ; D, E, and F are concave. A is termed

a double-convex or bi-convex lens, B a plano-convex lens, and C a

convex meniscus, while D is termed a double-concave or bi-concave

lens, E a plano-concave lens, and F a concave meniscus. C and F are

termed also, somewhat indiscriminately, convexo-concave and concavo-

convex lenses.

If a convex lens is placed in a medium the index of refraction of

which is greater than that of the glass of the lens itself, it acts as a

concave lens.

Let a lens be placed in a medium with reference to which the

index of refraction of its material is ^ and let a luminous point P be

situated on its axis at a distance u from its first surface. Let r
1
and r

2

be the distances of the centres of curvature of the two surfaces each
measured from its own surface, and let / be the thickness of the lens

measured along its axis.

An image of P is formed by refraction at the first surface. Let its

distance from the first surface be s. Then by (4)

.

.

The image is distant s + t from the second surface of the lens and a
second image is formed of it by refraction at the latter. Let v be the
distance of the second image from the second surface. Then apply-
ing (4) a second time

1 JL _
* ~

A* ,m
v 8 + i

~

~^~
Let us now suppose that the lens is thin and that / may be neglected

in comparison with s. Equation (6) thus becomes
1 p. 1 -

IL-- C - -- /rrx

v s r.,
\ t}

Add the left-hand and right-hand sides of equations (5) and (7) and
we obtain finally

the fundamental equation giving the position of the image formed bv
a thin lens.

If the object is at an infinite distance from the lens, the incident
rays are parallel, 1/u = and v is given by
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1

This quantity is denoted by/and is called the focal length of the lens.
If/be substituted in (8) the fundamental equation of the thin lens
becomes 111

v~ u
~
f

If the lens is convex, the image formed of the object at infinity is

FIG. 36. FIG. 37.

situated on the other side of the lens from the incident light and is

real
;

if the lens is concave, it is situated on the same side of the lens

as the incident light and is virtual.

In using the equation for/

/
due regard must be paid to the signs of r

l
and r

2
. If the lens is bi-

convex or bi-concave the surfaces are turned different ways and r
1
and

r
2 have different signs. Which is positive and which is negative

depends upon whether the lens is bi-convex or bi-concave and also on
which side of the lens is to the right of the page, but in any case, after

the numerical values are substituted, the two terms in the second
bracket must have the same sign. If the lens is concavo-convex or

convexo-concave i\ and r
2
have the same sign, and after the numerical

values are substituted the two terms in the second bracket have con-

sequently different signs ;
the two curved surfaces partly neutralize

one another. If the lens is plano-convex or plano-concave, either r
l
or

?\
2 becomes infinite.

Optical Centre of a Lens. If a ray of light passes through a lens

undeviated, that is, if its direction after emergence is parallel to its

direction before incidence, the lens must act on it merely as a parallel
slab and the tangent planes at the points of incidence and emergence
must be parallel.

Let E^GgEg be such an undeviated ray. Then the radii CjGj and
C

2
G

2 perpendicular to the tangent planes must be parallel. Let GjG.,

cut the axis of the lens at C.

Triangles Cl
CG

l and C2
CG

2
are similar, for L. G^C = L G

3
C

2
C

?
since
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is parallel to C
2
G

2 , and L c^CGi = L C
2
CG

2
. Thus C

: C.,G.,, or, in other words, the distance between the centres is

/E,

FIG. 38.

divided in the ratio of the radii and C is a fixed point. All rays, there-

fore, that are undeviated by the lens pass through a fixed point on the

axis. This point is called the optical centre of the lens.

Conversely, if any ray passes through the optical centre, it is

undeviated, for, if the radii be drawn to the points of incidence and

emergence, they can be proved to be parallel.

Fig. 38 is exaggerated for the sake of clearness. It will never be

necessary to consider rays incident so obliquely as E^. When
the lens is thin, we may regard its optical centre and the two points
in which the axis meets its surface as coincident.

Graphical Determination of Position of Image. If the properties
of the focus and the optical centre of the lens be assumed, the position
of the image can be determined very easily graphically. For, let Pp
represent one-half of the object. From p draw a ray parallel to the

axis to meet the lens in B. After refraction by the lens it

either passes through F
(fig. 39) or appears to pass through F

(fig. 40). From p draw another ray through C, the centre of the lens.

FIG. 39. FIG. 40.

It passes through undeviated. The point where these two rays
intersect, that is, </,

is the image of p and the perpendicular to the axis,

</Q, is the image of ;;P.

The fundamental formula for the thin lens can be derived very
easily from figs. 39 and 40. For CB = Pp and consequently CB/GU/

=
P/j/Qy. Triangles FQry and FCB are similar as are also triangles CQ</
and CP/>. Hence

CB _ CF Pp _ PC

Gty

~
QF Qiq

~
QC
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But the left-hand sides of these two equations are already equal ; hence
CF _ PC / - u
QF

~~

QC / ,

- v
~

- V '

which gives vf = uf -
uv, and on dividing out by uvf

1
_ 1 _ 1

V U
~

/'
The relative sizes of the image and object are also obtained from

figs. 39 and 40.

Qo CQ v
For

p|
=

5P
=

'

that is, the linear dimensions of the image and object are in the
ratio of their distances from the lens.

In working problems on lenses it is better not to rely on the

equation
1 _ 1 _ 1

v u~ f
alone, as errors of sign are very easily made, but the result should be
verified by the graphical construction.

As the position of the object varies, the change in the position and
character of the image formed by a lens can be traced very readily by
the graphical construction. It is given in the following tables :

CONVEX LENS.
Position of Object. Position of Image. Character of Image.

At infinity. At focus. Real.
Between oo and Between v = f and Real, inverted, diminished.
u = -

2/. v = 2/.
At u = -

2/. At v = 2/. Real, inverted, same size.

Between u = - 2/and Between v = 2/and Real, inverted, magnified.
u = -

f. t> = - oo .

At u = -
f. At v = - oo .

Between u = - f and Between v = + oo and Virtual, erect, magnified.
lens. lens.

CONCAVE LENS.
Position of Object. Position of Image. Character of Image.
At infinity. At focus. Virtual.
Between oo and lens. Between focus and lens. Virtual, erect, diminished.

WORKED EXAMPLES.*

(1) A concave mirror has a radius of curvature of 16 cms. Find the

position, nature, and size of the image when an object 5 mm. high is placed
(a) 20 cms. from the mirror, (6) 6 cms. from the mirror,

(a) The formula gives

JL
1 = 1

20 v 16*

Hence v = 13 cms. and the image is real and inverted. The magnification
v/u is | and hence the height of the image 3 mm.

* In each of the following examples it has been assumed that the light
is coming from the right.
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(6) In this case

l
+

1 -*
6 16'

Hence v = -
24, i.e. the image is behind the mirror and is erect and virtual.

The magnification is - * = - 4 and the height of the image consequently

2 cms.

(2) A convex mirror has a radius of curvature of 16 cms. Find the

position, nature, and size of the image when an object 5 mm. high is placed at

a distance of 20 cms. from the mirror.

In this case the centre of curvature is behind the mirror so that r must

)>e written = - 16. Then the formula gives

*
+

1 - -?

20 v 16'

Hence v = -
5f, the image is behind the mirror, erect and virtual, the

magnification is -
^
-^ = =- and the height of the image is -=- mm.

i X &\J 4 4

(3) The radii of curvature of the two faces of a thin convex lens are 20

and 40 cms. and the refractive index of the glass of which it is made is 1'5.

Find the numerical value of the focal length, (a) if the lens is biconvex, (6)

if it is concavo-convex.
We have in the first case

and in the second case

= --)-a) or = cms -

(4) The focal length of a convex lens is 40 cms. Find the positions of

the image when the object distance is (a) 60 cms., (6) 30 cms.
Here / is written - 40 since rays are Brought to a focus on the negative

side of the lens. In the first case the formula is

1 _ _L JL
"

v 60
~

40'

v = - 120 cms., and the image is a real one and is on the opposite side of
the lens from the object. In the second case

1 _ _!_ JL_
v
~
30

~
40'

v = + 120 cms., the image is a virtual one and is on the same side of the
lens as the object is.

EXAMPLES.

(1) The radius of curvature of a concave mirror is 20 cms. Find the
positions of the object for which a real image three times its height and a
virtual image twice its height are formed.

(2) A flower is suspended, inverted, 50 cms. in front of a concave mirror.
An empty vase is placed 100 cms. in front of the mirror. What must be the
radius of curvature of the mirror, if the flower appears in the vase to an
observer looking at the vase towards the mirror ?

(3) A glass globe, 6 inches in diameter, is filled with water. Trace the
changes in position of the image, seen by an observer looking along a
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diameter, of a point in the water as it moves from the farther to the nearer
end of the diameter. The thickness of the glass may be neglected.

(4) The radius of curvature of a convex mirror is 15 cms. The object is

distant 1 metre and has a height of 5 cms. Find the position and height of

the image.

(5) A small air bubble in a sphere of glass of 3 cms. diameter appears to
be 1 cm. from the surface when looked at along a diameter. If the refractive

index of the glass is 1*52, find the true position of the bubble.

(6) An incandescent gaslight,with a mantle 8 cms. high stands at the
same level as a convex lens of focal length 20 cms. and at a distance of 5
metres from it. Find the position of the image. If the light is lifted

50 cms. above its original position, what change takes place in the position
of the image ?

(7) Determine by experiment the form of a curve showing the relation

between the distance of an object from a given lens and the magnification of

the real image.

(8) An image of *a lamp is to be produced on a screen at a distance of 4
metres and is to be magnified four times. Find the focal length of the lens

that will be required.

(9) A lens of focal length 12 cms. made of glass of refractive index 1*52
is immersed in water. What does the focal length become ?

(10) A convex lens of focal length / produces a real image of magnifica-
tion m. Show that the distance of the object from the lens must be

(m + l)//m.

(11) An image of height a is formed on a screen by a convex lens. It is

found by keeping the positions of object and screen unaltered and by moving
the lens towards the screen, that there is a second position for the lens in

which it forms a sharp image on the screen. In this case the height of the

image is 6. Show that the height of the object is >Jab.

(12) Prove that the distance between two real conjugate points with

respect to a convex lens cannot be less than four times its focal length.

(13) The radii of curvature of a biconvex lens are 20 and 30 cms. and
it is made of glass of refractive index 1'52. Calculate its focal length. If

the lens had been a convex meniscus lens with the same radii of curvature,
what would the focal length have been ?

(14) If a plane mirror on which a pencil of light is incident is turned

through any angle about an axis perpendicular to the plane of incidence, the
reflected light is deviated through twice that angle.

Hence show that when a plane wave is reflected at a spherical surface,
the curvature of the reflected wave is twice that of the surface.

(15) Prove that if a lens is held before the eye and then moved to one

side, the objects seen through it appear to move in the same direction as

the lens if the latter is concave, but in the opposite direction to the lens if

the latter is convex.

(16) OA and OB are two straight lines at right angles to one another.

A point C is taken in OA and a point D is taken in OB, so that OC = OD =
/,

and straight lines are drawn through D and C parallel to OA and OB to meet
in E. A straight line is drawn through E to meet OA and OB in P and Q.

Show that if OP represents the object distance for a convex lens of focal

length /, OQ represents the image distance.

Show that the construction holds for a concave lens, if C and D are

taken in OA and OB produced.
(17) The focal length of a thin lens has been determined to be 25 cms.

by using a lamp at a great distance as object and measuring the distance of
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the image from the lens. How far away must the lamp be in order that the
result may be right to 3 per cent. ?

(18) A system of rays is such that they all cut a given surface orthogon-
ally. A curved mirror intersects each ray in a point, such that the sum or
difference of the distances of the point of intersection from the orthogonal
surface and from a fixed point is constant. Show that the mirror reflects

the system of rays to a focus at the fixed point.

(19) A convex and a concave lens each 20 cms. in focal length are placed
coaxially at a distance of 6 cms. apart. Find the position of the image, if

the object is at a distance of 30 cms. beyond (a) the convex, (6) the concave
lens.



CHAPTEE III.

THICK LENSES AND SYSTEMS OF LENSES.

IF we are dealing with a thin lens a knowledge of its focal length
enables us to calculate the distance of the image when the distance

of the object is known. It is immaterial from what point in the

lens these distances are measured. If, however, the lens is a thick

one or a photographic objective consisting of four or six separate
lenses, very different values of the object and image distances are

obtained according as they are measured from the front or the back
surface of the lens, and the question arises, are there any points from
which they can be measured in this case in order to give consistent

results, or must the single surfaces be treated separately.
It was proved by Gauss seventy years ago that it is not necessary

to treat the single surfaces separately, but that a compound lens can be

treated as a whole and the ordinary formula for the thin lens applies,
if the object and image distances are measured from two theoretical

planes fixed with reference to the lens. When the medium on both

sides of the lens is the same, these planes are called the equivalent

planes ; when it is different they are called the principal planes. The

rays from the object diverge to the one equivalent plane and converge
from the other to the image, conjugate rays meeting the equivalent

planes the same distance from the axis.

It is always possible to find a thin lens that produces an image of

a given object in the same place and of the same size as the image
produced by a system of lenses. For this only means the solution of

the equations 111 . ,- = -i m = v/u, a = u -
v,

where d and m are given. But the equivalence holds only for the two

given conjugate points. The images of other objects produced in the

two ways coincide neither in position nor magnitude. It is thus im-

possible to find a single lens that placed in any one position will act

in the same way as the system of lenses does.

If, however, a thin lens of a certain focal length is taken and

placed at the first equivalent plane to receive the rays of light and
then rapidly shifted to the other equivalent plane to discharge the

rays, it will act in exactly the same manner as the compound lens.

33 3
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This is, of course, an exceedingly popular way of putting the

matter, but it will serve to give preliminary ideas.

In this chapter the whole treatment is made to depend on the

property of conjugate planes and on Helmholtz's law of magnification.
This method does not enable the positions of the cardinal points to be

calculated in the general case, but it is much simpler than the other

methods and it is at the same time rigorous. Possibly the analytical
nature of the other methods has been the reason why the theory is so

little known at present.

Helmholtz's Law. Let Q</ be the image of Pp formed by a re-

fracting surface (figs. 41, 42, 43, cf. figs. 32, 33, 34). Let PB be any -

ray through P making a small angle with the axis and let BQ be the

FIG. 41.

same ray or its direction produced backwards after refraction. Let

yl
= Pp and #2

=
Qtfj let ax and a2 be the angles which PB and QB

,B

FIG. 42.

make respectively with the positive direction of the axis of the lens.
We shall regard yl and yz as the coordinates of p and q ; they are

FIG. 43.

positive if the points are above the axis and negative if the points are
below the axis. Then

AB

^

AP = PC AQ = (r
-

u)v
AB QC AP

~
(r

-
v)u

(9)

But

AQ
i

U
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that is, n 3
(-

- -

J
= ^

(-
- -

J
or ^u (r

-
v)
= ^v (r

-
u).

Thus, on substitution in (9), we obtain

y tan a
t ^^

y2 tan a
2

~~

^
or /x,^ tan ax

=
^,^2 tan a2 , . .

: (10)

This formula was first given by Lagrange. The ratio yjy is called

the linear magnification and the ratio tan a2/tan aj the angular magni-
fication for the conjugate points P and Q.

Similarly it may be shown that in the case of reflection at a

spherical mirror

yi tan ax
= y% tan a2 .

Suppose now that instead of one spherical refracting surface

separating two media we have n - 1 coaxial refracting surfaces

separating n media, and that the index of refraction of the first medium
is

/*j,
of the second medium yu2 ,

and of the nih medium /*. Let a

small object of linear dimensions yi perpendicular to the axis be

placed on the axis in the first medium and let a ray drawn from it

make an angle aj with the axis. After refraction at the first surface

this ray makes an angle a2 with the axis and appears to diverge
from an image of linear dimensions ;/2

. After refraction at the second
surface it makes an angle a3 with the axis and appears to diverge
from an image of linear dimensions y%. Thus, applying (10), we
obtain

tan a
x
=

/x22/2
tan a

2 ,

tan a
2
= p^ys

tan a
3 ,

pn - 1 yn - 1
tan a,, _ l

= pnyn tan aM ,

or leaving out the intermediate steps

'fji1yl
tan a

x
=

p.nyn tan an . . (11)

This equation for a system of surfaces was first given by Helmholtz.

Focal Planes. Let us suppose we have any system of coaxal

spherical refracting surfaces, that a plane element is placed on the axis

at a point P and that a final image is formed of this element by the

system at a point Q. Take any point on the axis as origin and let x1

and .r
2
be the coordinates of P and Q with respect to this origin. We

shall have no occasion to deal with the intermediate images and so can

give the suffix 2 to the last image. Then

Aflj^g + Bx1 + Cx2 + D = . ,
;

. (12)

where A, B, C, and D are constants depending on the positions and

curvature of the surfaces and the indices of refraction of the dif-

ferent media. This equation merely expresses the fact that for every

position of the object there is always one and only one position of the

final image, a fact which we can prove by taking the single refractions

3*
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separately, and it is the most general way of expressing this fact, as

may be seen on attempting to add additional terms.

For a single refraction we have

~v

"
~u

~
r

On differentiating with respect to u this gives

_ ^ dv f^ =
v2 du uz

or
dv /t*i^

2

du !*>$>?

and this is always positive. Thus, if the object is displaced along the

axis, the image is displaced along the axis in the same direction.

Since this holds true of all the intermediate refractions it must be

true for the final image formed by a system.
Differentiate (12) with regard to xlt Then

dx9 _ dx.,
A.r~ 4- A, -^ 4- B 4- C T-3 =

and

j
+ D __
+ C (BC

-
AD)

Aajj + C (AiCj + C)
2

'

Since this must be positive and the denominator being a square is

always positive, it follows that BC - AD is negative.
Assume that A is not zero. Then (12) may be written in the

form
B C BC _ BC _ D

X
1
X
2 +

fi
x

i + A**2
+

A2
~

A2 A
or (i - 9i)fa -9i) = -

7
2

where gi
= -

C/A, g2
= -

B/A, and -
y
2
is written for (BC

-
AD)/A'

2

since the latter is essentially negative.
The region of space, in which all possible positions of the object

are situated, is called the object space and the region in which all

possible positions of the image are situated is called the image space.
The object and image spaces may, of course, overlap.

If the object P is at infinity, jr
x is infinite and o:2

-
g>> must equal

zero, that is, the image is situated on the plane ^2
=

gz- This plane
is called the focal plane of the image space. Similarly, if the image
is at infinity, the object is situated on the plane x = gl and the latter

is called the focal plane of the object space.

Principal Planes. Nodal Points. Focal Lengths of System. Let
U and V denote the distances of the object and image from the focal

planes. Then
U =

!
-

0i, V = z2
-
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Let Pp be a linear object of length ;y1? Qg its image of length y2 ,

PQ the axis of the system, BFj and AF2 the lines in which the focal

planes of the object space and image
1

space respectively intersect the

plane of the diagram.

Q Xa2
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The pair of points which give the magnification unity is called the

principal points. The other pair is called the anti-principal points.

The planes through the principal points and at right angles to the axis

are called the principal planes. They are such that if any ray cuts

the one a certain distance from the axis, its conjugate cuts the other

the same distance from the axis.

Let us now define the absolute values of/j and/2 by stating that

the principal planes of the object and image spaces are given respec-

tively by
u = -

/i,
v = - /2 .

Then, since

UV = -
y
2

, A/i = -
y
2

,

and by substituting this value for y
2 in (14) we find /x2/i

= - Mi/2 -

Let aj = a
2

. Then tan ax
= tan a2 and by Helmholtz's law

We can rewrite (13)

or, taking the root,

&-&..* . (15)
Vl U /2

the sign being now no longer ambiguous. Multiplying the numerators

by /x2
and the denominators by /^ we obtain

_
Miu Mi A-'

or _

u fi

since^ = - ^f2 . Hence, if ax
= a2 ,

U =
/2, V =

/i.

The points defined by the above equation are called the nodal

points. They are two points on the axis, such that if the incident

ray passes through the one the emergent ray passes through the other
and further is parallel to the incident ray.



THICK LENSES AND SYSTEMS OF LENSES 39

u = H
i
p = A + u

and v = H
2Q = /2 + V.

On substituting from the above for U and V in UV = -
y
2 and re-

membering that -
y
2 = /!/2 we obtain

'

which simplifies to

f +^ = 1
.

*,- (
16

)

/ and/2 are called the focal lengths of the object and image space
respectively.

If the initial and final media are the same, ^ =
/*2 and/2

= /x
.

Write in this case/, = / =/. Then equation (16) becomes

1 _ 1 = 1

v u
~

/'
which is exactly the same as the fundamental equation for the thin

lens.

When
t/2 = -

/i = / the nodal points are in the principal planes,
the principal planes are called the equivalent planes of the system and

/is called the equivalent focal length of the system.

Expression for the Magnification. According to (15)

^2 _ v

yi

~ ~
f*

On substituting v - /2
for V this gives

|| ; E--
(

T^ '

,;
(17)

But from (16)
V ^ = 2&

/ uf

Substitute in (17) ; then = - ^

Since p^ = - ^If2
this gives

2/2 = ^
2/i /*2

tt
"

If the initial and final media are the same, this reduces to

yjy l
=

v/u, i.e. the magnification is equal to the ratio of the distances

of the image and object from their respective principal planes.

Graphical Construction of Images. The theory of the foregoing

pages was first given by Gauss, but not in the same way as is done

here. The nodal points were introduced by Listing. The foci, prin-

cipal points, and nodal points are referred to as the Gauss points or

cardinal points of a lens or system of lenses. Strictly speaking, the

properties of these points hold true only when images are formed of

small objects on the axis by rays inclined at a small angle to the axis,
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but they are important as giving the first approximation to the theory
of the majority of optical instruments in use.

No matter of how many lenses a system of coaxial spherical re-

fracting surfaces may consist or how many media of different refrac-

tive indices' the rays may travel through, if the position of the object
is given and the cardinal points of the system are known, the position
and magnification of the image can at once be deduced. It is not

necessary to know anything at all about the position and curvature
of the refracting surfaces or the nature of the intermediate media
the rays travel through. A knowledge of the cardinal points is

sufficient.

H 2

FIG. 46.

For example in fig. 46 let Pp be an object, F
1?

F
2 ,

H
x
and H

2
the

focal planes and principal planes, and let it be required to find the

position and size of the image.
Through p draw a ray parallel to the axis to meet the principal

plane in B. Then, since pB is parallel to the axis its conjugate must
pass through F

2 ,
and it must meet the principal plane of the image

space in A, A being the same distance from the axis as B. It is thus

fully determined. Join pF1
and produce it to meet the principal plane

in C. Take a point D on the other principal plane the same distance
from the axis that C is, and draw a ray ^D through it parallel to the
axis. This ray is the conjugate of Cp, for since Cp goes through the
focus in the object space, its conjugate in the image space must be
parallel to the axis. Thus q is fully determined.

FIG. 47.

Fig. 47 shows another way of proceeding. The ray A? conjugate
to pB is found in the same way as before. Then a straight line is
drawn joining p to N

1?
the nodal point of the object space, and throughN

2 ,
the nodal point of the image space, N

2? is drawn parallel to N,
The point in which it cuts AF

2 ,
that is, q, is the image of;;.The cardinal points may be obtained either by experiment or

calculation. They do not require to occur in any particular order.
In what follows we shall confine our attention chiefly to systems,

in which air is the initial and final medium, and consequently shall
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have usually to speak of the equivalent planes instead of the principal

planes and nodal points of the system.

The Thick Lens. Let E^GgE^ be a ray which passes through
a thick lens undeviated. Let C be tJbte optical centre of the lens

(cf. p. 27) and C
lt

C
2
the centres of curvature of its two surfaces.

Produce E.
l
G

l
to meet the axis in Nj and produce E

2
G

2
to meet the

In AC^N! sin CjG^ : sin G^C : : C^ : G^. In
sin C^jC : sin GjC^C : : CjC : CG^ Hence, eliminating sin G^C we
obtain

sn
sin C^C GjNi CjC

But ^-CjGjNj is equal to the angle of incidence at G
x
and /-CjGjC is

equal to the angle of refraction at G^ Hence

sin C
1
G

1
N

1

sin CC =

where p. is the index of refraction of the glass of the lens.

Let the point G
1
move down the surface of the lens to Ar As it

does so, the point Nj moves along the axis. The limiting position of

N
x
when G

l
reaches A

x
is the nodal point of the object space. We have

In the limit this becomes
A

i
c C

I
N

I

If the radius of curvature is great in comparison with the thickness

of the lens C
1
N

1 may be put equal to CjC. Then

Similarly it may be shown that

A
2
C

A
2
N

2

Thus in a symmetrical double-convex lens of index of refraction

1-52 the nodal points and consequently the equivalent planes are

situated inside the lens approximately one-third of its thickness from
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each surface. The same holds true for a symmetrical double-concave

lens.

In the case of a plano-convex or plano-concave lens of index of

refraction /* one of the nodal points is obviously in the point where the

axis meets the curved surface, and coincides with the optical centre of

the lens. If / is the thickness of the lens, the other nodal point is in

the lens and situated
(//,

-
I)///* from the first. The one nodal point

is of course the image of the other, and the lens in this case acts simply
as a plane parallel slab of glass with a point object placed close up to

one of its faces.

In the case of a meniscus lens or an unsymmetrical double-convex
or double-concave lens the position of the optical centre of the lens

can easily be found graphically, and the equivalent planes can be shown
in the same way to divide the distances from it to the surfaces of the
lens in the ratio /*

- 1 to 1, being of course nearer the optical centre.

The positions of the equivalent planes in some typical cases are
shown in fig. 49.

FIG. 49.

To find the equivalent focal length of a thick lens we set out from
equations (5) and (6) of p. 26. They are

s + t

where u is the distance of the object from the first face, s the distance
I the first image from the first face, and v the distance of the final

image from the second face. Previously / was neglected in comparisonwith
.v, but this simplification is now no longer admissible.

The equations can be written :

s =

s + t

- i r
r

l
u

M

Hence on eliminating .v we obtain
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/A /A
t =

which gives

1_ '_
I

v r ?i r, u

Denote the coefficients for convenience by A, B, C, D
;
then the equa-

tion may be written

kuv + Bu + Cv + D =0 . . . (18)
It may easily be shown that BC - AD = 1. Equation (18) can
be written

B C BC BC - AD
uv + -u + ^v + r =

A A A*

or
.,

' -
A-

'
(19)

C B
By comparison with (12) u + - = and v + =0 obviously give

A\ /\

the focal planes of the lens and the equivalent focal length is given by

There is no ambiguity in the sign since, when / = 0,f must reduce to

its value for a thin lens. Note that in equation""(l9) u and v are not
measured from the same point.

The equivalent focal length of a thick plano-convex or plano-con-
cave lens can be found very easily without having recourse to the
above formula. For consider fig. 50. Let DA be an incident ray

FIG. 50.

parallel to the axis. It passes through the plane surface without

suffering any deviation. To apply the formula

v u r

to the second surface we must write u = co ,

gives

= 1 and =
/x.

This
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Hence CF =
r/(l

-
/A),

and since C is the nodal point of the image
space, CF is the focal length of the lens.

Spherical Lens. In the case of a spherical lens surrounded by
air it is clear that the two nodal points coincide at the centre of the

sphere, and that consequently the two principal planes coincide with
the diametral plane there.

FIG. 51.

To find the equivalent focal length consider a ray DA entering the

lens at A, leaving it at B, and intersecting the axis at F. Let < be the

angle of incidence and 6 the angle of refraction at A, let r be the

radius of the sphere and /x the index of refraction of the material of

which it is composed. Then /-ABC = and /-EBF = <
;
also since

AC is inclined at a small angle to the axis, angles < and 6 are small,
and instead of sin

</>
=

/*.
sin w6 may write

<f>
=

/*#. /-ACG = <
;

consequently /-BCF = -n-
- /-BCA -

<f>
= TT -

(TT
-

20)
-

< = 20 -
<

and hence /-BFC =
2(<

-
0).

In AFBC
FC sin FBC sin <

</>

BC
=

sin BFC
=

sin
2(</>

-
6)

since the angles are small. Hence the equivalent focal length FC

BC <t> pr
'U
2(0^0) 2(^-1)'

Cardinal Points ofa Spherical Refracting Surface. Let the medium
left of the spherical surface have the index of refraction

//,
and let the

medium right of the surface have the index of refraction 1. Then it

is clear both nodal points coincide in N, the centre of curvature of the
surface. As in this case the initial and final media are not the same,
the principal planes do not pass through the nodal points.

From the formula

v u r

by making in succession u and n infinite, we find that the focal planes
of the image and object spaces are at F

2 and F
l
where AF

2
=

/xr/(//,
-

1)and AFj = -
/-/(^ -1). The principal planes coincide and pass

through A.
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In the case of a spherical mirror the nodal points coincide with the
centre of curvature of the mirror, the two principal planes with its

FIG. 52.

surface and the focal planes with its focus. In the case of a mirror
BC AD is positive in equation (12), and f^ and fz

as defined in (14)
are equal and have the same sign.

Two Thin Lenses. In the case of two thin lenses on the same
axis separated by a distance d the focal planes, the equivalent focal

length, and the nodal points can all be found very easily by graphical
construction.

Let <
x
be the focal length of the first lens and <

2 the focal length
of ^the second. Let LB

(fig. 53) be a ray incident on the first lens

parallel to the axis. Then after refraction it passes through F
lt

the
focus of the first lens.

Now find the image of B produced by the second lens in the usual

manner, that is by drawing two rays through it, one parallel to the
axis which passes after refraction through F

2 ,
the focus of the second

lens and another BA
2 through the centre of the second lens. These

two rays meet in E
; therefore E is the image of B produced by the

second lens. Consequently EG gives the direction of BG after refrac-

tion by the second lens and the point F, where EG meets the axis, is

the focus of the image space.
Let EG cut BC in D and draw DH perpendicular to the axis to

meet it in H. The plane DH is then the equivalent plane of the

image space, since the line DH obviously gives the distance from the

axis at which LB meets the equivalent plane of the object space. HF
is consequently the equivalent focal length of the system.

Since the lines CA
2 , DF, and BF

l
meet in a point and CB and FjA^

are parallel
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CD
FA

2

CB a

Similarly, since CF
2 , DF, and BA

2
meet in a point

DB CB d

FA
2

F
2
A

2 fa

Hence adding (20) and (21) we obtain

CD DB
_

d d

FAg
+

FAg
~"

-
fa

- d -fa

FA~
2

=
W~

(20)

(21)

or
d)fa

which gives
~

fa + fa + d
'

The equivalent focal length of the system is then given by
HF = HA2 + A

2F = DC + A
2
F = A

2 F(1 + DC/A.F)

+ d -^J
from (20)

fa + fa + d'

The nodal points can be found more directly as follows. Let KJ

be a focal plane of the lens A
1
B

1
and MG a focal plane of the lens

FIG. 54.

A
2
B

2
. Through the centres of the lenses draw any two parallel rays

AjJ and A
2
M to meet these planes in J and M. Join JM and let it cut

the two lenses in B
l
and B

2 . Through B
l
and B

2
draw B

l
^

l
and B

2
N

2

parallel to the first two rays to meet the axis in N
l
and N

2
. Then the

ray EBj after refraction by the first lens must take the direction B^
since it meets the ray PA

X
in J. Similarly the ray BjBg must take the

direction B
2
L after refraction by the second lens. Consequently EB

1
B

2
L

is the course of a ray through the system, N
x
is the nodal point of the

object space, and N
2
the nodal point of the image space.
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Now

Hence

Similarly

AlN] PE

PM KG

AN _~ "

AN .22 ~

Fig. 55 shows the variation in the position of the equivalent

planes and focal planes of a system of two thin convex lenses as the
distance between them is gradually increased. In it <j and

</>2 are

N,

all at infinity

F, N,

|N2

|N2 F2 F, iN,

FIG. 55.

taken respectively as - 3 and -
1, and d is given in succession the

values of -5, 1-5, 2-5, 4-0, 5-5, and 7'0. The lens, the focal length
of which is denoted by <f> 2 ,

is on the left.

It will be noticed that in the first position the equivalent planes
are crossed and that, as the separation of the lenses increases, the

equivalent planes move further apart, while at the same time the

equivalent focal length becomes greater. In the second and third

figures the focus of the object space is virtual.

In the fourth case, which represents the telescope, the lens on the
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right being the object glass, the cardinal points are all at infinity, and

parallel light entering the system always emerges as parallel light

In the fifth and sixth cases the character of the system has

changed, the equivalent planes reappearing at infinity on the aides op-

posite to those on which they disappeared, while the focal length has

changed sign. The sixth case represents the compound microscope,

the lens on the left being the object glass. In order to make the con-

nection with the telescope and the microscope evident, in the fourth

case the paths of the rays and in the sixth case the images are shown

by dotted lines.

Telescopic Systems. If A is zero in the fundamental equation

(12) we obtain

B^ -f Or
2 + D =

and find that if x
l

is infinite x.
2

is infinite, and vice versa. Conse-

quently light which enters the system parallel emerges parallel. In

this case the system is said to be telescopic. It is exemplified by the

fourth case in fig. 55.

EXAMPLES.

(1) Prove Helmholtz's law of magnification for the case of reflection at

a concave or convex spherical surface.

(2) An object is displaced a small distance du along the axis of a thin

lens. Find an expression for the corresponding displacement dv of the

image. If du is the length of an object placed along the axis, dv is the

length of the corresponding image and the ratio dvjdu may be referred to as

the longitudinal magnification. Show that it is equal to the square of the

ordinary lateral magnification.

(3) Prove that if an object be at such a distance from a thick convex

lens that it forms an image of equal size at the other side, the distance from

object to image, minus the distance between the two principal points, is

equal to four times the focal length.

(4) On one side of a bi-convex thin lens the medium is water ;
on the

other side it is air. The radii of curvature of the two faces of the lens are

each equal to 20 cms. and it is made of glass of index of refraction 1'52.

Find the positions of the focal planes, principal planes, and nodal points.

(5) A glass sphere has an index of refraction 1/5 and radius of curvature

2 cms. Where will it form an image of an object distant 5 cms. from the

centre of the sphere, and what will be the magnification of this image ?

(6) On one side of a spherical glass lens of radius 1 cm. and index of

refraction 1'52 the medium is air and on the other side it is water. Find
the positions of the focal planes, principal planes, and nodal points, and use
them to find the positions and magnifications of the image, when the object
is situated in air (a) 4 cms., (6) 1/5 cms. from the centre of the sphere.

(7) Solve the second part of the preceding question by applying the
formula for refraction at a spherical surface to each of the surfaces of the
lens in succession.

(8) Show that if /is the focal length of a lens combination capable of

giving a real image, and if the lens combination is placed so as to give an

image of an object on a screen 1 metre distant from the principal plane of

the image space, then the magnification of the image will be 100//
- 1.
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(9) A glass hemisphere of radius r and refractive index
p. is treated as

a lens, rays passing through it being limited to those nearly coinciding with
the axis. Show that one principal point coincides with the intersection of

the convex surface with the axis, while the other principal point is within
the lens at a distance r//x from the plane surface. Prove also that the focal

length of the lens is equal to r/(l /z).

(10) A plano-convex lens of glass of index of refraction 1'52 and radius
of curvature 24 cms. is 2 cms. thick measured along the axis. Calculate its

focal length, and find the position of the image when the object is distant 50
cms. from the convex surface (a) on the convex side, (6) on the plane side.

(11) If in the case of the lens described in the previous question the
medium on the curved face is water and on the other face air, find the situa-

tion of the cardinal points, and calculate the positions of the image when the

object is situated in air 50 cms. distant from the plane face.

(12) What does the formula for the equivalent focal length of a system
of two coaxial thin lenses become when the space between them is filled with
water ?

(13) Two similar plano-convex lenses are placed with their plane faces

together and then drawn apart to a short distance. Show that, when sepa-
rated, the combination has a greater focal length than when they are in con-

tact. Show also that, when separated, the positions of the principal foci

are niarer to the respective curved surfaces than when the lenses were in

contact.

(14) An object is placed on the axis of a concave mirror beyond the

focus and a plate of glass of thickness t and refractive index
p. interposed

between the focus and the mirror, the axis of the mirror being normal to the

plate. Show that the effect on the position of the image is the same as if

the mirror had been displaced through a distance t(p.
-

I)//* towards the

object.



CHAPTER IV.

THE DEFECTS OP THE IMAGE.

IN Chapter II we assumed that the rays falling on the mirrors and

lenses lay near the axis and were only slightly inclined to the latter.

In this case a point image is formed of a point object. It is now

necessary to drop the restriction and inquire what happens when the

rays are inclined to the axis at a considerable angle.

Let AB represent a section of a concave spherical mirror, let C be

its centre of curvature, and let P be a point object. Then if rays be

drawn diverging from P at all angles, by making their angles of reflec-

tion equal to their angles of incidence they may be found graphically
to occupy after reflection the positions shown in the figure.

Only the rays reflected from the neighbourhood of A pass through
the image of P at Q ;

the others intersect the axis between A and Q.

Any two rays reflected from neighbouring points of the mirror inter-

sect each other before reaching the axis and these points of intersection

lie on a curve termed the caustic curve. All the reflected rays touch
this curve and it has a cusp at Q. The form of the caustic alters, of

course, if P moves along the axis. Owing to the reflected rays coming
closer together at the caustic, a bright curve is formed on a piece of

paper or other white surface there. A familiar example of this is

nearly horizontal sunlight shining into a teacup filled almost to the

top with milk. Here the inside of the cup acts as mirror. A better

50
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way of producing the caustic is by means of a piece of polished steel

spring bent circular and placed on a drawing-board.
If fig. 56 be rotated about AP as axis, instead of a plane pencil of

rays we have a solid conical pencil diverging from P and the caustic

curve traces out a surface called the Caustic surface. Also all the

rays which diverge from P at the same angle with the axis pass after

reflection through the same point on the axis. There will conse-

quently be a bright line on the axis from A to Q, and this line may be

regarded as part of the caustic surface. The experiment with the

teacup is apt to produce a false impression about the caustic produced
by a spherical mirror. The teacup being cylindrical does not pro-
duce the bright line AQ.
i In fig. 57 DD' represents a section of a smaller portion of the same

spherical mirror. The rays DG and D'G from the margin of the

E'

FIG. 57.

mirror intersect in G while Q, as before, is the image formed by rays
inclined at a small angle to the axis. The caustic is shown by the

dotted curve.

If a screen were placed at LL' to receive the light, U would be

illuminated by a circular patch with a bright edge. If it were moved
towards G the patch would contract ;

at G a bright spot would appear
in the centre. At KK' the patch would have reached its smallest

diameter
;

thereafter a dimmer zone would appear on the outside

and the whole patch would increase in size while its central bright

part would contract. Finally at Q we would have a brilliant point of

light surrounded by a dim circular disc.

The circle KK' is called the circle of least confusion and may be

regarded as the nearest approach to an image of the luminous point
formed by the mirror. The distance GQ is called the longitudinal

spherical aberration, or simply the aberration of the marginal ray DG,
while QE is called its lateral spherical aberration.

4*
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Spherical Aberration of a Concave Mirror. To find the magnitude
of the aberration consider fig. 58 in which P is the object, C the centre

C

PIG. 58.

of curvature, and Q' the point in which a ray diverging at a wide angle
from the axis meets it after reflection. Let AP =

u, AC =
r, and

AQ' = v. Also let AB =
h, a quantity such that the cube and higher

powers of hjr may be neglected. It is immaterial therefore whether
we measure h along the arc or take it to represent the perpendicular
distance of B from the axis.

CP sin CBP
InABCP -

In ABQ'C - smQBCnABQC
BQ'

-
sin BCQ"

But ^CBP = /-Q'BC and sin PCB = sin BCQ'.

Therefore = -
, (22)P D BGt ^ *

Now PB2 = CP2 + CB2 + 2CP . CB COS ACB

=
(u

-
r)

2 + r2 + 2r(u
-

r) cos -

h h?
and cos - = 1 - ^ to the order of approximation adopted.

Hence PB2 = u* - ^ ~ r
'

ft2

r

and PB = u\l - (
~) o~f approximately.

Similarly Q'B =
i/|l

- (- - -
J ^~\ approximately.

From (22) CP . BQ' = Q'C . PB. This gives on substitution

,f /I 1\ W\ t /I 1\W\

\r u) ( \r v'
'

) %v'$

~
\v'

~~

r) ( \r
"~

u/%u J
'

if each side be divided by uv'r. Hence

1 + 1 = ? /I _ ix /I
_

1\ /i lx w
v u r \r u/ \v' r] \u v'J 2
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Since h? is small, we can substitute v for v in its coefficient, where
v denotes the image distance for rays inclined at a small angle to the112
axis. Then, since -h

- = -, equation ^23) becomes

This equation gives the position of Q'.

The aberration of the ray BQ.', v' -
v, is equal to

on putting v = v'.

Astigmatic Reflection at a Concave Mirror. Let BD be a section

of a small portion of a concave spherical mirror of centre of curvature

C, and let rays PB and PD from a luminous point P be incident on the

mirror at a large angle with the axis. After reflection let the ray PB
meet the axis in Q, and let the ray PD meet BQ in T and the axis in S.

Denote angles BPC, BCQ, and BQA by a, ft, and y, and let angles DPB,
DCB, and DTB be da, d/3, and dy. Let BP =

u, BT = vv BQ == i
2 ,
and

CB =
r, and denote the angles of incidence and reflection at B by <.

Then AQBP = AQBC -f ACBP,
which gives v%u sin 2< = v

2
r sin < + ru sin

<f>

on omitting the common factor

and we obtain

Divide throughout by uv
ti

r sin

1
!_ _ 2 cos

</>

(25)

D draw DE perpendicular to BP. Then since da is small,
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DE = DP da. = uda. Since BD is small we may regard it as straight.

LBDE =
</>. Consequently DE = BD cos <. Thus uda = BD cos <J>

or

Similarly

while -,_ r

Now < = /?-a=:y-ft Hence a + y = 2/8. This relation must

hold also for the increments of a, ft and y ;
thus

da + dy =
BD COS <f> BD COS (f)

2BD

~i~ ~V T
On dividing by BD cos

<f>
we thus obtain

1
_1 =

2

^ ,

"~
r cos <f>

(26)

Now rotate the diagram through a small angle about A P. The
results hold for every instantaneous position. BD sweeps out an

element of area, approximately rectangular in shape. The triangle PBD

sweeps out a solid pencil of rays diverging from the point P. The

point T traces out a short line, and the reflected rays pass through
this line and the axis. This is shown more effectively in fig. 60 where
BDD'B' is the element of area traced out by BD, TT' the line traced

out by the point T, and SQ the axis.

Thus a pencil of rays, which diverges from a point, after oblique
reflection at an element of a concave mirror converges to two short

lines, one perpendicular to the plane containing the principal ray of

the pencil and the centre of curvature of the mirror and the other in

this plane. These lines are known as the focal lines, TT' being called

the first focal line and SQ the second focal line, and their positions
are given by equations (26) and (25).

If a screen is placed in the way of the pencil near a focal line, an

irregular patch of light is produced, either the length or the breadth
of which is extremely small. But at a certain place between the

focal lines the length and the breadth of the patch are equal. This

place is known as the circle of least confusion, because in the general
case the patch is approximately circular there. It may be regarded
as a blurred image of the point P, the nearest approach to an image
formed by the reflected pencil.

A pencil such as that represented in fig. 60, which does not any-
where pass through a point, is called an astigmatic pencil from the
Greek words a not and stigma a point. The distance between the
focal lines is called the astigmatic difference. It is given by
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/I 1\
V2

- V
i
= V.VJ ---

)

V'l V
( 2 2 cos <\

~~
'l/ic/ol

~~ T *"" 1

1 \r cos A r Jcos
</>

r

^J t/i I/A .= - - sin d> tan </>.
r

It thus increases very rapidly with the angle of incidence.

FIG. 60.

Curvature and Distortion. So far we have been concerned with

point objects. Fig. 61 represents a line object at P, and if the positions

S'

FIG. 61.

of the images of every point on it formed by the concave mirror in

the diagram are calculated by the elementary formula, they are found

to lie along the curved inverted arrow at Q. If a screen SS' with a

small aperture is placed as shown at the centre of curvature of the

mirror, then the image of every point in P is formed only by a thin

centric pencil, and the defects due to spherical aberration and astig-
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matism are entirely eliminated at the expense of the brightness of the

image. This is an interesting example of the influence of a stop at

the right place. Owing to all the points in the object not being at

the same distance from the mirror, as measured along the straight

line through the centre of curvature, the magnification of the ends

of the object is different from the magnification of its middle.

In this case, therefore, we have two new defects, curvature and
distortion of the image.

The caustic formed by reflection at a convex spherical mirror, the

aberration of the marginal ray and the astigmatic reflection of a thin

pencil at a convex mirror can all be treated in the same way as in the

corresponding case for the concave mirror.

Refraction of a Wide Angle Pencil at a Spherical Surface. Just as

in the analogous case of reflection, if a wide angle pencil of rays di-

verges from a point and is refracted at a spherical surface, after

refraction the rays do not pass through a point but touch a caustic

surface which has a cusp on the axis, and we have the same pheno-
mena of aberration and the circle of least confusion.

To find the position in which the marginal ray meets the axis
after refraction consider fig. 62. PB is a ray incident from air on the

FIG. 62.

spherical surface AB of a medium of index of refraction /*. C is the
centre of curvature of the surface, BQ' is the path of the ray after
refraction produced back, and h denotes the distance AB. As on
p. 52, h is a quantity such that the cube and higher powers of k/r
may be neglected. Let AP = w, AQ' =

',
and AC = r.

Then in ABCP
CP sin CBP

and in ABCQ'

PB sin PCB
CQ' _ sin CBQ'

Q'B
~~

sin Q'CB'

But sin CBP =
/x, sin CBQ'. Hence = a

PB r Q'B
or /xCQ' . PB = CP . Q'B . . (27)Now BP2 = BC2 + CP" 4- 2BC . CP cos ACB

= r2 + (u
-

r)
2 + 1r(u

-
r) cos -

= r2 + (U -
r)

2 + 2r(u
-

r)(l
- ^ to the

order of approximation involved
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= u* (u r) .

Hence, remembering that W is small, we obtain

and similarly BQ' = v'\ 1 - I--
-,j <p

t.

Substitution in (27) gives

i ivf /i iy*
2

\ /i i\r /i i

r
"
?;

1
~

Vr
-
ijs/

=
Vr

-
u)(

l -
(r

-
for

r r

1

Since A2 is small, it is permissible to substitute v for v' in the co-

efficient of A2
,
where v is the image distance for rays inclined at a

small angle to the axis given by

V W/

Hence the equation determining the position of Q' becomes

- 4
u r u /2

- 1 1 1\ 2
/1

/ \r

Spherical Aberration of a Thin Lens. Let us apply equation (28)
to both sides of a lens of negligible thickness. In conformity with
the notation of Chapter II let u be the distance of the object, r

l5
r
2 the

radii of curvature of the first and second faces, /* the index of re-

fraction of the material of the lens, * the distance of the point where
the direction of the marginal ray cuts the axis after the first refraction,

and v' the corresponding distance after the second refraction.

Then for the first refraction

ft I p- 1 IL
- 1/1 1W1

fji + 1\W
* _ *

i
* if *

i

9 '

I ~Ck
S IL T-, [A \T* U/ \Ti U /A

For the second refraction, on the supposition that the direction of the

ray is reversed,

UL 1 M, 1 u, 1/1

s v

By subtraction

i i . .vi i\ A*-I//I ly/ 1 ^ + 1
-

-*1 + ^-^~ (
~ ~

i/Vi
r ~^~

l\ 2/l- - -YY-
r2 v'J \r.
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In the coefficient of h? instead of v' it is permissible to use v,

the value for axial rays, which is given by the equation

" -
1}C-

-
D;

/I 1 \ UL - If /I

~'
- L = 0*

~

v u
Hence

The aberration of the marginal ray, v -
v,

Spherical Aberration of a Thin Lens when the Object is at Infinity.

Write u = oo
,
v =fm (29). Then the expression becomes

Put a- = rj/r2 ;
then by means of the equations

eliminate r
t
and r

2 from (30). The result is

-
fc{2

- 2^ + ^ + crQi + 2^ -
2/.S) + crV

3
}

2 - -^

If the lens is double-convex or double-concave <r is negative ;
if

it is convexo-concave or concavo-convex a- is positive.
If the expression within the bracket in the numerator is regarded

as a quadratic function of o-, the discriminant is

0* + 2/x2
-

2/x
3
)
2 - V(2 - V + ^

3
)

=
A*
2
(l

- V)-
As fi varies in practice only between 1*5 and 2, this is always
negative. The zeroes of the function are consequently imaginary
and it does not change sign as o- varies. But it is positive when
o- = ; hence it is always positive and v' - v has consequently the
same sign as -f. Thus the marginal rays always come to a focus
nearer the lens than the axial rays do, no matter what the ratio of

the radii of curvature is. The aberration can never be made zero in

the case of a single thin lens, but a convex and concave lens can be
combined so that the aberration of the combination is zero.

Let us suppose that h, /, and ^ are given, and that it is required
to find for what value of a- the aberration is a minimum. Differenti-

ating (32) with reference to o- and equating the result to zero we
find

V - P - 4
* '

(33)
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This obviously gives a minimum since it is the only turning value and
the expression is infinite for o- = 1. If /x be put equal to 1-5 in

(33), o- becomes -
J, and if

//,
be put equal to 2, o- is + J. In

both cases, according to (31), r
x
must have the same sign as /. Con-

sequently, if the lens is to be convex/ in the first case it 'must be
double-convex with the light incident first on the more curved face,
and in the second case it must be a convex meniscus with the light in-

cident first on the more curved face. A lens, the ratio of the curva-
tures of which is chosen so as to make the spherical aberration a

minimum, is termed a crossed lens.

The following figures taken from Drude's "
Optics

" show how the

longitudinal aberration varies with p and <r, whenf and h, the focal

length and radius of the lens, are kept at the constant values of 1

metre and 10 centimetres.
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Let Q<7 be a sharp image of a small object Pp, produced by means
of a wide angle pencil. Let ^ be the index of refraction of the medium

FIG. 63.

in which the object is situated, and /x2 the index of refraction of the

medium in which the image is situated.

Draw through P two rays, one, PA, along the axis and one, PB,

making a large angle a
L
with the positive direction of the axis, to meet

after refraction in Q. Similarly draw through p two rays, one,

pC, parallel to the axis and one, pD, parallel to PB, to meet after re-

fraction in q. The object and image are so small that QB' and qD'

may be supposed to make the same angle a2 with QA'. From P draw
PN perpendicular to pD and from Q draw QM perpendicular to qD'.

Since F is the focus of the rays pC and PA the path pCC'F is opti-

cally equal to the path PAA'F. Since Q</ is small and perpendicular
to QF, QF = qF to the first order of small quantities. Consequently
PAA'FQ = pCC'Fq optically.

Since Q is the image of P, PAA'FQ = PBB'F'Q optically, and since q
is the image of p, pCC'Fq = pDD'F'q optically. But PAA'FQ = pCC'Fq
optically. Hence PBB'F'Q = pDD'F'q optically.

Since F' is the focus of the rays pD and PB, the paths NDD'F'

and PBB'F' are optically equal. Also since QM is small and perpen-
dicular to qD', F'Q = F'M to the first order of small quantities. Hence
NDD'F'M = PBB'F'Q optically.

Combining this result with the former one pDD'F'q NDD'F'M op-
tically. The parts at the ends, pN and </M, must therefore have the
same optical length, i.e.

Let Pp =
7/1

and Qg
and qM = Qq sin </QM =

y.2 . Then pW
z
sin a.

2
. Hence

sin

Pp sin y l
sin

sn a
2 ,

which is the sine condition. The above method of proof is due to

Hockin. When the angles are small, the sine cpndition coincides with
Helmholtz's magnification law. The proof of the latter holds, of

course, only for small angles.
A thvn pencil diverging from a point on the axis of a lens and fall-

ing obliquely on an element of its surface is refracted astigmatically
by the lens and forms two focal lines as in the corresponding case of
the concave mirror.
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Chromatic Aberration. Hitherto we have assumed in dealing with
lenses that the light is monochromatic. The index of refraction of all

substances varies with the colour or wave-length of the light. It is

usual in the tables to specify the index of refraction of a glass by
giving its values for the Fraunhofer lities ; thus, for example, the

following table gives the index of refraction of two of Messrs. Chances'

glasses :

Factory No.
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a red disc, and these discs extend beyond the blue point images, and in

the second case these conditions are reversed.

Denoting the focal lengths for the lines C and F by/c and> we

have

and by subtraction

1

Substitute for (- -
^ from equation (34). Then

\ri
r2/

where /x and /denote any corresponding values of the index of refrac-

tion and focal length. Let us now suppose that / is intermediate in

value between fc and/F so that we may write as an approximation/
2

for /C/F. Then

fc
"
/F _ Mr" Me (35)

,c-l
If the object is at infinity, the expression on the left gives the distance

between the red and blue images divided by the focal length of the

lens, and can be regarded as a measure of the chromatic aberration.

Write

this quantity is known as the dispersive power of the glass for the

lines F and C.

In the case of a convex lens the red image is always farthest from
the side of the incident light; in the case of a concave lens, it is

always nearest the side of the incident light. The question thus
arises as to whether it is possible to combine a convex and a concave

lens, so as to make the chromatic aberration in the one neutralize the
same defect in the other. To this question Newton answered no.

He believed that /AF /xc for a glass was always proportional
to its refractivity, i.e. to p,

-
1, and that consequently a system free

from aberration would act simply like a piece of glass with plane
parallel sides, or in other words, that the blurring of the different

colours was essential to the image-forming properties of the lens.
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This view was, of course, wrong, but he was led to adopt it by his own
observations on crown glass and water where the proportionality
holds approximately.

Let us suppose that two thin coa-xal lenses are placed in contact,

that the focal length and dispersive power of the first are denoted by
f and v, while the focal length and dispersive power of the second are

denoted by^' and v
'

. Then F, the focal length of the combination, is

given for the C line by

JL = -L .L
^~/c

+A
and for the F line by

-
1
- = I + -i.

FF /F /'F

By subtraction we obtain

L i JL t :L -L
FF FC fy fc /'F /'c
F C ~ FF fc -/F fc - /F

F2 ~~72 ~^2
'

writing F2 for FCFF, /2
for/c/p and/'

2
for/'c/'F in the denominators.

By means of (35) this last equation may be written

-pr-
Thus if for two colours the relation

'

(36)

holds, the images formed by light of these colours coincide in size and

position, and the combination is said to be achromatic for these two
colours.

As an example on equation (36) let us suppose that a convex lens

of focal length 35 cms., achromatic for the two lines C and F, is to be

made from the two glasses, the data for which is given on p. 61. Then,
if the light is coming from the right, we have the equations

L _i 1~

35~/
+
/"

-01654 -02771=
-7- +

-7-'
the solution of which is / = - 14'10 cms., / = 23-62 cms. The
combination must therefore consist of a convex lens of the crown glass
of focal length 14'10 cms. and a concave lens of the flint glass of focal

length 23'62 cms. The combination is, of course, achromatic only for

the region for which it is calculated.

If we assume that the above values of / and /' are for the D line

and calculate the values for the other colours we obtain the results in

the following table :
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and if////" be chosen to satisfy the equations1111
(37)

it is clear that the lens formed by the three thin lenses is achromatic
for the lines C, F, and G. Of course, owing to their form, equations

(37) always give real values for/,/', and/".
The chromatic error remaining in the image after it has been

achromatised for two colours is often referred to as "
secondary

spectrum ". It can be diminished considerably by using some of the

new glasses made in Jena. They appear, however, to offer difficulties

in manufacture and to be not very durable.

Chromatic Aberration of Two Thin Lenses separated by a Finite
Interval. Let//' be the focal lengths of the two lenses and a the

distance between them. Then by p. 46 F, the equivalent focal length
of the combination, is given by

1 f+f+a
f //'

To make the system achromatic for two colours for any position of the

object, it would be necessary not only to give F the same value but

also to give the equivalent planes the same positions for the two
colours. This is impossible. It is even impossible to make the system
achromatic for one position of the object.

FIG. 64.

For, let GU/ be an image formed of Pp by the two lenses A and B,

Ss being the intermediate image formed by the lens A. Let Pp =
/?1}

Ss =
/32 ,

and Q^ =
/33 . Let AP = u, AS = v, BS =

u', and BQ = v'.

Then

i = ? ? = rf_

ft *' ft v"

and therefore

If the images formed by the two colours coincide in position and

size, M, v and /V& are the same for both colours, Hence v/u' is the
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same for both colours. But the distance BA is fixed. Therefore the

point S is the same for both colours, or in other words the lenses A

and B must be achromatic themselves.

Let the equivalent focal lengths of the combination for the O and

F lines be denoted by Fc and FF. Then

+ +'
-S

FC
=

/c /'c fcf'c

1 1 1

whence by subtraction111111, atfqf'c
- fyf F)

Pi-

"
F^

=
fy

"
/c

+
/'F /c /F/'F/Q/'C

The last term is equal to

atfcf'c- /C/'F +/C/'F - /F/F) = a(/^fcj^fAfl^^M
/F/W'c /F/'F/C/'C

=
/F V/'F~/V

+
A(/F ~/c}

Hence in the same way as on p. 63

FC - FF v v a(v + v)

Suppose now that the two lenses are made of the same glass and

that v = v. Then

i.e. if / + /' -f- 2a =
0, the equivalent focal length of the system is

constant, no matter what the value of v is.

Thus if a system of two thin coaxal lenses made of the same glass
is mounted with the distance between them numerically equal to half

the sum of their focal lengths, the focal length of the combination is

the same, not only for any two, but for all colours.

EXAMPLES.

(1) A parallel beam is incident on a concave spherical mirror. Draw
the caustic curve.

(2) A concave spherical mirror has a radius of curvature of 50 cms. A
point object is situated on the axis 90 cms. from the surface of the mirror.

Calculate the aberration for the rays which meet the surface of the mirror

2, 4, 6 and 8 cms. from the axis.

(3) Investigate the case of astigmatic reflection at a convex mirror in

exactly the same way as astigmatic reflection at a concave mirror is treated

in the present chapter.

(4) A concave mirror has a radius of curvature of 40 cms. and the
diameter of its rim is 5 cms. A point object is 50 cms. distant from it in a

direction making an angle of 45 with the axis of the mirror. Find the

positions of the focal lines and calculate their lengths, i.e. the lengths of

the lines TT' and SQ in
fig. 60.
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(5) A small pencil of light diverges from a point in a medium of re-

fractive index /i, is incident obliquely on the plane surface of this medium
and then passes into air. Show that it appears to diverge from two focal

lines in the first medium distant v l and v2 from the point of refraction, where
v

l and #2 are given by
_ u _ u cos2 r

V* "
^'

Vl ~
fT^^i

;

u is the distance of the point object from the point of refraction and i and r
are the angles of incidence and refraction.

(The two focal lines are virtual in this case and hence cannot be
received on a screen. But if a convex lens is used to form a real image of

them, their existence can be demonstrated very neatly. The best way of

producing them is to employ a block of plate glass 4 inches by 3 inches by
| inch or thereabouts, such as is used in elementary experiments on refrac-

tion, and as point source to take a small hole in a metal plate placed close

up to one of the ends of the block with the filament of a glow lamp directly
behind the hole. The plate is arranged so that the path of the rays in it is as

long as possible. After emerging from the plate the rays are received by a
convex lens which focusses them on a screen. The image is a straight line.

By displacing the screen another straight line comes into focus at right
angles to the first.)

(6) Show that equation (28) reduces to (24) on the substitution of
- 1 for

p..
Can all formulae dealing with reflection at a spherical surface be

treated in this way as a particular case of refraction at the same surface ?

(7) A convex lens of focal length 50 cms., achromatic for the lines D
and F, is to be made from the two glasses, the data for which are given on

p. 61. Find the focal lengths of the components and calculate how far

the combination is out for the wave-lengths C and G.

(8) Light diverging from a point is refracted at a plane surface ; prove
that the caustic curve is the evolute of a hyperbola if the point is in the less

dense medium, and the evolute of an ellipse if the point is in the more dense
medium.

(9) The radii of curvature of both faces of a thin convex lens are the
same and it is made of glass of refractive index 1'52. Derive an expression
for the spherical aberration when the object is at a distance of twice the
focal length from the lens, and verify it by experiment.

(10) A table of the refractive indices of a number of optical glasses is

given at the end of the book. Which two make the best achromatic
doublet for the region of the spectrum from C to G ? Other things being
equal, these glasses are to be avoided which involve small values of / and

consequently steep curves. Illustrate your result by numbers, assuming
that the focal length of the doublet is to be 100 cms.



CHAPTEE V.

ON DETERMINING THE CONSTANTS OF MIRRORS AND LENSES.

Optical Bench. The apparatus used most in physical laboratories

for determining the focal lengths of lenses is the optical bench.

Optical benches can be divided into two classes, those with wooden

bases and fittings and those with metal bases and fittings. The latter

are much more expensive, are usually too elaborate, accuracy and

labour being wasted on their construction where it is not wanted, and

although indispensable for certain special uses, are not to be recom-

mended for general purposes.

A B C
D E

FIG. 65.

Fig. 65 shows a very useful and simple wooden bench together
with its fittings. The base is mahogany. At the side is a scale two
metres long for reading the positions of the pieces. The stand A
carries an incandescent electric lamp, in front of which is a wooden

upright with a rectangular hole in it, across which are stretched cross-

wires. These cross-wires are the object, and it is usually advisable to

fasten a piece of tissue paper with drawing pins between the hole and
the lamp to give a more uniform background to the object. Stand B is

for carrying the lens or mirror; it has a V-shaped top with a groove in

it. C is a screen for receiving the image, consisting of an upright with
a piece of paper fastened on with drawing pins, D a similar screen with
a hole in it also used for receiving images, and E a stand carrying a

square of ground glass with a scale on it. The positions of the various

stands can be read by marks on their bases. These marks may not
be placed accurately, and so before taking a series of readings of the
distance between cross-wires and lens, for example, it is usual to place
a rod of known length with one end touching the cross-wires and the
other touching the lens and to compare the distance as read by the
scale with the known length of the rod. If there is any difference,
it should be employed as a correction to each reading of the series.
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Focal Length of a Convex Lens. To find the focal length of a con-
vex lens it is simply put on the stand B and an image of the cross-

wires focussed on the screen. Then u and v, the distances of the

cross-wires and screen from the lens, a^ measured and /is calculated

by the formula 111
v u

~
f

'

The length of one of the cross-wires and the length of its image can
at the same time be measured by callipers and thus the linear mag-
nification found. It should, of course, be equal to v/u.

Another way of finding the focal length is to place the lens at the
middle of the bench and arrange the cross-wires and image screen at

equal distances from it. Then, in general, there will be no image
formed. If now the distances of the cross-wires and image screen
from the lens be gradually increased or decreased, their values being
always kept equal to one another, positions will eventually be reached
in which a sharp image is formed on the screen. Then u is numeri-

cally equal to v and each is numerically equal to 2/. If d be the

distance between the cross-wires and image screen, f is numerically
equal to rf/4.

If d is numerically less than 4/, no real image is formed. If d is

numerically greater than 4/J for every given position of the cross-wires

and image screen two positions can be found for the lens in which it

gives a real image. This follows simply from the nature of the

formulae, for they can be written arithmetically

and thus u and v can be interchanged without their form being altered.

Thus, if originally u = 10 cms. and v = 15 cms., and if the cross- wires
be kept fixed and the lens be moved out another 5 cms. so that u

becomes 15 cms., v becomes 10 cms. and an image again appears on
the screen. The magnification in the one case is the reciprocal of

the magnification in the other.

If a be the distance between the two positions of the lens,
a = v - u. But d = v + u

; hence 2v = d + a, 2u = d -
a, and

1 = 1 1 2

f v u

or

Hence, if d and a be measured, / can be calculated. This method is

called the double-position method.
A fourth method is simply to measure the distance from the lens

of the image of a lamp situated at a distance, which is great in com-

parison with the focal length of the lens.
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Focal Length of a Concave Lens. If the object is real, the image

produced by a concave lens is always virtual ; if the image is real, the

object is always virtual. Consequently the focal length of a concave

lens can never be determined by using it alone on the optical bench
;

an auxiliary convex lens must be employed.
There are two simple methods for determining the focal length of

a concave lens. It is necessary for the first of these that the auxiliary
convex lens should be more powerful, i.e. have a shorter focal length
than the concave lens. For the second method any convex lens

will do.

In the first method the concave lens and auxiliary convex lens are

placed together in close contact on stand B. The combination acts as

a convex lens and its focal length F is determined. The focal length,

/, of the convex lens alone is next determined. Then/', the focal

length of the concave lens, is given by the algebraic formula111
F-/V-

The sign of/' comes out different from the signs of F and/.
In the second method the convex lens is first used alone to form

an image Q of the cross-wires on the screen. The concave lens is

FIG. 66.

next mounted on another stand similar to B and inserted at T between
the convex lens and screen. The rays after passing through it become
less convergent, and the screen has to be moved to S to bring the

image again into focus. Thus the focal length can be determined by
the algebraic formula

1 _ 1
_

1

/
~

v
'

where TS = v and TQ =
.

In this case the object is virtual and the image real.

Focal Length of a Concave Mirror. The focal length of a concave
mirror is given by the formula

1 = 2
= 1 1

/ r
~

u
+

v'

Hence/ may be found simply by measuring r with the spherometer
and dividing the result by 2.

It may be determined on the optical bench by using the screen D
with the hole in it. This screen is placed between the mirror and
cross-wires. The rays from the cross-wires fall on the mirror through
the hole on the screen and are reflected to form an image on the screen.
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The mirror is given a slight tilt, otherwise the image would fall on
the hole itself. Then, if u and v are measured, f can be calculated.

If the lamp is taken to a very great distance, v, of course, becomes

equal to
t/!

Another method consists in sticking a pin in the rectangular

opening in stand D, as nearly in the plane of the paper as possible,
and reversing the stand A so as to throw more light on the pin.

Then, if the image of the pin be formed on the screen, u = v = r and

/ is half the distance of the screen from the mirror.

Focal Length of a Mirror. The focal length or radius of curvature
of a concave spherical mirror can also be determined by the following

method, which is of interest because, unlike the methods in the

preceding section, it can also be applied to a convex spherical mirror.

A paper scale about 50 cms. long pasted on wood is mounted

horizontally directly in front of the concave mirror (fig. 67) about

FIG. 67.

the same height above the table and two or three metres from it.

Two metal strips A and B slide along the front of this scale. An
image of AB, i.e. the distance between the strips, is produced at G,
and if FH be this image, the points C, F, and A and the points C, H, and
B are collinear, since the lengths of the object and image are in the

ratio of their distances from the mirror. A telescope is placed with its

object glass at E, the centre of AB, and focussed on FH. A small

scale is fixed in front of and in contact with the mirror which is tilted

so that, when viewed through the telescope, the image FH appears

parallel to and touching the edge of this scale. The distance between
the metal strips is adjusted so that the image FH appears to coincide

with an exact number of divisions on this scale, / cms., say. Let r be

the radius of curvature of the mirror, let AB = L and let CE = D
;
then

2/D
r =

. 7^,.

If the mirror is convex

2/D
r =

L - 2T

This is the easiest of all the optical methods for determining the radius
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of curvature of a convex mirror. It should be noted that the small

scale and the image must be in focus at the same time ;
hence D must

be large in comparison with r.

To prove the formula for the case of the concave mirror let CG = v
;

Z, of course, is equal to ab. Then

jr.,
.L. _?.?_=-?=?_ i .. . . (38)

by similar triangles. But 112
D v

~
r

'

D 2D
therefore 1 + - =

. - (39)

Hence eliminating D/v between equations (38) and (39) we obtain

L 2D

or =

L + 2j,

the required relation.

Cylindrical Lenses. Let us suppose that the surfaces of a thin

piece of glass are cylinders, the axes of which are parallel. Such a

piece of glass is called a cylindrical lens.

If a section be made of it by a plane at right angles to both axes,

it has the same shape as the section of a lens with spherical surfaces.

Consequently any pencil of rays diverging from a point in this plane
is brought to a focus by the lens. On the other hand, the section by
any plane parallel to the axes is the same as the section of a thin plate
with parallel sides. Consequently a pencil of rays in this plane is

unaffected by the lens.

A cylindrical lens thus forms images only of lines parallel to the

axes of its surfaces. If such a lens is placed on the optical bench with
its axes parallel to one of the cross-wires it forms a sharp image of

that wire but no image at all of the other wire. As far as the other
wire is concerned the lens acts merely as a plane parallel plate.

With this limitation the focal lengths of cylindrical lenses and
mirrors can be determined on the optical bench in the same way as

the focal lengths of spherical lenses and mirrors.

Magnification Methods for Determining Focal Lengths. The
methods of determining the focal lengths of convex lenses given
hitherto are suitable only for thin lenses. The three methods which
follow are suitable also for thick lenses or systems of lenses :

(1) Form an image on the optical bench. Denote the magnification
by m. Keep the object and image screen fixed and displace the lens

through a distance d, so as to give a clear image again. Let the

magnification now be m'. Then
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m - m''

(2) Abbe's Method. Make the first magnification, m, unity or less,

keep the lens fixed, displace the image screen a distance d away from
the lens and move the object until focus is again obtained. Let the

magnification in the second case be m'. Then

* ~~ m - m''

(3) Same as (2), only d in this case is the distance moved by the

object and
'

.m m'

To carry out the above methods on the bench shown on p. 68, two
lantern slides were made by photography from a white paper scale,
but in mounting them pieces of ground glass were used instead of the
cover glass, the ground side being next the photographic film. The
two scales thus prepared were, of course, identical. One of them,
mounted on the stand E, was used as object. It was illuminated

by placing lamp A behind it, the lamp being turned round so that the
wooden upright did not come between. The other scale mounted on a

similar stand was used as image screen. The magnification was found

by getting the image of the one scale directly below the other and

finding how many divisions on the one corresponded to the whole

length of the other.

One advantage of the above methods is that the only length in-

volved, d, is in every case not a distance between two objects but a

displacement of one object, and the latter can be measured with much
greater accuracy.

To prove the three formulae let u and v in each case denote the

distances of the object and image measured from their respective

principal planes before the displacement, and let
'

and v denote the
same distances after the displacement.

Then in each case we have

1
_ 1 _ 1

!_ l_ _ ^
V U

~
f V'

~
U'

~
f

'

m =
v/u, m' =

v'/u'.

In the first and second cases we have
d = v' - v =

f(l
-

m')
-

f(l
- m) = f(m -

m'),

i.e. / = ^A-
m - m

In the third case

m m
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The Nodal Slide, The focal planes of a system of lenses can be

found very easily by simply letting a beam of parallel light fall on it

from each side in succession and noting where the image is formed.

Then, when the focal length is determined, the principal planes and

nodal points can be found simply by measuring off their distances

from the focal planes. There is, however, an elegant method of de-

termining the nodal points directly.

The property of the nodal points, it will be remembered, was, that

if a ray of light passed through the one, its conjugate passed through
the other, and further was always parallel to the incident ray. Sup-

pose now a beam of parallel rays is incident on the system in the ob-

ject space, and that the system is pivoted so that it can rotate about

the vertical through the nodal point of the image space. As it does

so, the nodal point of the object space describes a short arc and so

different rays in turn pass through it. But the incident rays are all

parallel, so the direction of the ray through the nodal point of the ob-

ject space is always the same. Consequently the direction of the ray

through the nodal point of the image space is always the same, and if

the image is received on a screen, it remains stationary when the

system is rotated. The distance from the screen to the axis of rota-

tion gives, of course, the focal length of the system.
To put the method into practice the lens system is mounted on a

stand which is placed on a turntable, along one side of which is fixed

a scale for reading the position of the stand. This apparatus is known
as a nodal slide. Then the turntable is rotated for different positions
of the stand on the scale. Unless the axis of rotation passes through
the nodal point of the image space, the image moves on the screen.

When the right position is passed, the direction of the motion of the

image on the screen changes.

More Accurate Method of Determining Focal Length. Focal

lengths are usually determined in a Physical Laboratory not for the
numerical result, but for the purpose of teaching students the principles
of optics. The lenses measured are usually spectacle lenses with a

focal length of 20 or 30 cms., because such lenses suit a two-metie

optical bench well. The methods for a convex lens on p. 69 give

single results which agree to a millimetre for such lenses, but the

magnification methods as used on p. 72 are not so accurate. If

greater accuracy is really desired or if a method is wanted that will

also give, for example, the equivalent focal length of a telescope eye-
piece, recourse may be had to a more elaborate apparatus such as the
Beck Lens Testing Bench. It ought to be pointed out, however, that

by means of a vernier microscope such as is to be found in every
laboratory, values of the focal length can be got which will compare
favourably with those obtained by any other method.

The method consists in the measurement of the aerial image of an

object at a great distance. For camera lenses I have taken a hori-
zontal 50 cm. scale distant 12 metres. It was illuminated by a lamp
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Or even by Na light. For microscope objectives the distance should be
much less. The vernier microscope should have both a horizontal
and a vertical motion. The lens is mounted on a stand in front of it

and the length of the image measured. If m is the magnification and
d the distance of the object from the im'age, and if u and v are used

arithmetically,

vm = -, d = u + v =
u(l + ra)f

lL "*

uv mu md
and / u + v 1+w (1 + w)

2 '

m being usually so small that the denominator may be made unity.
A beauty of this method is that the percentage error of measure-

ment is about the same for the lengths of the object and the image
and for the distance d.

So far the distance between the principal planes has been neglected,
but from the first value of

t/'it can be estimated,* the result subtracted
from d, and a more accurate calculation made, d is so great that it

does not require to be known very accurately.
The method can be made applicable to a long focus lens by using

distant objects and taking the angle between them with a sextant.

Then, if the image length is / and the angle 2a, /is simply //(2 tan a).

Investigation of the Aberrations of a Lens. In deriving the

formula connecting the positions of the object and image formed by
a lens system, the angle which each ray makes with the axis is as-

sumed to be so small, that it may be put equal to its sine and that its

cosine may be put equal to unity. If the second terms in the expansions
for the sine and cosine be taken into consideration, the passage of the

rays through the system may still be treated from a general standpoint,
and it is found that when the object is a point, the rays in the image
space no longer converge to a point but to a small region. If the angles
made with the axis are so great that two terms in the expansion are not
a sufficient approximation, there is no elegant method of treatment

;

the paths of the rays in the image space must be found by laborious

trigonometrical calculation.

If the rays do not make small angles with the axis, the image is

blurred or has defects. In certain particular cases these defects take

characteristic forms spherical aberration, coma, astigmatism, curva-
ture of the surface, distortion which depend each on a separate con-

stant in the mathematical theory. Thus in the general case these

five defects may be regarded as occurring independently and to a

varying extent. They are characteristic of the system for a definite

position of the object. The system can be corrected for any one of

*
I.e. by measuring off a distance/from the aerial image and making a scratch

on the lens mounting, then reversing the lens and repeating the operation. The
two scratches give the principal planes since d is so very great.
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them by making the appropriate constant vanish, and the image-form-

ing properties of the system can be investigated by testing for each of

them separately. It should be stated that there are at present no

generally recognised methods of testing or of measuring these de-

fects numerically.
Of course in addition to the above there may be defects due to the

surfaces of the lenses not being true or to the separate components

being badly centred. There is also chromatic aberration.

As excellence in one respect is gained often at the expense of

comparative failure in another respect, lenses should, of course, be

tested only under the conditions for which they are to be used and for

the defects which are important under these conditions.

For measuring the aberrations of lenses properly an apparatus
such as the Beck Testing Bench is absolutely necessary. However
two simple arrangements will be described here which are of some
use when the aberrations are large.

For the first of these there is necessary a vernier microscope which
can be racked forward in the direction of its length. Vertical motion
and horizontal motion at right angles to the length are a great con-

venience, but not absolutely necessary. As source of light a circular

hole of 1 mm. diameter drilled in a thin sheet of aluminium is used.

It is held in front of a lamp and placed at a distance of about 12
metres from the microscope. The lens to be tested forms an aerial

image of this hole and this image is examined with the microscope.
To measure the chromatic aberration a piece of red glass is placed

behind the hole and the image focussed. Then the red glass is re-

placed by a piece of green and a piece of blue, which together give an

approximately monochromatic green, and the microscope racked for-

ward to focus the image a second time. The distance between the
two images, /, divided by the focal length is an approximate measure
of the chromatic aberration.

To measure the spherical aberration a screen with two holes in it

is used, one to transmit the rays that pass through the centre of the
lens and the other to transmit the rays that pass through a marginal
zone. These stops are placed in succession in front of the lens. If /

is the distance between the images in the two cases and half the

angle subtended at the image by the mean diameter of the marginal
zone, the expression

may be taken as a measure of the spherical aberration, since for an
uncorrected lens the distance between the images is proportional to 2

.

To measure the astigmatism the lens is placed so that its axis
forms an angle of about 10 with the straight line from the micro-

scope to the source. Then, instead of a point image, two line images
may be seen at right angles to one another and distant / apart along
the axis of the microscope. They may however be obscured by the
other defects. The distance between these lines should be proper-
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tional to #2 for small values of 6. Hence the astigmatism may be ap-
proximately measured by

I

#*i
If a lens forms an image of a point source not on its axis, the

central zone of the lens gives a point image and the other zones may
give ring images of increasing diameter according to the distance of
the zone from the centre of the lens, even if the lens is corrected for

spherical aberration. These rings are not con-
centric but situated as in fig. 68, the radius of each

equalling half the distance of its centre from the

point image. The result is to give an egg-shaped
patch of light with the narrow end much brighter
than the other. This defect is called coma and
vanishes if the system obeys the sine condition.

The curvature and distortion of the image
formed by a spectacle lens can be measured very
well by the apparatus shown in fig. 69, which
consists of an optical bench with a cross-piece at

one end. A stand carrying cross-wires and il-

luminated by a lamp can move along the cross-piece. Instead of the
usual screen a long white scale is used for receiving the image, and

FIG. 68.

FIG. 69.

this scale and the stand carrying the lens move along the bench itself.

The bench and cross-piece are both provided with millimetre scales.

The lamp is first placed so that the line joining object and image
is exactly parallel to the axis of the bench. Then if the lamp is moved
a distance a along the cross-piece, the image is displaced a distance b

along the scale, and at the same time the latter has to be moved a

distance c along the bench to restore focus. The distortion is measured

by the deviation from proportionality of b to a and the curvature is

proportional to c/b
2

.

EXAMPLES.

(1) An object 2 cms. high is on the axis of a thin convex lens of focal

length 20 cms. at a distance of 50 cms. to the left of it. A thin concave
lens of focal length 45 cms. is placed 10 cms. to the right of and on the same
axis as the convex lens. Find the position and magnitude of the final image.

(2) If on the optical bench a thin lens is set not quite at right angles to

the axis of the bench but rotated through a small angle about a vertical axis,

then the cross-wires used as object, which are supposed vertical and hori-
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zontal, do not come into focus at the same time. If the vertical wire is in

focus, 'the image screen has to be displaced through a small distance in order

to bring the horizontal wire into focus. Determine experimentally how this

displacement varies with the angle between the axes of the lens and bench.

The angle is best measured with protractors.

(3) A student is given a convex and a concave lens and required to

determine their focal lengths. Their rims have equal diameters, but a piece

of the concave lens, perhaps a sixth of its whole area, has been accidentally

broken off. The focal length of the convex lens is easily found to be 24-0

cms., and, as the convex lens appears more powerful than the concave one,

the first method of determining the focal length of the latter is employed.
But to his astonishment the student finds that the combination always gives

two images, a faint one near the lenses and a brighter one farther out. If

the faint image is used, it gives a focal length of about 24 '3 cms. for the

combination, and, if the bright one is taken, the result is about 38 '2 cms.

Which image should he use and why ?

(4) The focal length of a concave mirror is obtained in the usual way by
measuring u and v and employing an image screen with an aperture in it,

through which the rays fall on the mirror. The mirror has to be tilted,

otherwise the image would fall upon the aperture itself. Discuss with the

aid of the theory of astigmatic reflection at a concave mirror the magnitude
of any error thus introduced, and give numbers for an actual case.

(5) The focal length of a concave mirror is obtained by forming the

image of a lamp several metres distant. The result is 32 '1 cms. How far

away must the lamp be for the result to be accurate to 2 mm. ?

(6) A convex spherical lens of focal length 22 cms. is placed in contact

with a cylindrical lens, and the combination used to form an image of illumi-

nated cross-wires, which are supposed vertical and horizontal. One face of

the cylindrical lens is plane and the axis of the cylindrical surface is vertical.

Find where the images of the separate cross-wires are formed, given that the

object distance is 50 cms., and that the cylindrical lens is (a) convex and of

focal length 40 cms. , (6) concave and of focal length 40 cms.

(7) The formulae given on p. 71 for the radius of curvature of a

spherical mirror become much simpler if I can be neglected in comparison
with L. Show that this assumption is equivalent to supposing that the
small scale is in the same plane as the image, and derive the simplified
formulae from first principles on this supposition.

(8) Two cylindrical lenses, which have each one plane face, are placed in

contact and used to form a real image of illuminated cross-wires distant
30 cms. The axes of the cylindrical surfaces are at right angles to one
another and each parallel to one of the cross-wires, and images of a cross-

wire are formed at distances of 40 and 60 cms. from the lens combination.
What are the focal lengths of the lenses, and where would the image be
formed if the axes of both cylindrical surfaces were parallel to the same
cross-wire ?

(9) A convex lens is mounted on an optical bench and used to form an

image on a screen. The magnification is 2*41. The object and image screen
are then both kept fixed and the lens displaced a distance 10 cms. towards
the image when a sharp image again appears, this time of magnification '415.

Calculate the focal length of the lens.

(10) Make n independent determinations (say 8 or 10) of the focal length
of a thin convex lens by the first method described in this chapter. Take
the mean of the result, take the differences of the individual determinations
from the mean, square them, then add their squares ;

divide the sum by
n(n -

1) and take the square root of the quotient. The square root is called
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the
" mean error

"
of the final result. Multiplication of the mean error by

3 (more properly 0*674) gives the "
probable error" of the final result.

Multiplication of the mean error and probable error of the result by the square
root of the number of observations gives the mean error and probable error
of the individual determinations.

For example, the first column of the following table gives 10 determina-
tions of the focal length of a lens, made on the same optical bench by the
method referred to :

/. 5. S2 .

19-91 cms. > - -244 -05954
20-07 - -084 -00706
20-11

20-16

20-14

20-27
20-21

20-14

20-22

20-31

- -044 -00194

+ -006 -00004
- -014 -00020

+ -116 -01346

+ -056 -00314
- -014 -00020

+ -066 -00436

+ -156 -02434

Mean 20-154 Sum -11428

The mean error of the result is >/ '11428/90 = '0356.
o

The probable error of the result is 5 x -0356 = '0237.
9

Thejnean error and probable error of a single reading are respectively
0356 ^/TO and '0237 v/10, i.e. '113 and '0749.

The method of obtaining the above results depends on the theory of

probability, and they are valid only if the individual readings are distributed
about the correct value according to the law of chance. They do not take
into account any one-sided errors such as assuming, for example, that the
lens employed is infinitely thin and that its principal points coincide.

The probable error of the single determination gives a quantity, above
and below which theoretically there should lie an equal number of values of

d. In the above case we have four above, namely, '244, -084, -116, and '156,
and six below, -044, '006, '014, -056, '014, and -066.



CHAPTEK VI.

OPTICAL INSTKUMENTS.

Magnifying Glass. The normal eye focusses best on an object

distant 10 or 12 inches from it. This distance is called the distance

of distinct vision. If we attempt to increase the detail visible by

bringing the object nearer, an exertion is required to see it distinctly.

Hence- the distance of distinct vision is the most favourable position

for examining the detail of an object.

Let AB be a convex lens of small focal length placed before the

A
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image, if the latter are small. Hence the magnification produced by
the lens is D//J if the sign is neglected.

A single convex lens used as above is sometimes called a simple
microscope.

Instead of a single lens, a combination of thin lenses may be used,
for example, two concave meniscus lenses of flint glass separated by a
double convex lens of crown glass. Such a combination can be cor-

rected for chromatic aberration, astigmatism, and distortion.

The Astronomical Telescope. The optical system of an astronomi-
cal telescope consists of two parts, one called the object glass, which

produces a real image of a distant object, and another, the eyepiece,
which produces in turn an enlarged virtual image of this image.

It is illustrated in fig. 71. AB is the object glass, of diameter d

FIG. 71.

and focal length F, and CN is the eyepiece, which has a focal length/.
AB forms a real and inverted image EM of the object in its focal

plane ;
this image is just inside the focus of CN, which thus acts as a

magnifying glass, producing a virtual magnified image of EM at GH.
It is this virtual image at GH which is seen by the eye at KJ.

To find the magnification we can proceed as follows. Let 2a be

the angle subtended by the distant object at the eye. Then, since

the distance is great, 2a is also the angle subtended by the object at

the object glass. Consequently the length of the image EM is 2aF.

Since EM is just distant / from CN, the angle it subtends at O is

2aF//. Since G is at a great distance OE is practically parallel to

NG
; this may be seen best from the graphical construction for deter-

mining G. Consequently 2aF//' is also the angle subtended at the

eye by the final image GH. Dividing the angle subtended by the

final image by the angle subtended by the object we find therefore

that the magnification is equal to F//.

The same result may be obtained in a slightly different manner.

6
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Let the object have length L and be situated at a distance u from the

object glass. Then, since u is large, the angle subtended at the eye

is L/M. Since image is to object in the ratio of their respective

distances, EM = LF/w. Let D be the distance of GH from O. Then,

applying the same rule again, GH = (LFD)/(w/) and the angle sub-

tended by GH at the eye is approximately (LF)/(w/). Dividing this by
the original angle subtended by the object we find again that the

magnification is F/f.

Let the points J and K be respectively the images of the points A

and B formed by the eyepiece. Let v be the distance of KJ from O.

Then
1 1 1

v
+ F+

"
/'

if we use v, F, and /merely arithmetically,

vd
and KJ-

The ray AE after refraction passes through J. All the rays which

pass through both lenses pass through between K and J, and if a

screen were placed there, it would show a bright circular disc. This

disc, sometimes called the eye-ring, is according to Abbe's terminology
the exit-pupil of the instrument. We see from the expression for KJ

that the diameter of the object glass divided by the diameter of the

eye-ring is equal to the magnification.
On leaving the instrument the rays come closest together at the

eye-ring and that is the place for the eye. The instrument is usually

designed with its eye-ring smaller than the eye-pupil, so that all the

light from the object glass enters the eye. But to make fig. 71 clear

it has been necessary to draw the eye-ring large.

Fig. 71 is intended merely to illustrate the theory of the astro-

nomical telescope. In practice instead of a single object glass a com-
bination corrected for chromatic aberration is used. In the case of

small instruments, for example such as are used for spectroscopes,
this combination very often takes the form described on p. 64, an

equi-convex crown glass lens backed by a plano-concave flint glass
lens. Also in practice instead of a single magnifying glass a Ramsden
or Huygens ocular is employed.

The Ramsden eyepiece consists of two equal plano-convex lenses

with their curved faces turned towards one another and the distance

between them equal to two-thirds of the focal length of either. The
Huygens eyepiece consists also of two convex lenses, but in it the lens

farther from the eye has a greater focal length than the other, usually
three times as great, and the distance between the lenses is twice the
shorter focal length. In both eyepieces the lens next the eye is

called the eye lens and . the other is called the field lens. Denoting
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the focal length of the field lens by/and the focal length of the eye
lens by/', the focal length of the combination is

(cf. p. 46) given by

ff' ,,?/
f + f+a 4 y

in the case of the Ramsden eyepiece, and by

jr
2

in the case of the Huygens eyepiece.

Figs. 72 and 73 represent the positions of the lenses, principal

H
2 F,

FIG. 72.

F,

FIG. 73.

planes, and focal planes of the object space for these two eyepieces.
The principal planes are crossed. It will be noticed that the focus of

the Huygens eyepiece falls between the lenses
;
for this reason it is

said to be negative, in contradistinction to the Ramsden eyepiece,
which is said to be positive. Thus the Huygens eyepiece cannot be
used to focus on cross-wires the way the Ramsden eyepiece can.

Huygens' eyepiece was designed to diminish the effects of spherical
aberration as much as possible.

The reason for using an eyepiece consisting of two lenses instead

of a single magnifying glass is to diminish the chromatic aberration

and other defects of the image as much as possible. They tend to be
less owing to the refraction being distributed over four surfaces

instead of two. The condition that the equivalent focal length
should be the same for all colours (cf . p. 66) is fulfilled by the Huygens
eyepiece and approximately fulfilled by the Ramsden eyepiece.

The performance of an eyepiece is made much better by the fact

that it has to deal only with thin pencils of light. The pencil diverg-

ing from the point E of the image in fig. 71 is a thin one because it

has had to come through the object glass of the telescope, and the

ratio AB/EB is usually irot more than 1/12. It is the same with rays

diverging from the other points of EM.

6*
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An astronomical telescope can be made suitable for terrestrial

objects by fitting it with an erecting eyepiece. Fig. 74 shows the

FIG. 74.

form of erecting eyepiece most used. It consists of four lenses and

at the positions indicated diaphragms are fitted.

Magnification and Resolving Power of a Telescope. The magni-
fication of a telescope is given by F//i The diameter of the eye-ring

(fd)jF must not be greater than, at the outside, one-fifth of an inch,
otherwise all the light does not enter the eye. If F,f, and d are sub-

ject only to this restriction, there is no limit to the magnification of a

telescope. We find, however, that beyond a certain point nothing is

gained by increasing the magnification. The image becomes larger
but reveals no fresh detail. It is just like pulling out an elastic sheet

on which a picture is painted.
If a telescope is focussed on a luminous point, a star for example,

the image formed by the object glass is not a point, but a small disc

surrounded by one or two faint concentric rings. The reason for this

will be given afterwards in the chapter on diffraction
; here it will

only be stated as a fact. The radius of the dark ring immediately
surrounding the disc is

where X is the wave-length of the light used. If F is increased with-
out a corresponding increase in d, the size of- the disc increases.

Every point of the object forms its own disc and thus the grain of
the image increases.

The closest distance at which two stars can be recognised as

separate is when the centre of the disc of the one falls on the inner-
most dark ring of the other, that is, when the distance between the

images in the focal plane of the object glass is 1-22 FX/d or when the
angle between the stars is 1-22 X/d. This angle may be defined as
the resolving power of the telescope. It is equal to

5-0."

d
if the wave-length of light be taken as 2 x 10~ 5 inches and the diameter
of the object glass be measured in inches. As a result of experience
the astronomer Dawes gives 4'5'V^ instead of the above value.

The object glass of the Yerkes telescope, the most powerful one
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employed hitherto for astronomical observation, has a diameter of 40
inches and a focal length of 65 feet. Its resolving power is conse-

quently about
J-
second. To grind and polish this object glass required

great care and took a long time. It is also extremely difficult to obtain

pieces of glass this size of the necessary homogeneity, and it is possible
that if the object glass were larger it might strain under its own
weight. So that the limit of resolving power in telescopes is prob-

ably nearly reached.

When d, F, and the maximum diameter of the eye-ring are given,
the maximum value of/is given. Vision begins to be sensibly im-

paired when the diameter of the eye-ring is less than 1/30 inch, so

that there is also a minimum value of /, about one-sixth of its

maximum.
The resolving power of the eye according to Helmholtz lies be-

tween 1 and 2 minutes, so that in the case of the Yerkes object glass
a magnification of about 720 would be required to bring out the full

detail of the object. The maximum and minimum magnifications
mentioned above are in this case 1200 and 200.

A telescope with a 1J inch object glass, such as is fitted to the

larger spectrometers, has an object glass of focal length about 14 inches,
and a Ramsden eyepiece, the focal length of each of the components
of which is about 1-J inches. Its magnifying power is therefore 14/f =
12^ and its theoretical resolving power 4 seconds. The eyepiece is

therefore scarcely powerful enough to utilise the full theoretical re-

solving power of the object glass, but is probably ample for its actual

resolving power, as the object glass will be by no means perfect. As
the apparent angular diameters of Venus, Jupiter, and Saturn vary

respectively from 11 to 67 seconds, 32 to 50 seconds, and 14 to 20

seconds, such a telescope should show up their form.*

Apart from the actual measurement of the focal lengths of the

lenses themselves, the magnification of a telescope can be determined

very simply by two methods. The first method consists in illuminat-

ing the object glass by a lamp and receiving the image formed of it by
the eyepiece, i.e. the eye-ring, on a ground glass screen. Then, if the

diameter of this image is measured, the magnification is obtained by
dividing it into the diameter of the object glass. Care should be

taken, however, that it is really the image of the object glass rim that

is obtained and not the image of some diaphragm inside the instru-

ment. If there is any doubt in the matter a rectangular aperture
should be used close up in front of the object glass. Then the image
is rectangular and there is no possibility of mistake.

In the second method a white scale is fixed up at a great distance

and a sliding mark placed on it. The telescope is then focussed on

the scale and the latter is observed with one eye through the telescope
and with the other eye direct. The two images superimpose. The

* One used by the Author shows four of Jupiter's moons and the phases of

Venus, but makes nothing of Saturn's rings,
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mark is then moved along the scale until the image of the part cut

off by it, as seen through the telescope, is equal in length to the

whole scale as seen direct. The magnification is then obtained by

dividing the length of the whole scale by the length of the part cut

off.

The simplest method of determining the resolving power ot a

telescope is to fix up a piece of wire gauze with some tissue paper

behind it, the tissue paper being illuminated by a lamp, and then to

find the greatest distance at which the wires of the gauze are separate

when seen through the telescope. A simple calculation then gives

the angle subtended by the distance between them.

Galileo's Telescope. The astronomical telescope was proposed by

Kepler in 1611. A year or two previously Galileo had made and

used a telescope of the type represented in the following figure.

M

FIG. 75.

Atter passing through the object glass the rays from the distant object

are converging towards a real inverted image, EM, when they fall upon
a concave lens, CN, and form an erect and virtual image, GH, which is

seen by the eye placed close up to CN. The image EM is just outside

the focal length of CN.

If F and /denote respectively the focal lengths of the object glass
and eyepiece, it may be shown in the same way as for the astronomi-

cal telescope that the magnification is F//. Also the resolving power
is given by the same formula as for the astronomical telescope. There

are, however, some important differences.

First of all there is the great advantage for terrestrial use that the

image is erect. Then the instrument is shorter than the astronomical

telescope of the same magnifying power, its length being given by
F - f instead of F -f J\ where F andf stand for the numerical values

of the quantities in question. Also it cannot be used with cross-wires.

They would have to be placed at EM and would consequently get in

the way of the eye. Again, the image of the object glass, which is a

virtual one, is situated at KJ. Its size is /rf/F and it is at KJ that the

emergent rays come closest together. The section of the beam is

much greater where it enters the eye. Consequently the field is much
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narrower than in the astronomical telescope with the same magnifi-
cation, and its illumination falls off towards the edge.

Since the eyepiece is concave it may be made to correct part of the
chromatic aberration of the object glass.

Ordinary opera-glasses consist of twto Galilean telescopes mounted
side by side and focussed by the same screw. The optical system con-

sists usually of an object glass formed of a thin crown and flint lens

and an eyepiece formed of a single concave lens, or the object glass
and eyepiece may each consist of three lenses cemented together,
each combination being achromatic by itself.

Prism Glasses. Two simple astronomical telescopes cannot be
mounted together as an opera-glass on account of their length and the

inversion of the image. In 1895 Messrs. Zeiss introduced their prism
glasses, in which by the introduction of two right-angled prisms both

i

FIG. 76 (from R. and J. Beck's Catalogue).

these defects were remedied at once. The principle of the prism
glasses had occurred to Porro in 1853, but they were not successful

then, owing to want of uniformity in the

glass available. Fig. 76 explains their

construction. The rays after passing

through the object glass traverse the

body of the instrument once, are reflected

by a right-angled prism which reverses

the image right and left and then travel

back to the second prism, which inverts

the image and reflects them towards* the

eyepiece. The rays thus traverse the body
of the instrument three times. Fig. 77 shows the image-reversing

properties of a right-angled prism.

FIG. 77.
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The advantage of prism glasses over the old form of opera-glasses

lies in the wider field of view.

FIG. 78.

Mirror Telescopes. As a result of his discovery of the spectrum
Newton learned the cause of chromatic aberration, and found that it

was a much more serious error than spherical aberration in the tele-

scopes of his day. As he believed it impossible to make an achromatic

lens combination, he invented and constructed a telescope in which the

object glass is replaced by a concave spherical mirror. Fig. 78 repre-
sents the principle of his instrument. The rays from the distant ob-

ject are reflected by the mirror, and would form a real image at S were

they not reflected by a right-angled prism or mirror so as to form the

image at Q. This image is then examined by the eyepiece.
The principles of three other types of reflecting telescope are shown

in the following figure, namely, Gregory's, Cassegrain's, and Herschel's.

Gregorian Telescope.

itirr-- ~-~-~-~^i.^
irv -i-^pj-

Cassegrainian Telescope.

Herschelian Telescope.

FIG. 79.

In Gregory's telescope the rays after reflection from the large reflector

fall on the concave mirror and form a real image which is examined

by the eyepiece through a hole in the large mirror. Cassegrain's
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telescope differs from Gregory's only in having a convex mirror in-

stead of a concave mirror at A. In Herschel's telescope the large
mirror is slightly inclined, the secondary mirror is dispensed with, and
the observer stands with his back to the object. His head, of course,

partially obstructs the light, so that the arrangement is only practical
with very large instruments.

Mirrors for reflecting telescopes were originally made of speculum
metal, a somewhat brittle alloy of copper and tin, and when the sur-

face tarnished, it had to be repolished, and thus the most difficult and
critical part of its construction repeated. They are now made of glass
and silvered, and an old silver film can quite easily be replaced by a

new one.

Large reflecting telescopes are, of course, considerably less expen-
sive than refracting instruments of the same power, but they are in-

constant and require careful attention, and so to-day the refractor is

regarded as superior, although for the century and a half after Newton
the superiority of the reflector was unquestioned.

The Microscope. If the focal length of a simple magnifying glass
is diminished in order to obtain increased magnification, the eye has
to be placed inconveniently close to the object examined

;
also lenses of

such small focus are difficult to grind accurately. The requirements
as to freedom from aberration are also too great for a single lens to

satisfy. For large magnifications it is therefore necessary to use a

compound microscope. The principle of the latter instrument is re-

presented in fig. 80. In the compound microscope the work of form-

ing the image is distributed over two lenses or lens systems, the ob-

ject glass and the eyepiece. It is the function of the object glass
to form an image of the object by as wide angle a pencil as possible,
and it is the function of the eyepiece to form a large image of this

image by means of thin pencils.

FIG. 80.

In fig. 80, which is purely illustrative, P is the object, A the object

glass, S the image formed by the object glass, B the eyepiece, and Q
the enlarged virtual image of S formed by B. Let F and f be the

numerical values of the focal lengths of the object glass and eyepiece.
Let the image Q be situated at the distance of distinct vision, D, from

the eye, which is the same thing approximately as the distance from
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the lens B. Let > be the distance of S from the lens A and let L be the

length of the object.

The object is situated just beyond the focus of A so the length ot

S is approximately (vL)/F. S is just inside the focus of B so that the

length of Q is approximately (i>LD)/(F/). Hence the magnification is

VD

FT

Microscopy is not a part of physics but a science in itself. Micro-

scopes are used extensively in medicine and the biological sciences,

also in petrology for examining sections of rocks. The object ex-

amined is placed on a glass slide and illuminated by transmitted light.

The sections of opaque objects taken are so thin as to be translucent.

Below the stage of the instrument is usually placed an arrangement
of lenses called a condenser for the purpose of illuminating the object.

FIG. 81.

Fig. 81 is a sketch of the optical system of a typical microscope with

a low-power object glass in. The light comes from the right from
the source, a flame for example, and passing through the two lenses of

the condenser is made to converge on P, the object to be examined. It

diverges from P, passes through the two achromatic lenses of the ob-

ject glass and the field lens of the eyepiece, and forms a real image at

S. It then passes through the eye-lens and enters the eye at E ap-

pearing to come from the large virtual image. For clearness only the

rays diverging from one point of the object are shown.
The eyepiece is usually of the Huygenian type, and at S is placed

a diaphragm limiting the field of view. The eye is placed at the eye-
ring where the rays come closest together. The object glass must
be corrected for chromatic aberration and spherical aberration and
must also obey the sine condition. The importance of this last con-
dition was first realised theoretically by Abbe, but the good objectives
that had been made previously obeyed it.

To find the resolving power of the object glass let us go back to

our former result for the telescope object glass. The latter received
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parallel rays and formed an image in its focal plane. In the case of

the microscope objective the conditions are reversed
;
the object is near

the focal plane and the rays after passing through the objective are

nearly parallel.
Two points in the image formed by-a telescope objective can just

be separated when the distance between them is 1*22 F\/d. If 2a is

the angle subtended at the image by a diameter of the objective,
tan a = rf/2F. The distance between the two points in the image
can thus be written

61X

tan a'

and if they were object instead of image we should expect them to be

resolved by the objective. The expression above might thus give

approximately the least distance between two lines that can just be

separated by a microscope objective.
The angle a is so much greater in the case of the microscope,

though, that the one case cannot be derived from the other, and the

matter is also complicated by the fact that the points resolved by a

microscope are not independent self-luminous objects. They are

both illuminated by the condenser from the same part of a flame, and

hence the light from them is in a condition to interfere. Even at

critical illumination, i.e. when an image of the flame is formed on the

object by the condenser, this image is never sharp enough to make the

light transmitted by two points so close together quite independent.
The fact that the points to be resolved are not self-luminous was

first taken into consideration by Abbe and illustrated by some striking

experiments. He was led to the result that the closest distance that

could be separated was
X

2/M, sin a'

where
//,
was the index of refraction of the medium between object

and objective. The light from the object must of course fill the whole

aperture of the objective. The numerical value of the above result is

not greatly different from the expression higher up on the page. To
the product /xsina Abbe gave the name numerical aperture (N.A.).

If P represents the object and APB the cone of light falling on it

from the condenser, P causes diffraction

figures in the diverging cone, and the detail

shown depends on the number of these

figures that enters the object glass L, i.e. it

depends on the aperture of the wave-front

used. If the space between P and the object

glass is filled with oil of index of refraction /x,

owing to the refraction of the rays, the cone

CPD is filled with light that originally filled

the cone A'PB', an incident wave-front of

greater aperture is used, and hence the greater

resolving power. With such an immersion system there is also a
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gain of light, both owing to the wider cone and to the elimination of

reflection losses. The greatest value of the N.A. obtainable is about

1-6, so if A. is taken as 5 '3 10~ 5
cms., the limit of microscopic resolu-

tion is

_J^ .frsio: '1.7 10 -cms.
2/x sin a 2 x 1*6

This of course presupposes a sufficiently perfect optical system, i.e.

the detail gained by the high aperture must not be lost through
chromatic or spherical aberration, etc.

The least angle that can be separated by the normal eye is about

1 or 2 minutes, say 1'5 minute. At the distance of distinct vision, 25

cms., this angle is subtended by I'l 10
" 2 cms. Hence the magnifica-

tion necessary for the above resolving power is

1-1 10
~ 2

CKA
1>7 1Q

- 5
= 65 approximately.

Increasing the magnification beyond this will bring out no more
detail. Sets of gratings

* with the distance between the rulings

increasing in graded steps are used for testing the resolving power
of microscopes.

To measure the magnifying power of a microscope a fine scale

with divisions of known length is placed upon the stage, and the eye
focusses on it and at the same time looks at another scale outside

the microscope and placed at the distance of distinct vision. The

simplest way of doing this is by means of a little piece of clear glass
fixed at 45 immediately above the eyepiece, so that the rays from
the eyepiece pass through it directly and the rays from the other scale

are reflected from the side. The two scales are seen superimposed,
and it is then easy to say how much the divisions on the one have
been magnified.

There is much accessory apparatus for use with the microscope.
For example, the camera lucida is an arrangement in principle similar

to that described above for obtaining the magnification, by which the

magnified image is seen superimposed on a drawing-board and can
be sketched. The ordinary eyepiece can be replaced by a spectroscopic
one in which there is a slit in the plane of the image S

(fig. 81) and
a prism between the eye and the eye-lens. For crystallographic work,
a polarising prism is fitted below the stage, and an analysing prism
either immediately above the objective or above the eyepiece.

In photomicrography, i.e. photographing the magnified image
produced by a microscope, the tube of the microscope is placed
horizontal as the camera requires a long extension. The tube of the

microscope is also kept horizontal in projection work.
When a very thin intense beam of parallel light is passed horizont-

* Sold under the name of Grayson's rulings. The one at 5s. giving 1000 lines
to the cm. is a very convenient test object for students to use with a vernier

microscope. The aperture can be stopped down until the lines are not separated.
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ally into certain colloidal solutions, the particles in the solution in

the path of the beam scatter the light, and, if they be focussed on from
above by a microscope the tube of which is vertical, they can be seen

by the scattered light. This arrangement is known as the ultra-

microscope. By it particles can be seen which are far too small to be

made visible by the ordinary means of illumination : indeed we can

see down to those which have diameters of 10/x/x or /^th of the wave-

length of Na light. Like the stars their angular dimensions are too

small to give them any magnitude : they are simply point sources of

light.

Photographic Camera. A photographic camera consists essentially
of a rectangular box at one end of which is placed the sensitive plate
or film and at the middle of the opposite end of which is placed the

lens. The action of the photographic plate will be explained later.

The distance of the lens from the plate can be altered so as to

focus the picture sharply, and no light must enter the camera except

through the lens. By means of a series of stops placed at the lens

the aperture of the pencils of light forming the image can be regulated.
The diameter of the aperture is always expressed as a fraction of the

focal length of the lens ; thus, if a lens is working at^/16, we mean
that the diameter of the stop is T\th of its focal length. A lens work-

ing at //8 thus admits about 8 times as much light as one working

at//22.
The ordinary dry plate is sensitive between X = 2 '2 and X = 5-0 10~ 5

cms., but the glass of the lens does not permit the light between X = 2'2

and X = 3'3 10~ 5 cms. to pass. The plate is most sensitive to the violet.

The lenses must be achromatised for this range of wave-lengths and not

for visual use.

The photographic lens has as a rule to include a wide angle of

view in a picture on a flat surface, and consequently astigmatism,

curvature, and distortion are much more serious defects than in the

telescope and microscope. All defects except distortion can be

diminished at the expense of the brightness of the image by stopping
down the lens.

Fig. 83 represents two well-known types of lens, the Petzval

portrait lens and the rapid rectilinear lens. The Petzval portrait lens

FIG. 83.

is extremely rapid, working at //4, and besides portrait work is used

as projecting lens with the optical lantern. It has the stop in the

middle and consists of a cemented achromatic pair as the first element
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with a back pair separated by a small interval. It possesses distortion,

however, and the illumination falls away towards the edge of the plate.

The rapid rectilinear lens is symmetrical, consisting of two achro-

matic components made of a convex crown meniscus and concave

flint meniscus. The stop is placed midway between the two compon-
ents. The lens is orthoscopic or free from distortion, the one component

producing barrel-shaped distortion, i.e. making the sides of the image
of a square convex outwards, and the other component producing
cushion-shaped distortion, i.e. making the sides of the image of a

square concave outwards. So together they neutralise one another.

For a long time rapid rectilinear lenses were extremely popular
but they are now outclassed by the anastigmat.

Telephotography. The size of the picture of a distant object varies

as the focal length of the lens. But if a long focus convex lens is used

it requires to be placed at a great distance from the plate and thus

the camera is inconveniently long. A telephoto lens combination

obviates this difficulty and enables us to take highly magnified pictures
with an ordinary camera. It consists of a convex and a concave lens,

both achromatic, with the concave lens near the position where the

ordinary lens of the camera is usually placed, and the convex lens

FIG. 84.

outside the camera in front of the concave lens. Fig. 84 illustrates

the arrangement. The camera lens is removed ;
G H is the concave

lens and A is the convex lens. A beam of parallel light is shown
incident on A. It would come to a focus at C were it not for the

concave lens which makes it less convergent and brings it to a

focus at D. By producing the rays DG and DH backwards to cut

their original directions at K and L we find that KL is the principal

plane of the image space and DE is the equivalent focal length of

the instrument. By increasing the distance between the lenses the

principal plane is moved further out and consequently the magnifica-
tion increased.

Optical Lantern. Fig. 85 depicts the optical system of a lantern

used for projecting slides. AB represents the slide
;

it is placed upside
down. C is the objective or projecting lens. It forms an erect image
of the slide on the screen, and by focussing it the image can be
made sharp for different positions of the screen. The source of light,
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E, is an electric arc, the positive carbon of which is horizontal and the

negative vertical. By this arrangement the full light from the crater

EE2

FIG. 85.

falls upon the condenser, D. The latter consists usually of two plano-
convex lenses with their plane faces outwards, and its function is to

make as much light as possible pass through the slide in such a

direction that it also passes through the objective. The electric arc

is enclosed in a box so as to keep in all light except that which forms

the image on the screen. Lime-light may be used instead of the arc,

but the arc is brighter and more convenient and is always to be pre-
ferred if available.

Under the name of epidiascopes there are different arrangements
now sold for projecting opaque objects. They all require very power-
ful light sources. Fig. 86 shows how an ordinary lantern may be

adapted for the purpose. M and N are two r>

mirrors. M throws the light from the condenser

on to the opaque object, AB, which then acts

as a new source and sends out rays, which, after

reflection by the mirror N, are focussed by the

objective on the screen. In the epidiascope
the object and mirrors must be very carefully
covered in, because owing to the fainter image
stray light is more important than in the

ordinary use of the lantern for projecting slides.

Visual impressions 6n the retina persist after the removal of the

stimulus for about TVth of a second. Thus, if photographs are taken

of a moving object at a rate of not less than 16 per second, and if
^

these

photographs are projected on a screen at the same rate, the discon-

tinuous pictures fuse together and produce an illusion of continuous

motion. This is the principle of the cinematograph. The pictures

are smaller than lantern slides, the regulation size being about 1 inch

by I inch, and they are projected by a lens of about 21 inches equiva-
lent focal length. They are printed on a film of celluloid or a similar

preparation, and the film is uncoiled from one spool, is jerked by a

mechanism through the "
gate

"
in the focal plane of the projecting

v- J
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lens, and coiled up on another spool. Each jerk moves the film a

distance equal to the height of a picture. Each picture rests for

an instant while in the gate and is then projected, and, while it is

being jerked out and the next one jerked in, a sector passes up in

front of the projecting lens and cuts off the light. The films are

tough enough to stand the strain of being pulled through but the

celluloid ones are inflammable, and the image of the crater of the arc

on one for a short time is sufficient to set it on fire.

The Sextant. It has been shown that when a mirror is rotated

the angle turned through by the reflected ray is twice the angle turned

through by the mirror. The sextant, which is founded on this principle,

is an instrument used for measuring the angle subtended at the

V

observer by two distant objects. It consists of a telescope, T, directed

towards a mirror, A, only half of which is silvered and the rest trans-

parent, a mirror, B, which can be rotated, and a pointer attached to B,

which reads its position on a graduated circle CD.

Consider an object at such a distance that S
x
and S

2 ,
the rays from

it to the mirrors A and B, are parallel. Let Sj be the ray from it to

the mirror A, and let the mirror B be in such a position that the

ray S
2
after reflection at B and A enters the telescope in the direction SP

Then the two images of the object will be seen superimposed. The

reading of the pointer for this position of B is taken as zero. Suppose
that, starting from this zero and keeping the telescope directed on
one of the objects, it is necessary to rotate B through an angle a to

bring the images of two different objects into coincidence. Then the

angle they subtend at the eye is 2a. The angles on the scale CD are

numbered at twice their proper value. Hence the reading V
X
V
2
of the

pointer gives the angle subtended directly.
The sextant is used principally for taking the angle of elevation

of the sun. The arrangement usually adopted on land is represented
in the diagram. The observer sits in front of a mercury trough, resting
the elbow of the arm that holds the instrument on the knee. The
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telescope is directed towards the image of the sun in the mercury,
and the image of the sun formed by reflection on the mirror is brought
to coincide with it by moving the pointer along the graduated circle^
The scale reading then gives 2a (of. fig. 88),
and since AB and CD are parallel, a is the
altitude of the sun. A mercury surface is

used instead of a mirror because it sets itself

horizontally under the action of gravity.
At sea the angle between the sun and the

horizon is taken.

It is easy to see from a figure, since the FlG - 88<

position of the sun in the heavens is known, that the latitude can be
determined from its altitude at noon. If the time of its highest alti-

tude is noted on the chronometer, which keeps Greenwich time, the
time the earth has been turning since the sun was above the meridian
at Greenwich is known, and hence the longitude can be determined.

EXAMPLES.

(1) If half the object glass of a telescope which is pointed at the moon is

covered, how will the appearance of the moon as seen through the telescope
be affected ?

(2) What is theoretically the angular distance between the centres of

two stars which are just separated by a telescope with a 9-inch object

(3) Rule two lines close together on a card and look at them through a

magnifying glass held close up to one eye. At the same time look with the
other eye at a scale placed at the distance of distinct vision. By getting the

image of the lines to superimpose on the scale and measuring the distance
between the lines the magnification can be determined. Compare it with the
theoretical value.

(4) Determine the magnification of a spectroscope telescope (a) by taking
it to pieces and measuring the focal lengths of the different lenses separately,
then using the formula F//; (6) by the method of the illuminated scale

with the sliding mark described on p. 85
;
and (c) by measuring the diameters

of the object glass and eye-ring as described on the same page.

(5) Determine the resolving power of the same telescope by fixing up a

piece of wire gauze with illuminated tissue paper behind it and finding the

greatest distance at which the wires are seen separate. Compare the result

with the theoretical value. Stop down the object glass of the telescope and
note the change in the experimental value.

(6) Look at Venus, Jupiter, and the moon with the same telescope.

(7) Measure the magnification of a microscope by the method described
on p. 92, then compare the result with the value given by the theoretical

formula.
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THE SPECTROMETER AND THE DETERMINATION OF INDICES
OF REFRACTION.

THE most straightforward way of determining the index of refraction

of glass is by using it in the form of a prism with the spectrometer.

A prism in geometry is a polyhedron which has two of its faces

parallel, equal and similar polygons, and the other faces of which are

parallelograms, but in optics it always means a right prism on a tri-

angular base. Any plane perpendicular to the sides of the prism is

called a principal plane. Obviously, if a
ray of light is incident on

one of the sides in a principal plane, it remains in that plane during

its passage through the prism and after leaving it.

Let fig. 89 represent the section of a glass prism by a principal

plane, and let PQ be a ray of light incident on the face AB at Q. After

refraction at Q it travels in the direction QR, and after refraction at the

FIG. 89. FIG. 90.

second face at R it emerges in the direction RS. The edge A, i.e. the

edge in which the faces that the light passes through meet, is termed
the refracting edge of the prism. Produce PQ to U and produce SR
to meet it in T

; then the angle UTS between the directions of the in-

cident and emergent rays is the deviation produced by the prism.
If the angle of incidence of the ray PQ on the face AB alters, the

deviation alters. If the incident and emergent rays are equally in-

clined to the prism, i.e. if AQ = AR, the deviation is a minimum, and
the prism is said to be in the position of minimum deviation. This is

easily seen. For, let the deviation of any other ray PQRS (fig. 90) be
a minimum ; then the deviation of the ray P'Q'R'S' which passes through
the prism in the symmetrically opposite direction, i.e. so that AQ = AQ'
and AR = AR', is the same as the deviation of PQRS. Consequently the

latter cannot be a minimum.
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Suppose now that fig. 91 represents the position of minimum
A *

FIG. 91.

deviation, that LM and MN are the normals at the points of incidence
and emergence of a ray PQRS. Write

/-PQL = /.SRN = i and LRGLM = /-QRM = r

and let the angle of minimum deviation be 8. Then

8 = /-UTS = /-TQR + /-TRQ
= /-TQM - Z-RQM + /-TRM - /L.QRM
=

2(i
-

r).

Also /-AQR + ^-ARQ = TT-A
and /-AQR + Z-ARQ = /_AQM - /-RQM + /-ARM - /-QRM

= TT - 2r.

Hence A =
2r, i.e. r = A/2, and on substitution in the expression above

for 8

<> n / . \

8 = 2U-^or^ =
ay

v
2

But the index of refraction, //,,
is defined by

sn
sin r

On substitution for i and r this gives
A + 8

sin -j-
//,
= -

.

n
2

Hence, if A and 8 are known, /* can be calculated. A useful way of re-

membering this formula is by considering what happens if the prism
is made of air instead of glass 8 becomes and

/x,
is equal to 1.

The spectrometer or goniometer is an instrument for determining
A and 8. Fig. 92 shows a plan of one, arranged for determining 8. It

consists essentially of a divided circle ABC about the axis of which a

collimator, DE, and a telescope, FG, can rotate. The collimator is a tube
at one end of which, E, there is an achromatic convex lens, and at the

other of which, D, there is a slit exactly at the focus of this con-

vex lens. The rays of light which enter the slit thus form a

parallel pencil after passing through the lens. After deviation by
the prism they fall on the object glass of the telescope, which is an

tastronpmical one, and converge to form a real image, which is

7 *
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observed through the Eamsden eyepiece. The prism rests on a table

which can be rotated about the axis of the divided circle and the rota-

FIG. 92.

tion of which can be read by a vernier at V. The position of the

telescope on the divided circle can also be read by a vernier. As 8

varies with the colour of the light, it is usual to employ as light source

the bright yellow monochromatic light produced by heating a sodium

salt in a Bunsen burner. The best salt to use is the bicarbonate : a

bead of this salt formed in a small loop at the end of a thin platinum
wire and held in the edge of the flame gives an intense yellow colour

for a long time.

To measure 8 the prism is first removed and the telescope directed to

look into the collimator. An image of the slit is then seen in the field

and the telescope is turned until this image coincides with the cross-

wires. The reading is then taken. The prism is next put into posi-
tion on the prism table and the telescope turned so as to see the

image formed by the light which passes through the prism. The

prism is then rotated so as to bring it into the position of minimum
deviation. The latter is easily recognised, because at it the image
turns in the field and begins to move in the other direction. When
it is found the reading on the circle is again taken. The difference

of the two readings gives 8.

To measure A, the angle of the prism, we may proceed in either of

two ways. In the first of these (fig. 93) the prism is placed with
its edge A near the centre of the prism table so that the rays from the

collimator are incident on it in the direction PA, some on the face

AB, and some on the face AC. The rays are reflected in the directions

AQ and AR. If the prism is kept fixed and the telescope pointed in

the directions QA and RA, images of the slit will be seen. Hence
LQAR can be measured. The angle of the prism, A, is half /-QAR.

For, draw AM and AN the normals to the two faces. Then
/-QAR = 27r - Z.QAP - /-RAP = 27r - 2 /-PAM - 2/-PAN

=
2(7r

-
/-MAN) = 2A.

In the second method the prism is adjusted so that the rays re-

flected from one of the faces produce an image of the slit coinciding
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with the cross-wires in the field of view. The telescope is then kept
fixed and the prism table rotated until an image of the slit formed by

Fia. 93.

reflection from one of the other faces is coincident with the cross-wires.

The difference of the angle of rotation and two right angles is equal
to the angle between the faces from which the light was reflected.

For it is clear
(fig. 94) that in the second position the normal to

the one face has the same direction as the normal to the other in the
first position. The angle turned through by the prism is hence equal
to /-MAN = TT - A.

Figs. 95 and 96 represent two types of spectrometer which are in

FIG. 95.

much use. In the second, which is the more elaborate of the two, the

telescope is counterpoised so as to avoid strain during its rotation,
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there is a clamp and slow motion for both the prism table and the

PIG. 96.

telescope, and the prism table can be raised and lowered and is provided

with levelling screws.

Adjustments of the Spectrometer. It is necessary in working with

the spectrometer that

(a) The telescope should be focussed for parallel light.

(6) The collimator should be focussed for parallel light.

(c)
The optical axes of the telescope and collimator should be per-

pendicular to the axis of rotation of the instrument.

(d) The refracting edge of the prism should be parallel to the axis

of rotation of the instrument.

The simplest way to make the adjustment (a) is to remove the

telescope from the instrument, and pointing it at a white surface to

adjust the eyepiece, until the cross-wires are as sharp as possible
when seen through it. This fixes the relative distance of the eyepiece
and cross-wires. Then the telescope is taken to an open window,
directed towards some distant object, such as a church spire or chimney
stalk, and focussed by means of the rack and pinion until the image
of this object is as sharp as possible. This fixes the relative distance

of the object glass and cross-wires and completes the adjustment.
The telescope is next replaced in the spectrometer and turned to

look into the collimator. The slit of the latter is then illuminated

with sodium light and its distance from the object glass adjusted,
until its image seen through the telescope is as sharp as possible.
This focusses the collimator for parallel light.

If the telescope cannot be removed from the instrument as in the

case of the spectrometer represented in fig. 96, after focussing the eye-
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Collimator

piece on the cross-wires the best way of proceeding is by the following
method due to Schuster. The slit is illuminated with sodium light
and the prism placed on the prism table so that the deviation of the
refracted image is greater than minimum deviation. Then, for a

given deviation there are two possible positions of the prism, one re-

presented (fig. 97) by the full lines and giving a broad image of the
slit and the other represented by the

dotted lines and giving a narrow image of

the slit. Let us suppose that, the prism
is in the position represented by the

dotted lines, i.e. the rays from the colli-

mator fall on it more obliquely than for

minimum deviation. Also let the tele-

scope and collimator be out of adjustment
and the image be blurred. Focus the

telescope till it appears sharp. Then
rotate the prism into the other position.
The image becomes blurred again. This
time focus the collimator until it is sharp.
Next rotate the prism into its first

position, and if the image is not quite

sharp, make it so by focussing the tele-

scope again. And so on. When the

image is sharp in both positions, the

telescope and collimator are focussed for

parallel light. In practice it is usually
not necessary to focus more than three times

;
also if a mistake is

made and the telescope and collimator focussed in the wrong order,

this is at once indicated by the adjustment becoming rapidly worse.

The principle of this method will be grasped readily from fig. 98.

Telescope

FIG. 97.

Fm. 98.

PJPg is a pencil of light which would converge to a point I if it were

not for the prism ABC. The prism is placed so that the ray P
2
Q

2
suffers

minimum deviation. Let us suppose that a very thin pencil, of which

PoQ2
is tne principal ray, converges to I

2
. Then the ray P^ after

refraction must cut S
2

I

2
at a point l

x
between S

2 and I

2 ,
and the ray

P
3
Q3

after refraction must cut S
2

I

2
at a point I

3 beyond I
2

. If we

regard P^Po as a separate pencil therefore, it converges more after
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refraction, and if we regard P
2
IP

3 as a separate pencil, it converges less

after refraction. That is, if the pencil is incident less obliquely than

for minimum deviation it becomes less parallel, and if it is incident

more obliquely than for minimum deviation it becomes more parallel
after refraction by the prism. Similarly it may be shown by drawing
another figure that the same holds true in the case of a pencil diverg-

ing from a point.
Now consider the practical case. Suppose that the telescope was

in focus when the incidence of the light was less oblique than for

minimum deviation, and that the prism is turned into the other posi-
tion. The rays entering the telescope become more parallel, and

refocussing the telescope obviously improves it for parallel light.
Now turn the prism back into the first position. The pencil entering
the telescope becomes too convergent or divergent as the case may be,

and if we correct this with the collimator, we obviously bring the

latter nearer its adjustment for parallel light.

The adjustment (c) requires to be made very seldom. In the

simpler instruments it is done roughly once for all by the makers.
In the case of the more accurate instruments the universal way of

doing it is by means of a Gauss eyepiece.
The Gauss eyepiece is represented in fig. 99. It is merely a

Eamsden eyepiece with an opening
in the side of the tube and a plate
of clear glass, B, between the lenses

'
inclined at 45 to the axis of the tube.

To set the optical axis of the tele-

scope at right angles to the axis
FIG. 99 (from Watson's " Practical of rotation of the instrument, fix up

a plane parallel plate of clear glass
on the prism table as parallel to the axis of rotation of the instrument
as can be done by the eye. Direct a beam of light through the opening,
as shown in

fig. 99, so as to be reflected by the glass and pass down
the telescope and through the object glass. Turn the prism table so
that the plate of glass mounted on it reflects this beam back into the
telescope, through the eyepiece, and into the eye of the observer. The
latter should then see an image of the cross-wires alongside the cross-
wires themselves. If he does not see this at first, he will probably
see an image of part of the circular edge of the aperture on which the
cross-wires are mounted. This image can be made sharp with the
rack and pinion this is equivalent to focussing the telescope for

parallel light and then the image of the cross-wires will become
visible. Next rotate the prism table through 180 without disturbing
the glass plate on it. An image of the cross-wires will again appear
but in a different part of the field. This is owing to the glass platenot being exactly parallel to the axis of rotation and should be remedied
by the levelling screws of the prism table. Then, when the image
appears at the same place in the field both times, the inclination of the
axis of the telescope should be altered by whatever arrangement is

B
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provided for the purpose until the image coincides with the cross-wires

themselves. The axis of the telescope is then at right angles to the

axis of rotation of the instrument. Of course, if the faces of the plate
of glass employed are not exactly parallel, two images of the cross-

wires are formed, one by each face, but t^ese images are not far enough
apart to cause trouble.

When the axis of the telescope has been adjusted, the inclination

of the collimator should be altered until the cross-wires appear half-

way up the image of the slit. The axis of the collimator is then at

right angles to the axis of rotation of the instrument.

There are two methods of making the adjustment (d). Let us

suppose that the edge A is to be made parallel to the axis of rotation.

The first thing to do is to set the prism so that one of the faces meet-

ing in A, AC, say, is at right angles to the line joining two of the

levelling screws, R and Q. Then there are two ways of proceeding.
We may either use the Gauss eyepiece, first of all setting the telescope

perpendicular to the face AC and using all three levelling screws to

get coincidence of the cross-wires and their image, then setting the

telescope perpendicular to the face AB and obtaining coincidence of the

cross-wires and their image by the use of the screw P alone. It does

not disturb the adjustment of the other face. Or we may direct the

collimator towards the edge A and illuminate the slit. Then images
of the slit are formed by reflection from both the faces AC and AB.

These are examined with the telescope and the levelling screws of the

prism table adjusted so that both these images appear at the proper

height in the field, i.e. are bisected by the cross-wires. The image
formed by the face AC is adjusted first by means of all three screws

and then the image formed by AB by means of P alone.

FIG. 100. FIG. 101.

Both these methods assume that the telescope is at right angles to

the axis of rotation of the instrument, and the second assumes that the

collimator is also at right angles to the axis of rotation. The second

is the easier of the two.

In accurate spectrometers there are two verniers for reading the

rotation of the telescope, one exactly 180 round from the other, and

similarly there are two verniers for reading the rotation of the prism
table. It is usual to take the degrees from the one vernier and to take
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the mean of the minutes and seconds from both. This eliminates

error due to eccentricity of the divided circle, that is, owing to the

axis of rotation not passing through the geometrical centre of the

divided circle. For, let C be the geometrical centre, R the centre of

rotation, and P the position of, for example, the telescope arm. Let

RC =
e, produce RC to meet the circumference in A and let CP = r.

Then = PCA gives the apparent position of the telescope and

x = LPRC its true position. Then in ARCP

e RC sin RPC sin (0
- x}

r CP sin CRP sn x

or, since - x is small,

- sin x = - x.
r

/>

Hence x = - - sin x.

If RP rotates through 180 and x is increased by 180, sin x has the

same numerical value but changes sign ; hence the difference between

the apparent and true value of the angle changes sign and cuts out if

the mean of the two readings is taken.

The Abbe or Auto-collimating Spectrometer. The essential

feature of this instrument is, that the telescope performs the functions

of both telescope and collimator. There is a slit in the plane on which
the eyepiece focusses, the width of which can be regulated from the

outside. Close to the slit, between it and the eyepiece, there is a total

reflecting prism and the slit is illuminated by means of it and an

opening at the side.

To adjust the instrument the eyepiece is first focussed on the

slit and then a plane parallel plate of glass is fixed upon the prism
table and arranged to reflect the rays from the telescope back into it.

Thus an image is formed in the field of view above the slit itself, and

by using the rack and pinion motion to make this image as sharp as

possible the telescope is focussed for parallel light. To adjust it at

right angles to the axis of rotation of the instrument the glass plate
on the prism table is rotated through 180, and the inclination of the

telescope and levelling screws of the prism table altered in exactly the
same way as in adjustment (c) of the last section, in order to bring
the images of the slit both times into the same special position in the
field. The adjustment of the refracting edge of the prism examined
is made according to the first of the two methods (d) described in the
last section.

To measure the angle A of the prism (fig. 102) the image of the
slit is first obtained by allowing the light to fall perpendicularly on
face AB. The prism table is then rotated so that the light falls per-

pendicularly on face AC. The angle rotated through is obviously
equal to /-MAN, and by subtracting this from TT the value of A can be
obtained.
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To measure the index of refraction of the glass the slit is illumi-
nated with sodium light and the rays allowed to fall on the face AC in

the direction FP, so that after refraction they fall on the face AB per-

pendicularly. They thus retrace their path after reflection and form
an image of the slit in the correct position in the field. The prism
table is then rotated, so that an image is formed by direct reflection

on the face AC. The angle rotated through is obviously equal to

Z-FPE. Since Z.DPN = Z.A, which has previously been i measured,
and /*

= sin FPE/sin DPN, the index of refraction is therefore deter-

mined.
The advantage of the Abbe spectrometer is, that the moving parts

are reduced to a minimum and there is less chance of the accuracy of

the readings suffering from strain of the instrument. Also, as de-

signed by Abbe, it had a micrometer screw for rotating the prism
table, which enabled small differences of angle, e.g. dispersion in

various parts of the spectrum, to be read with very great accuracy.

Total Reflection Methods for Determining Index of Refraction.
To determine the index of refraction of solids and liquids by the

methods already given it is necessary for the solids to be ground
in the form of prisms and for the liquids to be contained in

hollow glass prisms with plane parallel sides. It is also necessary
for the solids and liquids to be transparent. In determining
the index of refraction from the limiting angle of total reflection,

however, a single drop of the liquid is sufficient ; it is only necessary
for the solid to have one polished face and the liquid or solid may be

imperfectly transparent. The method can thus be applied to deter-

mining the index of refraction of milk or butter.

Let ABC be a glass prism, not necessarily equiangular, let the face

BC be ground and the other faces be polished. Let us suppose that

the image of a sodium flame is focussed on the ground face by a lens

and that S is a point on this image. Then rays of sodium light

diverge from S in all directions. Let
//,
be the index of refraction of

the prism with reference to air, and let the face AB be covered with a

liquid, the index of refraction of which with reference to air is /xr
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FIG. 104.

Then, if a ray SP from S fall on AB at an angle of incidence < given

by sin
</>
=

T^//*, the sine of the angle of refraction is unity and the

refracted ray emerges in the direction PA,

grazing the face of the prism. If the angle
of incidence is greater than this, e.g. SK,
there is no refracted ray ;

the ray is totally

reflected and the intensity of the reflected

ray is equal to the intensity of the incident

ray. If the angle of incidence is less than

this, e.g. SH, there is a refracted ray and

consequently the intensity of the reflected

ray is less than the intensity of the incident

ray. It is the same with the rays from
the other luminous points on the surface

BC. Consequently, if a telescope is

focussed for parallel light and pointed in

the direction RQ so as to receive the rays
on their emergence from the prism, the

field is divided into two parts by a line corresponding to the direction

QR. One side of this line is illuminated by light which has been totally
reflected and is consequently brighter than the other side. In applying
the total reflection method the cross-wires are set on the line of separa-
tion where the intensity changes.

Let us suppose that instead of being luminous CB is covered with
black paper to prevent the entrance of light, and that the rays from a
sodium flame fall on the face BA in the direction BA at grazing incidence
and at angles near grazing incidence. The ray at grazing incidence
travels through the prism after refraction in the direction PQ. The
other rays make smaller angles of refraction with the normal PM.

Consequently, if the telescope be placed in the same position as before,
the field on one side of the same line of separation is bright and on the
other side is perfectly dark. It is here considerably easier to set the
cross-wires on the line than in the other case where there was only a
difference of intensity.

In fig. 104 /-A + ^QMP =
TT, also /-QMP + Z-MQP + < =

ir,

therefore /-A = /-MQP + < or
</>
= A - Z-MQP. Hence

/*!
=

/x sin
<f>

=
/u,

sin (A
-

/-MQP)
=

/x sin A cos MQP -
fj.

cos A sin MQP.

But, on applying the law of refraction at Q,

sin 9 = p sin MQP
and this gives on

substituting,

/*!
= sin A ^2 - sin2 - cos A sin 6 . . (40)

If there is no liquid on the face AB, the critical angle of incidence is

given by sin
</>
=

l//x, and this case is derived from the preceding one
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by putting /^
= 1. Corresponding to (40) we obtain the equation
1 + cos A sin 6 = sin A

^//x,
2 - sin2

6,

/sin + cos A\ 2

which gives ^ -- 1 -f
(^ ^-^ j

. . (41)

For putting the method into practice 'there are different types of

apparatus, in which the scale reading gives the index of refraction

direct, when the limiting angle is focussed on. The Abbe refracto-

meter is an instrument of this type. Such instruments are usually
calibrated with liquids of knbwn refractive index. They cannot
themselves be used to determine the A or /A of equation (40). They
are, of course, very rapid in use. An ordinary spectrometer can,

however, be adapted for use with the method, can be calibrated in the
same way as any piece of special apparatus and will give quite as

accurate results. It has the advantage that it can be used to deter-

mine A and p, and then ^ can be calculated by equation (40) direct

from first principles.
If an ordinary spectrometer is to be employed, the prism should

have as high an index of refraction as possible, for its index of refrac-

tion must be higher than the indices of refraction to be measured.
An extra dense flint equilateral prism such as is commonly used
for producing spectra, with one face ground and an index of refraction

for sodium light of about 1-6786, does very well. The first step
is to determine

/x,
and A, the angle between the two polished faces.

This can be done by means of the methods described on p. 100. Then
the prism table should be clamped and the prism fixed in position

upon it, and if the index of refraction of a liquid is to be measured,
a drop or two of it should be placed on AB

(fig. 104) and a thin

plate of glass pressed against that face of the prism. Capillary
attraction keeps the plate in position and at the same time ensures

that the drops are spread in a thin layer between the plate and the

face of the prism. The limiting direction QR is then sought for with
the telescope. The collimator is not used at all. If the light is to be
incident internally, an image of a sodium flame should be formed with

a lens on the ground face, and the beam forming the image should fall

on that face so that its direction after .

refraction would be approximately SP.

If the light is to be incident externally
the beam of light should be directed on
to the end of the plate, LM, as indicated

in fig. 105. As a calculation will show,
it cannot enter by the back of the plate,

MN, and at the same time traverse the

liquid in the required direction. If the

end of the plate, LM, is polished, it must
be plane and parallel to the refracting

edge, A, of the prism.
If the light is to be incident exter- FIG. 105.

nally, it is much better to use instead of the plate another prism as
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similar to the first one as possible. Then the direction of the incident

beam is always approximately parallel to the direction of emergence
of the critical ray, so that to find the latter we
have only to rotate the prism table in place of

moving the light source and telescope inde-

pendently.
When the direction QR has been obtained, in

order to find 6 it is necessary to get the direction

of the normal, QN. If the observations are made
with a telescope fitted with a Gauss eyepiece, or

if the spectrometer is an auto-collimating one,
this can be done by means of the reflected image
of the cross-wires or slit, as the case may be.

If the instrument does not permit of this method,
the position of the collimator on the divided circle

FIG. 106.
should be read, before the experiment is started,

by illuminating the slit, obtaining coincidence of the direct image
of the latter with the cross-wires of the telescope, and subtracting
180 from the telescope reading. The collimator should then be

kept fixed throughout the experiment. Then after QR is determined,
the slit of the collimator should be illuminated again and the rays
from the collimator allowed to fall on the face AC. If the position of

the reflected image is then read by the telescope, the mean of it and
the position of the collimator gives the direction of the normal. This
follows since the angle of incidence is equal to the angle of reflection.

Some trouble may be experienced at first in getting the prism
placed properly, but after the index of refraction has been obtained
for one liquid, it can be done for others very rapidly.

If the index of refraction of a solid is to be obtained by this method,
a polished face of it is placed against AB (fig. 104) with a drop of

liquid between, of higher index of refraction than the index of refrac-

tion of the solid. The purpose of the liquid is to fill up the interstices,
due to the two surfaces not being absolutely plane ; the liquid

commonly used is monobrom napthalene, the index of refraction of

which for sodium light is I 4

660.

Graphical Method ofDetermining the Index of Refraction of a Prism.
There is a graphical method of determining the index of refraction
of a prism, which does not require a spectrometer and is of great
accuracy, one determination giving the second figure of the decimal
and the mean of several determinations giving the third figure of the
decimal.

Draw a straight line PQS (fig. 107) on a sheet of paper on a draw-

ing-board, place the prism on the top of it and run a pencil along the
two sides of the prism, AB and AC, so as to mark their positions on
the paper. Then looking into the face AC of the prism draw TQ, .so

that it appears to be the continuation of PQ. Kemove the prism and
produce TQ to cut PS in Q. Cut off QS = QT and draw TR perpen-
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dicular to AC and SR perpendicular to AB. Join QR. Then the re-

fractive index is given by

QR

For, if it is not, let it be given by

_ QR'
^ !=

QS~'

and lay off the line QR' in the figure so as to meet SR. Through R'

draw R'T' perpendicular to AC
; with Q as centre and radius QS de-

scribe an arc to cut R'T' in T' and join QT'.

Let i be the angle of incidence of the ray PQ on the face AB of the

prism and i' the angle of emergence of the ray QT from the face AC.
Then /-MSQ = i and /-NTQ = i'. Let the angles of refraction at the

two faces of the prism, GFH and FGH, be denoted by r and r'. Then
it may be shown that A = r + r', arid since SR and T'R' are perpen-
dicular to AB and AC, /-SR'T' = A = r + r.

We have in AQSR'
QR' sin QSR' sin i

QS~
~

sin SR'Q
=

sirTSR'Q*

But, by assumption,
OR'

OS
~~

M<

Therefore i

Sln *

sin SR'Q
and /-SR'Q = r. Consequently Z-QR'T' = r.

In AQR'T'
* = Sin QT '

R
;
= 55^'.QT sin QR T sin r

But p;
= M .

sin QT'R'
Therefore a -=

: 7
sin r

and sin QT'R' = sin i'. Consequently /-QT'N' = i'. But /-QTN =
i',

R'T' is parallel to RT, and QT' not parallel to QT, Hence /-QT'N'
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cannot equal i and our assumption is wrong. The index of refrac-

tion must therefore be given by
QR

**- OS-

It will be noticed that it follows from the above proof that QR is

parallel to FG, also the prism does not require to be in the minimum
deviation position.

The Rainbow. Let SA be a ray incident on the surface of a transparent

FIG. 108.

sphere in a plane through its centre. Then OA, the radius, is the normal at

A. Let i and r be respectively the angles of incidence and refraction at A.

After refraction the ray is reflected at the other side of the sphere at B, then

passes to C and emerges into the air at C. Since OA = OB, the angle of

incidence at B is r, consequently the angle of reflection OBC is r, Z_OCB =
r,

and the emergent ray CD makes the angle i with the normal at C. The
deviation produced, namely Z_SFD

= 2 Z.SFO = 2 (Z.ABO - Z-FAB)
= 2(r

- i + r)
= 4r - 2i.

For this to be a minimum its differential coefficient with respect to i must
= 0, i.e.

But sin i =
\i sin r, hence cos i =

p,
cos r jr. *

CUt

Eliminating -p
we obtain

cos i = $p. cos r,

or cos2
i =

/i
2 cos2 r = J/x

2
(1

- sin2
r)
= i(u

3 - sin2 i)= i^2 - 1 + cos2
i).

This can be rewritten

cos2 i -
J cos2

i = Qj?
-

1),

or cos i

If we substitute for
p. its value for water for red light, namely, 1-329, we

find that i = 59 '6, r = 40'5, and the deviation is about 42 '8. If we sub-
stitute the value for violet light, namely, 1-343, i = 58'8, r = 39'6, and the
deviation is 40 -8. The same result might have been obtained without the
aid of the calculus by simply calculating r for different valuer of i a.nd

plotting the deviation as a function of i.
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Now suppose that a second ray SjAa is incident on the sphere parallel to
the first. Its angle of incidence is slightly different from i, consequently in

general its deviation is different from the deviation of SA, and after emerging
from the sphere it is not parallel to CD. If, however, the deviation is

plotted as a function of i, in the neighbourhood of the minimum it varies

very slowly with i. Hence if SA is incident at the proper angle for minimum
deviation, although the angle of incidence of SiAi is slightly different, its

deviation is almost the same as for SA, and after emerging from the sphere
its path CiDi is practically parallel to CD. We can have a great number of

rays parallel to SA incident on the sphere between A and A! and after

reflection they are still parallel and lie between CD and CjDp We arrive
therefore at the result, that if a parallel beam of light suffers minimum
deviation in passing through the sphere, it emerges as a parallel beam. In
all other cases it emerges as a convergent or divergent beam.

Now consider fig. 109. Let us suppose that the rays from the sun are

\J
FIG. 109 (from Watson's "

Physics ").

incident in the direction SE, that an observer is situated at E, and that P1?

P 2 , and P3 are spherical rain-drops. If the rays from the sun are deviated by
the rain-drops so as to arrive at the observer, he sees these directions bright,
in which the rays suffer minimum deviation, i.e. which make an angle of

about 40 with SE, 42 -8 for red light and 40'8 for violet, with the other

spectral colours coming in their order in between. Thus the rainbow is

formed, and it is obvious that the red must be on the outside and the observer
have his back to the sun. A rainbow
formed in the above manner is called

a primary rainbow.
If the rays are reflected twice in-

side the drop, as shown in fig. 110, for

minimum deviation the red rays make
an angle of about 51 and the violet

rays an angle of about 54 with the
incident light. Consequently a rain-
bow will be formed with the violet

outside. This rainbow is called the

secondary rainbow, and to see it the
observer must also have his back to ,-, TTr , ,, T^, m
the sun. The primary and secondary

FlG ' 110
<
from Watson s PhyS1CS >'

rainbows are sometimes seen together, the secondary one being outside the

primary one and fainter and broader than the latter.

8
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Rainbows are also formed by rays which suffer three or four internal

reflections, but such rainbows are very rarely seen. They are visible on the

same side as the sun, but are faint in comparison with the scattered light from
the latter, and are visible only when it is screened off by a bank of cloud.

The foregoing geometrical theory is principally due to Descartes. It

does not completely explain the phenomenon. In addition to the bows

already mentioned, there are alternations of brightness seen sometimes near
the inner edge of the primary bow and more rarely at the outer edge of the

secondary bow. These are called the supernumerary or spurious bows.
Their explanation was first fully given by Sir George Airy, and depends on
the difference of phase* .of the different rays leaving the drop in directions

near that of minimum deviation. The supernumerary bows are thus really
a diffraction

*
effect due to the passage of the original plane wave through

the drop.
The spray from a waterfall forms rainbows in exactly the same way as

rain does.

EXAMPLES.

(1) Instead of taking the spectrometer telescope to a window and focus-

sing it on an infinitely distant object, a student turns it towards a lamp in the
room at a distance of 10 metres and gets the image of the latter sharp. The
cross-wires are then approximately at a distance of 30 cms. from the object
glass. How many millimetres must the object glass be racked in to make
the focus exactly right ?

(2) Show that when light passes through a thin prism the deviation
does not vary with the angle of incidence, provided that the incidence is

nearly perpendicular.
Show that in the same circumstances the deviation of the portion of the

light that is reflected back from the second face of the prism differs from
that of the light reflected back from the first face by a constant amount.

(3) A ray of light is refracted through a prism in a plane perpendicular
to its edge. Prove that if the angle of incidence is constant, the deviation
increases with the angle of the prism. Show that

, /sin i\ . /I
sin

~ l

( )
4 sm - l

(

-
V M / \u

is the limiting angle of the prism such that the ray does not emerge when it

meets the second face, i being the angle of incidence on the first face.

(4) Prove that for a prism of angle A

sn cos J(r
- r

f

)'

sn
where 8 is the deviation, i and i' the angles of incidence and emergence, and
r and r' the corresponding angles of refraction.

(5) A prism with a refracting angle of 60 is made of a glass, the refrac-
tive indices of which for Na and Li are respectively 1-5170 and 1-5140. A
student measures the angle of minimum deviation for Na, and then, instead
of setting the prism at minimum deviation for Li, measures the deviation
of the Li line when the Na line is at minimum deviation. How much will
his determination of the refractive index for Li light be out ?

(6) A 60 flint-glass prism has an index of refraction for sodium light oi
the value 1-6499. The change per 1 C. rise of temperature is + '000003.

* These terms are explained in Chapters IX and X.
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Given that the divided circle of a spectrometer reads to 10" of arc, and that

the temperature of the laboratory in which it stands varies in the course of

the year from 50 to 70 F.
, should the values of the index of refraction as

determined by the spectrometer show any appreciable variation ?

(7) Make a graphical determination of the index of refraction of a glass

prism by the method given on p. 110. The individual results should be

accurate to the second decimal place.

(8) Work out the theory of the secondary rainbow in the same way as the

primary is done on p. 112.
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PHYSICAL OPTICS.





CHAPTER VIII.

THE VELOCITY OF LIGHT.

GALILEO made an attempt to determine the velocity of light by
means of two observers furnished with lamps and situated a distance

apart. The first observer uncovered his lamp and the second ob-

server uncovered his as soon as possible after seeing the light from
the first observer's lamp. The idea was, that the time which elapsed
between the first observer's uncovering his own lamp and his seeing
the second lamp would be equal to the time taken by the light to go
from him to the second observer and back. The method failed owing
to the enormous velocity of light, the time taken by it to travel the

distance in question being very much less than the time necessary to

uncover one lamp or to see another.

The velocity of light can be determined experimentally by four

separate methods. These, taken in order of their discovery, are

Romer's method, the aberration method, Fizeau's method, and Fou-

cault'^ method.

Romer's method. Four of the moons of the planet Jupiter are

large enough to be observed easily with a small telescope. Their

periods of rotation about Jupiter vary from 42 hours to 16| days.
Their orbits are in approximately the same plane as the orbit of

Jupiter about the sun. They are, of course, dark bodies and are

illuminated solely by the reflected light of the sun
; consequently

when they enter the shadow cast by Jupiter they are eclipsed or dis-

appear. Now it is natural to assume that they rotate about Jupiter
with uniform angular velocity. Consequently the interval of time

that elapses between two successive eclipses of any one moon should

always be the same.
In 1675, however, the Danish astronomer Romer observed a

peculiar variation in the times of occurrence of the eclipses. When
the earth was approaching Jupiter they occurred too close together,

and, when the distance between the earth and Jupiter was increas-

ing, they occurred too far apart. He explained the difference by
means of the time taken by light to pass through space.

In fig. Ill let S represent the sun, and let the two circles be the

orbits of the earth and Jupiter. E and J are the positions of the

119
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earth and Jupiter when they are in conjunction, i.e. nearest one

another, and E' and J' their positions when in opposition, i.e. farthest

FIG. 111.

from one another. Jupiter takes 11 '86 years to make a revolution

round the sun, so that it moves only from J to J' while the earth

moves from E to E'.

We can regard the eclipses of any moon as a uniform series of

time signals sent out by Jupiter. Owing to its distance from Jupiter
the earth does not receive them until an appreciable time after they
are sent out. As the earth moves from E to E', its distance from

Jupiter increases and the signals are received later and later
;
as the

earth moves from opposition to conjunction again the distance de-

creases, the signals are received earlier, and when the earth and

Jupiter are again in conjunction the lost time is made up. According
to Romer, when the earth is in opposition, the signals have fallen 996
seconds behind the uniform rate and this is the time taken by the

light to travel the distance AE', i.e. the diameter of the earth's orbit.

The diameter of the earth's orbit was known only approximately
in Romer's time. It is obtained from the solar parallax, the angle
subtended by the earth's radius at the sun, and the determination of

the latter is one of the most difficult problems in astronomy. Accord-

ing to the latest determinations it is 8*80". Hence, using the more
recent value of 1002 seconds instead of Romer's 996, we find for the

velocity of light

360 x 60 x 60

8-87T

3963

1002
= 1-855 105

mls./sec.

= 2-98 1010
cms./sec.

Since the velocity of light has been determined more accurately by
other methods, the above equation is of importance as a means of

calculating the solar parallax.
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The Aberration Method. The apparent direction of the light from
a star depends on the motion of the telescope. For example, in fig.
112 let OS be the true- direction of

a star, let the telescope be pointed
in the direction OS, and let the tele-

scope and observer be moving with

velocity v in the direction OP. Then,
when the light is passing down the

telescope, the latter is moving, side-

ways ; consequently the path of the

central ray relative to the telescope is

shown by the dotted line QOj, and,
if the image of the star is to appear
in the middle of the field on the

cross-wires, the telescope must be

pointed in the direction OjQ. Let 6

be the true direction of the star, let

V be the velocity of light, and let / FIG. 112.

be the time taken by the light to travel down the telescope. Then
O

1
Q - w approximately, since OO

1 is small, and OjO = vt. Also in

triangle QOO 1

sin OjQO sin QOOj * &
Q! QOj

'

sin O,QO sin
This gives

_i^ = _
or, since sin OjQO is very small,

Lo^o =
^ sin 6.

Thus, owing to the motion of the telescope, the star is displaced in the

direction of that motion in front of its true position by an angle equal
to (v sin 0)/V.

The earth moves in its orbit about the sun with a velocity of about

l&J- mis./sec. If this value be substituted for v and sin 6 be put equal to

unity, (v sin 0)/V takes the value 20". Thus if the telescope is mov-

ing with the velocity of the earth, the stars receive an apparent

angular displacement varying from 20" to 0' according to their position
in the heavens.

This apparent displacement is known as aberration. It was dis-

covered and measured in 1726 by Bradley, the Astronomer Royal,
while looking for another effect. He gave the correct explanation,
and calculated the velocity of light from his observations. The
method suffers from the same disadvantage as Romer's, as the value

for the velocity of the earth depends on the solar parallax. Bradley's

discovery proved the correctness of Romer's views
;
until then they

had been neglected.
The effect of aberration is to make the apparent position of each
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star execute an annual motion about its true position. If the star is

in the ecliptic this motion is in a straight line
;

if it is at the pole of

the ecliptic, this motion is circular, and for all other positions it is in

an ellipse.

The value for the aberration constant adopted at present as a re-

sult of observations is 20-47".

It should be stated that while the simple theory stated here gives

the correct value for the velocity of light there are difficulties in the

way of its adoption. Cf. Chap. XXVI.

Fizeau's Method. The first terrestrial method of determining the

velocity of light was carried out by Fizeau in 1849. His arrangement
is shown diagrammatically in fig. 113. A beam of light from a source

M

FIG. 113.

S passes through a converging lens system, is reflected by a glass

plate P, and comes to a focus at F. It is then made parallel by the

lens O, traverses a very great distance OL, falls on the lens L and is

brought to a focus on the surface of the concave mirror M. The
radius of curvature of this mirror is equal to M L, its distance from the
lens ; the central ray of any pencil through the lens thus falls on the

mirror normally and is reflected back the way it comes, even though
inclined to the axis of the mirror. The lens and mirror L and M thus
direct the beam back through the lens O to form a real image once
more at F, and the observer looks at this real image through the eye-
piece E and the glass plate P.*

W is a toothed wheel, and, as it rotates, its teeth pass one after

another through the point F alternately stopping and letting through
the light. If the wheel is moving slowly the eye sees a flickering

image of S. If the images succeed each other faster than 15 or 20 a
second the flickering ceases owing to the persistence of vision, and the

image becomes steady. It is, of course, not as bright as it would

*The reflex lights sold for attaching to the back of bicycles consist of a
lens and mirror arranged exactly as L and M. The lens is usually of red glass ;

the rays from the head lights of the overtaking motor car are reflected back in

exactly the same way as in Fizeau's experiment, and the lens looks as if there
were a faint independent light behind it. Reflex lights are, however, only of use
in exceptional circumstances.
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be if the wheel were away ;
the teeth in passing stop some of the

light.
If the speed of the wheel is still increased, so that the time taken

by the light to go from F to M and back is exactly equal to the time

required for a tooth to move into the 'position formerly occupied by
an open space, the light is intercepted by a tooth on its return and
the image vanishes. If the speed of the wheel is now doubled, the

light passes through the next space and the image is again visible
;

if the speed of the wheel is trebled, the light is intercepted by the

next tooth and again vanishes. And so on
;
as the speed increases,

the image alternately appears and vanishes.

In Fizeau's experiments the wheel had 720 teeth and the widths
of the teeth and open spaces were equal. The distance between M and
F was 8'6 km. A determination was made of the angular velocity of

the wheel for which the image disappeared. Let it be CD radians/sec,
for the nth disappearance, and let V be the velocity of light in

kms./sec. Then

2 x 8-6 _ (2n -
1) _2w_

1

~V~ 2 ! 720 a?

720 x 2 x 8-6
i.e. V = co 7^ Tr ,

(2W
-

1) 7T
'

whence V can be calculated.

Determinations of the velocity of light by Fizeau's method have
been made by Cornu in 1874, Young and Forbes in 1881, and Per-

rotin in 1900. Cornu used a distance of 23 kilometres. Also,
instead of observing the velocity for the disappearance of the image,
he determined the velocities for which its brightness attained a cer-

tain value in diminishing to its minimum and afterwards in rising
from its minimum. He determined the velocity by means of a

chronograph which recorded seconds and tenths of a second, also

every hundred revolutions of the wheel, and which was provided with

a key under the control of the observer for recording any instant at

which he desired to know the velocity. Cornu's result for the velo-

city of light in vacuo is 3 '004 1010
cms./sec.

Young and Forbes bevelled the teeth of the wheel in their ap-

paratus so that the light stopped by the wheel was reflected to the

side and lost. In Fizeau's apparatus it caused a general illumination

of the field. They also silvered the plate P, leaving a small aperture
for viewing the image, and altered the method of observing, employ-
ing two distances simultaneously, -fc^? -^-^i**^

Perrotin used Fizeau's apparatus as modified by Cornu and ob-

tained for the velocity in vacuo the result 2'9986 1010
cms./sec. His

work was done at the Nice Observatory, and the distance FM (fig. 113)
was 40 kilometres.

Foucault's Method. Fig. 114 shows the details of the method

by which Foucault made a determination in 1862. It requires a
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much shorter distance than Fizeau's method. S is a rectangular

aperture illuminated with sunlight, Gt a plane parallel plate of glass,

V FIG. 114.

L a lens, R a plane mirror, which can be rotated about an axis per-

pendicular to the plane of the figure, and M a concave mirror. The

lens L forms an image of S on M. The centre of curvature of M is at

the centre of R, hence, no matter what the position of R is, if the

light from it falls on M at all it falls on it normally and is thus re-

flected back along its path. If R is in the same position when the

light reaches it again, the rays travel back to Q and are reflected to

form an image at the side at P. If R is rotating rapidly, it has

moved through an appreciable angle by the time the beam returns

from M, and consequently the light is reflected in the direction of the

dotted rays to form an image at P'.

In Foucault's experiment the distance RM was 20 metres and the

displacement PP' O7 mm. From the displacement the angle turned

through by R was calculated and then, the angular velocity of R

having been determined, the time taken by the light to go from R to

M and back was known.

By placing a tube with water between R and M Foucault was able

to show that the velocity of light is less in water than in air.

Foucault's method has been used and considerably improved by
Michelson and by Newcomb. Michelson placed the lens between R

and M and was able to increase the distance RM to 600 metres. His
result (1882) was 2-9985 1010

cms./sec. and Newcomb's result 2-9986
1010

cms./sec., the same value as Perrotin has since obtained by the
other method. Hence the latter value may be taken as correct.

The two terrestrial methods are, of course, much more accurate than
the astronomical methods.

EXAMPLES.

(1) In astronomy stellar distances are measured in "light years," i.e.

the distance which light travels in a year, no star being as near the earth as
three light years. How many miles are there is a light year ?

(2) Given that the mean distances of the earth and Jupiter from the sun
are respectively 93 and 483 million miles, find the maximum rate of increase
of the distance of the earth from Jupiter. Hence find the greatest percent-
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age diminution or increase in the periods of occultation of Jupiter's satel-

lites. Note the distinction between the rate of increase of the distance of
the earth from Jupiter and the relative velocity of the earth and Jupiter.

(3) In estimating the magnitude of t^e aberration on p. 121 we considered

only the velocity of the telescope due to motion of the earth in its orbit round
the sun. The aberration can be determined experimentally with the most
accurate instruments to about ^V second of arc. What appreciable effect, if

any, will the diurnal rotation of the earth have upon it ?

(4) Show that owing to astronomical aberration the apparent position of

a star at the pole of the ecliptic traces out the hodograph of the earth's

orbital motion. The pole of the ecliptic is the direction at right angles
to the plane of the earth's orbital motion.

(5) If 6 is the latitude of a star, i.e. its angular distance above or below
the ecliptic, find in seconds of arc the semi-axes of the ellipse which its

apparent position in the sky traces about its true position.

(6) In determining the velocity of light by Fizeau's method the distance

is 10 km., the wheel has 720 teeth, and the angular velocities in radians per
second for four successive disappearances of the image are 326, 457, 588, and
719. Find what disappearances these are and calculate the velocity of light
from the data supplied.

(7) Make a reflex light and test it and consider whether they are worth

using. A watch glass silvered on the back will do for the mirror. In the

reflex lights sold the mirror is nickel-plated iron.

(8) Derive a formula for the velocity of light as obtained by the arrange-
ment shown in fig. 114, in terms of the distances RM, RS, and PP', and tha

angular velocity of the mirror, o>.



CHAPTER IX.

INTERFERENCE.

The Nature of Light. Hitherto we have made no assumption as to

the nature of light. In the section dealing with Geometrical Optics
we assumed only the rectilinear propagation and the laws of reflec-

tion and refraction. This was sufficient to explain everything with

the exception of diffraction, which came in only on pp. 3, 84, and 114,

and could, in general, be ignored. In order to explain the phenomena
of interference it is necessary to make a further assumption.

We have seen that light travels with a finite velocity. Light

rays carry energy with them. Now energy is propagated with a

finite velocity in two different ways:
'
(1) by the motion of the matter carrying the energy.

"
(2) by the transference of the energy alone, as in wave motion,

the matter remaining stationary.
An example of the first way is the stream of bullets from a Maxim

gun. There each bullet has an amount of kinetic energy given by
%mv

2
,
where m is its mass and v its velocity, and if the bullet is

stopped by a wall this energy reappears as heat in the wall. An
example of the second way is the propagation of waves on the sur-

face of water. When a wave passes, the water particles oscillate

about their equilibrium positions, and after the wave is past they re-

turn to these positions. But the energy of the wave motion has
moved on.

We explain things by means of analogy with other things, and

consequently the attempt has been made to explain the propagation
of light energy in both the above ways, by the emission theory and

by the wave theory.
The wave theory of light was founded by Huygens, who published

a treatise on light in 1690 after having stated the theory twelve years
earlier. According to it, light is a wave motion propagated in the

ether, the ether being a continuous medium in which matter exists

and which fills all space. It is necessary to postulate the existence
of the ether, for we cannot have wave motion without a medium, and
there is no matter in the interstellar space through which the light
comes from the sun.

In his book Huygens gave the following construction by which,
if the position of the wave-front was known, its position could be

126
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found for any subsequent time : Consider all the points on the wave-
front as centres of disturbance

; then the envelope of all the

secondary waves diverging from these centres

gives the wave-front at subsequent -times.

For example, let CD (fig. 115) be a section of

a wave-front which has diverged from the

source and passed through the aperture AB.

Then if it is desired to find the position of

the wave-front after a time t, take in succes-

sion every point on the wave-front as centre

and construct a sphere with radius equal to

vt, where v is the velocity of light in the

medium in question. All these spheres
touch a surface of which EF is a section and
this surface, the envelope of all the secondary
waves diverging from the wave-fr,ont CD, is the wave-surface after

time t.

To apply Huygens' principle to the reflection of a plane wave let

FIG. 116.

AB be the trace of a plane wave-front which is perpendicular to the

plane of the paper, and let CD be the trace of a reflecting surface, also

perpendicular to the plane of the paper. Draw BF perpendicular to AB
to meet CD in F

;
draw AE parallel and equal to BF and join EF. Then

EF gives a position which the wave-front would have occupied if there

had been no mirror. Take P any point on the wave-front and draw
PQR perpendicular to AB.

Let A and Q act as centres of secondary disturbances. With A as

centre draw a circle of radius AE, and with Q as centre draw a circle

of radius QR. Then, when the point B has reached F, the light from
A and P has reached the circumferences of the two circles. Since FRE
is tangent to both circles it is possible to draw a straight line FSG

tangent to both circles. As P was any point on AB, FG touches the

secondary waves derived from all points on AF, is hence the envelope
of these waves and consequently the trace of the reflected wave-front.

It is obvious from the figure that AB and GF are inclined equally to

CD, and hence the angles of incidence and reflection are equal.
To apply Huygens' principle to the refraction of the same wave
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let v be the velocity in the upper medium and v' the velocity in the

lower medium, let AB be the trace of the incident wave, let ED be the

C

FIG. 117.

.

position it would have reached in time /,
had there been no refraction,

and let CD be the trace of the refracting surface.
v

Then AE = vt. From
P, any point on AB, draw PQR perpendicular to AB. With A as centre

draw a circle of radius AG =
v't, and with Q as centre draw a circle of

radius QS = QR v'/v. Then when the point B has reached D, the light
from A and P has reached the circumferences of these two circles.

Through D draw DG tangent to the larger circle
;

it may then be shown
to touch the smaller circle and consequently to be the trace of the

refracted wave-front.

AG gives the direction of the refracted ray and AE of the incident

ray. Hence A-ADG is equal to the angle of refraction and ^ADE equal
to the angle of incidence, and

_ sin /_ADE _ AE/AD _ AE _ v
P :==

sin ^-ADG
=

AG/AD
~

AG
=

v
7 '

This result is of fundamental importance. Put in words, it states

that according to the wave theory the velocity of light in any trans-

parent medium varies inversely as the index of refraction of the

medium. Consequently the velocity in water and in glass is less

than the velocity in air.

The wave theory of light as proposed by Huygens did not explain
the rectilinear propagation of light, and hence was not accepted by
Newton, who adopted the emission theory. According to it luminous
bodies emit small material particles or corpuscles in all directions.

These corpuscles fly in straight lines. Their mechanical impact on
the retina causes the sensation of vision. When a corpuscle ap-

proaches within a very small distance of the surface of a refracting
medium, according to its state at the time it is either repelled or

attracted. Its velocity may be resolved into two components, one

parallel to the surface and one normal to the surface. The parallel

component in each case remains unaltered. If the corpuscle is re-

pelled, the normal component of its velocity decreases to zero and
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then increases to its former value but in the opposite direction. The
resultant velocity has thus the same value as before, its direction

makes the same angle with the normal as the direction of the incident

velocity does, and the reflection of light is explained in exactly the same

way as the reflection of a perfectly elastic- sphere by a wall.

If the corpuscle is attracted on approaching the refracting medium,
it is bent towards the normal since the normal component of its velocity
is increased. Also if v is the velocity in the first medium, v' the

velocity in the second, i the angle of incidence, and r the angle of re-

fraction, since the component velocity parallel to the surface remains
unaltered v sin = v' sin r or

sin i _ v'

sin r
~

v'

i.e. is constant, for v and v' are both constants. Thus the correct law
of refraction follows from the emission theory.

But if the parallel component of velocity is unaltered and the

normal component increased on refraction, the resultant velocity is

increased. The velocity of light should thus be greater in water and
in glass than in air, exactly the opposite result to that obtained from
the wave theory. Foucault's experiment on the velocity of light in

water is thus an experimentum crucis between the two theories and
it decides in favour of the wave theory. Owing to Newton's great

authority the emission theory reigned supreme until the beginning
of the nineteenth century, and it was the ability of the wave theory
to give a satisfactory explanation of interference that then turned the

scale against the emission theory.
We shall assume, then, that light is propagated by wave motion

in the luminiferous ether. For the purposes of this chapter it will

not be necessary to make any special assumption about the nature of

this wave motion.

The rays are perpendicular to the wave -fronts. When an image

FIG. 118.

of a point P is formed by a lens, spherical waves diverge from P, and

after passing through the lens become spherical waves converging

towards the image Q. It thus follows from the wave theory that

the optical length of the paths traversed by the different rays from P

to Q is the same. This result might have been derived from the law

of the extreme path, for since in the case under consideration the

optical lengths of all the paths must be a minimum, it follows that they

must be the same.
9
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The formulae for the position of the image formed by a lens or

spherical mirror are sometimes derived from the property that all the

paths have the same length, or from the property that one spherical

wave-front is changed by the lens or mirror into another spherical

wave-front with a constant difference of curvature. The latter method

has recently become popular under the name of the "
curvature

"

method. The method used in Chap. II of this book is however more

fundamental, inasmuch as it uses only the laws of reflection and re-

fraction.

To prove the formula for the focal length of a lens from the assumption
that all paths from object to image have the same optical length let AB (fig.

119) be a lens, P an object, and Q the corresponding image. The lens is

A

taken convex meniscus in form in order to have the' diagram as clear as

possible. AB cuts PQ at right angles in the point D- With P as centre

and radius PA draw a circle to cut QP in C, and with Q as centre and radius

QA draw a circle to cut PQ in E.

Then QA + AP = QM + MN/x + NP
= QE + EM + /iMN + CP - CN

or /uMN + EM - CN = 0.

This may be rewritten

DE + CD =
(/i

- 1)(DN - DM). . . (1)

When two chords of a circle cut one another -the rectangles contained by the

segments are equal. Apply this theorem to the circle of which AEB forms

part and let AB and QE be the two chords. The rectangle contained by
the segments of AB is equal to AD2

. Since, is the centre of the circle,
the rectangle contained by the segments of the other chord is equal to

(2QE - DE)DE, or approximately 2QE . DE since DE is small. Hence

2QE . DE = AD 2

AD2 AD2 ^'

E =
2QE

= -
ftT'

if v be written for QE, the image distance. Similarly writing u, r
lt
and r2 for

the radii of the circles on which C, N, and M are situated, and using the same
convention as to signs that is employed in Chap. II, we obtain

AD2 AD2 AD 2DM=-_
>
CD=--

;
andDN=--

2
-

i

,

On substituting these values in (1) we arrive at
AD 2 AD2 / AD2 AD2
2v

+
2u

==
(/"

" H " W + W
which simplifies to

i-y-
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Expression for a Light Wave. Consider the expression

^ b ros

By plotting it as a function of x for successive values of t it may be
shown to represent an infinite train of progressive harmonic waves.
The waves are said to be harmonic because they have the cosine form,
the train is infinite as the expression gives real values throughout the
whole range

- oo < .r < + oo
,
and the waves are said to be progres-

sive, because, as t increases, the whole wave profile moves bodily
forward in the direction of positive x. The wave-length, the distance

between two successive crests at any instant, is given by X; the

period, that is the time taken by a complete wave to pass a fixed

point, is given by T ; the velocity of the wave, v, is equal to A/T, and
the amplitude of the wave is given by b. As mentioned above, in

order to explain interference it is not necessary to make any special

assumption as to what y represents, but for the sake of definiteness

we may suppose that it denotes a displacement of an ether particle.
Then the displacement is the same for all the ether particles on one

wave-front, i.e. with the same value of x. As the wave passes the

ether particles all describe simple harmonic motions at right angles
to the direction of propagation.

As long as the wave remains in the same medium the square of

the amplitude, ft
2

,
is taken as a measure of its intensity. This may

be taken as an assumption to be justified by experience, or it may be

made plausible by analogy from other forms of wave-motion; the

intensity of a light wave is proportional to the energy it brings with it,

the kinetic energy of the vibrating ether particles is proportional to

the square of their velocity, and their velocity is given by

drj b%7T . 27T

di

Interference. If we have two systems of waves passing over the

surface of water, each produces its own displacement of the surface

independently of the other. This is known as the principle of the

superposition of wave-motion. The resultant displacement of the

surface is obtained by summing the two separate displacements.
In the same way two light waves or beams cross without in any way
interfering with one another. This was pointed out by Huygens.
Different people can see different objects through the same aperture
at the same time without any blurring due to the different trains of

waves crossing one another.

Let us suppose we have two waves represented by

, ft x\ ft x + 8\

77
= b cos 27r(

----
)
and

77
= b cos 2ir(

---
)

\T A/ \T A /

going the same way. They have equal amplitude, wave-length, and

period but a constant phase difference 2-TrS/A, that is, the crests of

the one wave are always a constant distance 8 ahead of the crests of the

9*
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other. According to the principle of superposition the resultant effect

is given by
, /< A t o ( i x +

,7
= 6 COS

fcr^
-

X)
+ b COS

27^
-

-j

8/
26 COS -r- COS

/* # + 8/2\
7r(

- -
^
-

),

a wave of the same wave-length and period as the component waves

but with an amplitude 26 cos 7r8/A, which varies all the way from 2ft

through to - 26 according to the magnitude of 8. Although the

intensity of each component wave remains equal to 62
,
the intensity

of the resultant varies from 462 to 0. We thus have two light waves

combining together to produce darkness. This phenomenon is called

interference.

It is when 7r8/A
= mr, when 8 = n\ or the crests of the one wave

are an integral number of wave-lengths ahead of the crests of the

other, that the intensity of the resultant wave is a maximum, and it

is when 7rS/A
=

( + )TT,
i.e. when 8 = (n + -J)X or when the crests of

the one wave coincide with the troughs of the other, that the resultant

intensity is zero.

Let us suppose that we have two sources M and N (fig. 120) send-

M

FIG. 120.

ing out waves of equal amplitude, equal velocity, and equal wave-

length, and let the waves be represented by circles in the figure, the

crests by full circles, and the troughs by dotted circles. The sources

have the same phase, i.e. the two series of crests and troughs have
the same distances from their respective centres. Then at the points
marked by o's in the fig. we have crest superimposed on crest and

trough superimposed on trough, so that the amplitude is twice that of

each component wave. At the points marked by #'s we have crest and

trough superimposed on one another, the difference of phase is half a

wave-length, the two waves neutralise one another, and the amplitude
is zero. It must be noted that no energy is destroyed by the interfer-
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ence of the two waves ; although the intensity is zero along the lines

joining the x's, along the lines joining the o's it is four times as great
as the intensity of a component wave.

It will be found by drawing the circles for any other time, i.e. by
increasing the radii of all of them by the same amount, that GH and
CD are always lines of zero intensity, and AB, EF, and JK always lines

along which the intensity is increased four times.

Let two particles at M and N vibrate parallel to one another in the

FIG. 121.

same phase and send out waves with the same amplitude and same

period.
In order to consider the effect at a point P, join MN, and through

A, the mid point of MN, draw AO perpendicular to MN. Draw PO

perpendicular to AO. Let MN = 2d, AO = D, and OP = x. Then
MP2 = D 2

4- (d + a:)*,
and NP2 = D2

-I- (d
-

x}\
therefore MP2 - NP2 =

(d + a)
2 -

(d
-

a?)
2 = Ux

4dx
and MP = MP^P-
Let d and x be small in comparison with D. Then we have ap-

proximately MP = NP = D, and

MP - NP =

D

If MP NP is equal to an integral number of wave-lengths, that

is, if %dx/D = n\ or

nox
x =

13-'

the two waves reinforce one another and we have a maximum of

intensity at P, while if MP - NP equals an odd number of half wave-

lengths, that is, if

(n + -J)
DA

the two waves interfere and we have darkness at P.

So far we have considered only points in one plane. Let us

suppose that there is a screen through OP perpendicular to the plane
MPN and that it is required to find the distribution of the intensity on

this screen. Draw a straight line PQ on the screen perpendicular to

OP and let PQ =
y. Then
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MQ2 = D2 + (d + tf)
2 + /,

NQ2 = D 2 + (d
-

x)* + y
2

,

and MQ2 - NQ2 =
(d + -r)

2 -
(d

- xf = MP2 - NP*.

Thus, if PQ is short, MQ - NQ is approximately equal to MP - NP,
and if there is a maximum of intensity at P there is also a maximum
at Q.

Hence on the screen there is a number of parallel bright and dark

bands, the distance between two consecutive bright or dark bands being
DA

If instead of single particles at M and N we have pairs of corres-

ponding particles arranged in two short lines perpendicular to the

plane MON, if all the particles send out waves with the same ampli-
tude and period, and if each pair of particles vibrates in the same
direction and in the same phase, the systems of bands produced by
every pair superimpose and the bands are consequently very much
brighter.

Such bands are called interference bands.

Young's Experiment. Interference bands were first produced and

explained in the above way by Young. He described his experimental

FIG. 122.

arrangement in his lectures which were published in 1807. A pencil
of light was admitted through a slit S in a shutter. It then fell upon
a screen in which there were two small pinholes, A and B, very close

together. After passing through A and B the rays spread out and
interference bands were formed on a screen at C where the two pencils
overlapped.

Fresnel's Mirrors. In Young's experiment the two pencils which
interfere pass through pinlioles. Critics were thus not convinced that
the bands were caused by interference of the two pencils ; they were
inclined to attribute them to a modification of the light produced by
going through the holes, that is, to diffraction at the edge of the holes.

To remove this objection Fresnel devised two well-known arrange-
ments for producing sources of light close together, namely, his mirrors
and his biprism. These do not use any apertures or edges. Diffracted

light was thus eliminated and the bands could be due to nothing else
but interference.

In the first of these arrangements there are two plane mirrors
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inclined to each other at an angle of almost 180, and light falls on
them from a slit which is parallel to the line of intersection of their

FIG. 123.

surfaces. Fig. 123 represents a plan of the arrangement ;
S is the

slit and M and M' are the mirrors. To find the positions of the virtual

images of S formed by the mirrors produce M'O to F and OM to G ;

draw SF perpendicular to M'F and SG perpendicular to MG and layoff
FB = FS and GA = GS. Then the images of S are situated at A and
B

; after reflection at the mirrors the light from S proceeds as if it came
from A and B and interference bands are formed on a screen at C.

Let OS =
,
let OC =

b, and let the angle FOG be denoted by o>.

It is obvious from the construction that A and B are on the circle with
centre O and radius OS. Since FS and GS are respectively perpendi-
cular to OF and OG, /-FSG = /-FOG = o>. /-AOB stands on the same
arc as /-FSG and has its vertex at the centre, consequently it equals
2w. The arc AB thus equals 2<o, and, since o> is small, 2o> may also

be taken as the distance between A and B measured along the chord.

The straight line OC is drawn so as to bisect the angle AOB. In the

notation of p. 133 the distance between the bands is given by DA/(2d) ;

on substituting D = a + b and 2rf = 2w we obtain in the present case

(a + b) \

2a<o
'

Fresnel's Biprism. In the second arrangement Fresnel performed
by refraction what he had done in the first by reflection. The light

FIG. 124.

from the slit S falls on the biprism CEG, which is simply a prism
with a very obtuse angle at E. It may be regarded as made up of

prisms CEF and GFE placed base to base ; hence the name. The edge
E of the biprism divides the incident light into two portions, one
which passes through the face EC and appears after refraction to come
from B and another which passes through the face EG and appears
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after refraction to come from A. As the angles GCE and CGE are

small and equal, A and B are situated close to S at equal distances

from it. The effect of the biprism is thus to produce two virtual

images of the slit which produce interference bands in the space to

the right of CG, for example on a screen at P.

The measurement of the interference bands produced by a biprism
is widely used as an exercise for students. A sodium flame is taken

as the source of light, and the object of the experiment, as it is usually

done, is to determine the wave-length of sodium light. The apparatus
is an optical bench, usually of metal, with supports for the slit and

biprism and for the vernier microscope used for measuring the distance

between the bands. The bands are not produced on a screen at P but

in the focal plane of this microscope. The slit and edge of the bi-

prism are vertical, the tube of the microscope is parallel to the axis of

the bench and has a horizontal motion at right angles to the latter, so

that, when it moves, the cross-wires pass in succession across the

different interference bands.

In setting up the apparatus the first requirement is to get the slit,

biprism, and microscope in the same straight line. The slit is next

made narrow, and then on looking into the microscope a vertical strip

of light will be seen. This resolves into a number of equidistant

parallel lines when the biprism is adjusted so that its edge is parallel
to the slit, and when the width of the slit is further regulated. It is

very important that the slit and edge of the biprism should be accur-

ately parallel to one another.

On looking at the bands it will be noticed that some are much
brighter than others, that there is a rhythmic variation in their bright-
ness. This is due to diffraction, to the two halves of the biprism
acting as rectangular openings. It is ignored by the theory of p. 133.

The formula for the wave-length is

wheref is the distance between two successive bands, D is the distance

from the virtual images to the focal plane of the microscope, and 2rf

is the distance between the two virtual images. Since the opposite
faces of the biprism are almost parallel, the divergence of a thin pencil
of rays passing through it is not appreciably altered. Consequently
A and B are in the same plane as S and the distance D can be measured
with a metre-stick. The best way to measure/ is to read the position
of ten or twelve, say ten, consecutive bands, subtract the reading for

the first from the reading for the sixth, the reading for the second from
the reading for the seventh, and so on, and divide the mean of the

results so obtained by five.

There are two distinct methods of determining 2d. In the first

a convex lens is inserted between the biprism and the microscope and

adjusted so as to form images of A and B in the focal plane of the
latter. In order to do this it is usually necessary to move the

microscope further away from the biprism, but the positions of the
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biprism and slit themselves must be kept unaltered. When the images
are obtained, the distance between them is measured with the micro-

scope. Let the result be cr The slit, biprism, and microscope are

then kept fixed and the lens moved into the other position, in which
it forms images of A and B in the focal plane of the microscope. Let

the distance between the images in this case be c
2 . Then 2rf = Jc^.

The result follows since the magnification in the one position is the

reciprocal of the magnification in the other.

In the second method the angles of the biprism FCE and FGE are

measured with the spectrometer. Let the result be a. Then, since

a is small and the light goes through the biprism almost normally, it

may be shown that the deviation produced by each half of the biprism
is (/A

-
l)a. The angle between BE and AE in fig. 124 is thus 2(/x

-
l)a,

and the distance between A and B consequently 2(/x
-

l)aa, where
a is the distance of the biprism from the slit.

H
'

Fundamental Condition for Interference. In the three methods for

producing interference just described Young's experiment, Fresnel's

mirrors, and Fresnel's biprism it will be noticed that trie-two interfer-

ing sources are derived from the same source. Thus A and B are both

illuminated by light from S in fig. 122, while A and B are merely images
of S in figs. 123 and 124. This condition has been found indispens-
able for the successful production of interference bands. As an ex-

perimental fact it is impossible to get light from two independent
sources to interfere.

Two different explanations have been given of this fact. Accord-

ing to the older explanation every source of light is subject to abrupt

changes of phase very many times in a second, possibly owing to the

molecule which is sending out the light vibration coming into collision

with other molecules. Now in fig. 121 if the phase of M falls behind

the phase of N, the central band of the system moves above O and the

whole system of fringes is displaced. If the relative phase difference

of M and N changes very many times in the second, the system of

fringes is displaced many times in the second, too frequently for the

eye to follow them ; the eye sees them superimposed and all trace of

the individual bands is lost. But if M and N are derived from the

same source, their phases change simultaneously, the system of bands

remains stationary and is consequently always visible.

Schuster ("Optics," Chap. IV) has, however, pointed out that the

harmonic waves, into which any actual wave can be analysed mathe-

matically, never change phase. Another explanation is therefore

necessary, and this he finds in the fact that we are never able to obtain

perfectly monochromatic light. We have always to deal with a finite

range of wave-lengths. If the two sources are independent the rela-

tive difference of phase of adjacent wave-lengths is never the same.

Thus, for example, if the light used is that produced by the green line

of thallium, the mean wave-length of which is 5-3507 10
~ 5

cms., we

may have wave-lengths ranging from 5'3537 10
~ 5 to 5-3477 10

~
5
cms.,
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and the centre of the interference fringes produced by each component

wave-length may lie at a different place on the screen. Consequently
the different systems of fringes are blurred by superposition, give rise

to a general illumination and no bands can be distinguished.

There is no contradiction between the two explanations since the

wave-form contemplated by the older theory was the actual resultant

wave and not one of its Fourier components. The two explanations
are different ways of stating the same thing. It is, however, difficult

to say what real existence the Fourier components have, unless the

conditions of the problem in question are accurately specified. To

appreciate Schuster's explanation one requires to be versed in Fourier

analysis. The older explanation is less liable to give rise to miscon-

ception and is therefore to be preferred.

Lloyd's Mirror. Lloyd's mirror, first described in 1834, affords a

method for producing interference bands which is both simpler and
easier to work than Fresnel's mirrors or biprism. A mirror, MM'

(fig.

125), is placed so that the rays from a slit A fall on it at nearly grazing

incidence, and the reflected rays appear to diverge from a virtual image,
B. The interference takes place between the rays from the slit and the

rays from the virtual image, and the bands are examined with an eyepiece
at P. The mirror may consist either of a piece of plate glass silvered on
the front or a piece of unsilvered glass with the back; blackened, so as to

destroy the image formed by reflection in the second surface. The
reflected rays cannot come below the plane of the surface of the

mirror, so in general only one-half of the complete system of bands is

visible. If, however, a thin plate of transparent material is placed in

the path of the direct beam AP, the centre is displaced upwards and
the complete system can be seen.

According to Dr. Lloyd the centre of the system does not lie in the

plane of the mirror in the ordinary case but is displaced away from it

by half the distance between two consecutive bands. The phase of

the reflected light has thus been increased by IT by the reflection.

There is one important difference between the two sources produced
by Lloyd's mirror and those produced by Fresnel's mirrors or biprism.
In the case of the latter the two images are similar, the right-hand
side of the one corresponding to the right-hand side of the other and
the left-hand side corresponding to the left-hand side. In Lloyd's
mirror the right-hand side of the one source corresponds to the left-

hand side -of the other and vice versa. This property enables Lloyd's
mirror to be used for the production of achromatic fringes.

The expression for the distance between two consecutive interfer-

ence bands is DX/(2d), where D is the distance from the source to the
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screen and 2f/ is the distance between the two sources. It thus varies

with the wave-length of the light employed. If white light is. used,
each wave-length forms its own system of bands. The central band
of each system occupies the same position and hence the central band
is white, but the other bands fall on different positions and blur one
another. We thus have one white band! surrounded by a few coloured

bands and then general illumination.

If, however, by some means 2d could be made different and pro-

portional to A. for the different colours, then the systems due to the

different colours would superimpose exactly and the bands would be

white, or in other words achromatic. This can be done by forming at

A a spectrum of a narrow slit by means of a diffraction grating
and using this spectrum instead of the slit at A. In a diffraction grating
the deviation of the different colours is roughly proportional to the

wave-length ;
hence if the spectrum be arranged at right angles to

MM' with the violet nearest the plane of the mirror, the violet in the

image will also be nearest the mirror and by carefully adjusting the

distance between the spectrum and its image d can be made pro-

portional to X.

Instead of using Fresnel's biprism two images of a slit can be

produced for purposes of interference by a bi-plate or by Billet's half

lenses. The figures illustrate how these act. In the first method two

pencils of rays (fig. 126) from the slit S fall upon the bi-plate, one on

FIG. 126.

each half, and after passing through the latter they appear to come
from the virtual images A and B. In the second method (fig. 127)

FIG. 127.

two real images A and B are formed of a slit S by means of a lens cut

into two halves, the positions of which can be very accurately regulated

relatively to one another.
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Stokes' Treatment of Reflection. Let a ray AP of amplitude a be

incident on the plane surface MK of a refracting medium. Then the

amplitudes of the reflected and refracted rays
PR and PC may be denoted by ar and ac,

where r and c are each less than one.

Let us suppose that the directions of the

reflected and refracted rays are reversed.

Then the reflected ray RP gives rise to a re-

flected ray along PA of amplitude ar1 and a

refracted ray PD of amplitude rc, while the

refracted ray CP gives rise to a reflected ray

along PD of amplitude acr and a refracted ray along PA of amplitude
ace. But, when the reflected and refracted rays are reversed, they
should combine to form the incident ray. Hence a = r2 -f ace and
arc + acr = 0, which give r' = - r and 1 = r2 + cc.

Hence if we have two rays incident on the surface of a medium,
one externally at a given angle of incidence and the other internally at

the corresponding angle of refraction, the amplitude of the reflected

ray has in the one case the same ratio to the amplitude of the inci-

dent ray as in the other but with a difference of sign.

The Plane Parallel Plate. A plane wave of amplitude 1 is incident
in the direction APj (fig. 129) on the surface of a plate of transparent

material with plane parallel sides and gives rise to a reflected wave
in the direction P

t Rj and a refracted wave in the direction
p

i
c

i-
This refracted wave on arrival at the second surface of the

plate gives rise to a reflected wave in the direction CjP2
and a trans-

mitted wave in the direction C^. The reflected wave on its arrival
at P

2 gives rise to a refracted wave in the direction P.
2
R
2 and a re-

flected wave in the direction P
2
C

2, and so on
; the original incident

wave gives rise to a series of reflected waves and a series of trans-
mitted waves of rapidly decreasing intensity. It is required to find
expressions for the intensity of the resultant reflected and trans-
mitted waves.
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Let
</>

be the angle of incidence, the angle of refraction, e the
thickness of the plate, let r, r, c, and c have the same meanings as in

the last section, and let
/x,
be the index of refraction of the material of

the plate. Let PjN be perpendicular to the surfaces of the plate and
draw P

2
H at right angles to PjRj.

When the first and second reflected waves cross the plane H P
2 they

are in different phases, for they were in the same phase at P
1
and they

have traversed different optical distances in coming from Pr Let
their relative phase difference be denoted by d

; then d denotes also

the relative phase difference of any two successive reflected waves.
We have

P
l
C

l
=

e/cos 0,

also PjH = PjP2
cos HP

1
P
2
= 2NC

X
sin <= 2e tan sin <= 2/xe sin2

0/cos 0,

, 2?r 2?r/ 2ue _ sin2 0\
hence a = -r-(aP,C, + //.C^P.,

- P^H) = -r-(
-

* - 2ue - xlA ^ X \cos cos 6J

=
2/x.e cos 0.

A

Let the incident wave be sin f-M
J
and let the resultant

reflected wave be denoted by R
sinj

It - -
J

- 8 k where the ampli-

tude and phase, R and 8, are yet to be determined. Then the first re-

flected wave is r sin (t
J,
the second is r'cc' sin \ -?(t -

j

- d k

the third is r'
3
cc' sin \ ~(t -

)
- 2^k and

I T V v) y
f27r/ a;\ J . 27T/, aj\ f27r/ a;\

R sin
^(t

-
-J

-
8|

= rsm
-~(t

-
-J

+ rcc sin
| (t

-
-)

- d

t r'W sin I A - ^ - 2dl . . (2)

(x\t
j

; hence, if it is expanded in terms

of sin
(
t -

-) and cos it - -
), the coefficients of each of these

r\ Vj T V vj'

quantities is equal to zero, i.e.

R cos 8 = r + r'cc'(cos d + r'2 cos 2d + r'
4 cos 3d -\- . .

.)

and R sin 8 = r'cc' (sin d + r'2 sin 2d + r'
4 sin 3d + . .

.).

The above two equations may be combined into

Re is r + r'cc'(e
id +

, ,
e*= r + rcc

1

since the terms inside the bracket converge towards zero. On separ-

ating the real and imaginary parts the right-hand side of this equation
becomes
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r'cc'e^l
- r'

2e
~

**) r'cc'(cos d + i sin d - r'2
)

r +
(1

- r'
2
e^) (1

- r'*e
~

**)

=
1 - 2r'2 cos d + r'

4

r'cc'(cos d - r'2
)

. r'co' sin ^
= r +

1 - 2r'2 cos d + r'
4 "* *

1 - 2r'2 cos d + r'4
'

f r'cc'(cos 6Z - r'2
)

I 2
f

r'cc' sin d V2

Hence R 2
= =

|r
+

l _ 2/2 cog d + /4|
-

\l
_ 2r'2 cos d + r'4

)

'

and this simplifies to

4r2 sin2
^

4r2 sin2

^
or j-

If T be the amplitude of the resultant transmitted wave, we have by
the principle of energy

R2 + T 2 = 1.

(1 - r2
)
2

Hence
1 - 2r2 cos d + r*'

_ d . ,
^ 27ru

R2 is when sin2 ~ is 0, i.e. when ^ = - - = n-n- or
A * A.

%p cos 6 = n\, where n is an integer. Thus, if the path difference

of two successive reflected waves is an integral number of wave-

lengths, there is no reflected light. Again, R 2 can be written

4r2

and is hence a maximum when sin2 ~ = 1, or when the path difference
A

is an odd number of half wave-lengths. The minimum value of R2

is and the maximum value is

4r2

(1 + r2)
2

'

When R2 is a minimum, T2 has a maximum value equal to 1, and when
R2 is a maximum, T'lias a minimum and is equal to

Approximate Theory. In the case of an unsilvered glass plate the
second reflected wave is almost as bright as the first one, and the
others are much fainter. Hence an approximation to the result
can be obtained by considering these two alone and neglecting the
others. The optical length of the path difference of the two waves is

2/ue cos 6 ; hence on first thoughts one would imagine that the two
waves would reinforce one another and that there would be a maximum
wherf2/*e cos 6 = n\, where wis any integer. It was found on p. 140,
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however, that r = - r, that external and internal reflection at the plate
diminish the amplitude in the same ratio, but that in the one case this

diminution is accompanied with a change of sign. This change of

sign is equivalent to a relative phase difference of TT or an alteration in

the difference of the optical lengths of the paths by A/2. Thus there

is a maximum when 2//,e cos 6 (n -f -J)X, the same result as was ob-

tained by consideration of all the reflected waves.

This result has important applications to the case of the colours of

thin films, Newton's rings, and Haidinger's fringes.

Colours of Thin Films. If a thin film of oil is spread over the surface

of water and viewed in reflected light, brilliant colours are often seen.

They are due to the interference of light reflected at the upper and
lower surfaces of the oil film, the latter acting as a plane parallel plate.
The colours are especially brilliant if the film is on the surface of a

muddy puddle on the road, for the transmitted light is then wholly
absorbed and no light comes from the bottom of the puddle to dilute

the purity of the interference effect. The same effect can also be

obtained from the skin of a soap-bubble or from the thin paper-like

pieces of glass that are sometimes the result of an amateur's glass

blowing.
When we look at a small area on the surface of such a thin film,

the rays diverging from it to the eye are almost parallel. The rays

diverging from the front and back surfaces come originally from the

same source, probably a white sky, and hence are in a condition to

interfere. If 2/xe cos 6 = wA, the colour corresponding to that wave-

length does not appear in the reflected light, and the film appears
coloured. Owing to the rays received by the eye being not quite

parallel, cos is not the same for all of them. For one definite part
of the spectrum to be blocked out, it is therefore necessary for n to

be a small whole number and consequently for the film to be very thin.

Newton's Rings. If a lens, the surfaces of which have large radii

of curvature, is placed on a glass plate and the point of contact

viewed in white light, it is seen to be surrounded by coloured rings.
These were first observed by Hooke in 1665, they were studied and
their radii measured very carefully by Newton, and they were first ex-

plained satisfactorily by Young. They are due to interference between
the light waves reflected at the upper and lower surfaces of the air

film contained between the lens and plate.
In studying the formation of the rings Newton used telescope

object glasses, the radii of curvature of which were many feet, and
measured the radii of the rings formed by white light directly with
the eye. In the experimental arrangement employed in laboratory
courses nowadays spectacle lenses are used with a radius of curvature

of perhaps 1 metre, the source of light is a sodium flame, and the

diameters of the rings are measured with a vernier microscope.
Either of two methods is employed. The air film is formed by the
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lower surface of the lens L and the upper surface of the plate P

(figs. 130 and 131). In the first method the light from the flame passes

FIG. 130. FIG. 181.

through the lens F, is reflected by the transparent glass plate G, and

is brought to a focus on the film. It traverses the film vertically and
is reflected by the surface of P, passes through G, and is then received

by the microscope. The microscope is focussed on the air film.

With this arrangement the rings are seen as a system of concentric

circles. In the second method the microscope is inclined to the

vertical at an angle 6 and the light from the flame makes approximately
the same angle with the normal to the upper surface of L. In this

case, as they are seen obliquely, the rings appear as a system of

ellipses.
The air film can be regarded as a plane parallel plate of slowly

varying thickness. If R is the radius of curvature of the under sur-

face of the lens, e the thickness of the air film at P, and CP = p (fig. 132),
then

GflL<yVU -WWU- P
2 = e(2R

-
e)

by considering the products of the segments of the horizontal chord

FIG.1
through N and of the vertical chord through C. Since e is small this

equation may be written

Now consider the ray incident on the lens in the manner indicated by
the dotted line. Let us suppose that the point P is so near C that the

sides of the film may be considered parallel. Then, if 2/xe cos = n\,
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the ray shown in the figure interferes with the ray reflected from the

upper surface of the film, and to an eye situated above the film appears
black at P. On substituting for e, the condition for interference becomes
2/xp

2 cos 0/(2R) = n\ or

Hence on the ring with this radius we have blackness and this ring
is one of a series, the radii of the others being obtained by giving n the
other integral values. The squares of the first n radii are as the first

n natural numbers. Similarly the radii of the bright rings, the loci of
the points of greatest brightness, are given by

'3 _ (
n + ^)XR

Since the film is air, /A may be put equal to 1. Then, if pn denote the
radius of the wUl

bright ring and p ti + t the radius of the (// + .v)

th

bright
ring,

> .

2 _ (n + s + ^)XR (n + )\R sXR
p ~'l+s

~
p "

"
cos cos 6

"
cos~0'

whence

When the diameters of the rings have been measured by the

method shown in fig. 130 or 131, the wave-length of sodium light
can be calculated by the above formula. The case of fig. 130 is ob-

tained from the general case by making cos 6 equal to 1. The advan-

tage of using formula (5) instead of (4) lies in the fact, that if the lens

or plate is deformed at the point of contact or if the contact is not

perfect, a constant quantity is added to or subtracted from the theo-

retical value of the thickness, the whole system of rings is displaced,
and for any one of them the square of the radius has not the value

given by (4). Formula (5) is, however, unaltered, for it in-

volves only the difference of the thicknesses at two points and this

is still correctly given by the theoretical value.

The usual way of making the calculation is to measure the

diameters of, say, the first 16 bands, take 8 for s and take 1, 2, 3, . . . 8

in succession for
,
find the mean of the eight values of p

2
,t+

-
p lf

2

thus formed and substitute in the formula. R is found by the sphero-
meter and is read from the microscope circle. The distinctness is

usually improved by screening off part of the flame. This makes the

area of the latter smaller and the light rays incident on the film more

parallel. The rings can, of course, be observed by transmitted light
but are then much fainter.

The central spot of the system is black. This is due to the half

wave retardation introduced by the one reflection being an " external
"

one and the other an "internal
"

one. If, however, the lens is made
of crown glass, the plate is made of flint glass, and the space between

filled with oil of sassafras, which has an index of refraction inter-

10
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mediate in value between the indices of refraction of crown and mnt

glass, then in each case the light is reflected at the surface of an

optically denser medium, the half wave retardation disappears, and

the central spot of the system becomes bright. This experiment was
first performed by Young.

If the light is white, the ring systems of the various constituent

colours are superimposed. The result is a system of coloured rings,

the colour at any point being not a pure spectral colour but including
a considerable region of the spectrum. The order of succession of the

colours from the centre outwards, seen by reflected light of course,

was given by Newtonias follows : (1) black, blue, white, yellow, red ; (2)

violet, blue, green, yellow, red ; (3) purple, blue, green, yellow, red
; (4)

green, red
; (5) greenish-blue, red ; (6) greenish-blue, pale red

; (7)

greenish-blue, reddish-white. From the colours the thickness of the

film can be obtained ; thus if the incidence is perpendicular, the thick-

nesses corresponding to the reds at the ends of (1),(2),(3), (4), and (5), i.e.

the reds of the first, second, third, fourth, and fifth orders, are 2*5 10~ 5

cms., 5'0 10
' 5

cms., 8'0 10
~ 5

cms., 10 10
~ 6

cms., and 13 10
- 5 cms.

A good way of studying the colours of the rings in white light is

by means of C. V. Boys' Kainbow Cup. This consists of a hori-

zontal brass ring of about four inches diameter, which can be rotated

rapidly about a vertical axis. A soap film is stretched across the ring,
and when the latter rotates, owing to the centrifugal force called into

play, the thickness of the film becomes very small at the centre and
increases outwards from the centre to the edge. When the speed is

properly adjusted a black spot can be seen at the centre surrounded

by coloured rings, and the diameters of the surrounding rings can be
altered by varying the speed of rotation.

Haidinger's Fringes. If instead of a thin film a plate of glass 3

or 4 mm. thick is taken, interference fringes
formed by rays reflected from the front and
back surfaces of the plate can be observed.

Only it is necessary that the surfaces of the

plate should be accurately plane and parallel,
: since the distance between the points where

the interfering beams cut the surfaces is so
much greater. Also the light must be mono-
chromatic because for any given value of 0,

owing to the large value of e, values of n can
be found to satisfy every colour in the spect-
rum

; thus if white light is used, the different

coloured fringes combine to produce a general
white illumination.

Such fringes were first observed by
Haidinger (1849) and afterwards studied

independently by Mascart and Lummer.
They are best observed with a telescope

focussed for infinity and pointing at right angles to the plate, the

FIG. 133.
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incident light being reflected by means of a mirror, as shown in fig.

133, so as to fall on the plate normally. If the plate is perfectly plane
parallel the interference figures are then a system of concentric rings,
the centre of which lies on the axis of the telescope. The shape of

these figures can be used as a very accurate test of the parallelism of

plates.
The accuracy of a plane surface can be tested more easily by placing

it against a surface that is known to be optically plane, illuminating
the air film thus formed with sodium light and examining the contour
of the interference figures.

Applications of the Interference of Light. Besides their use in

testing the parallelism of surfaces interference figures have also been

employed in determining small changes in the index of refraction, in

evaluating the wave-length of certain standard radiations in terms
of the unit of length, and in studying the constitution of spectral lines.

The application to the study of spectral lines will be left over to another

chapter, but the other two applications will be described here.

The determination of the index of refraction of a substance by the

method of minimum deviation or the method of total reflection reduces

itself to the measurement of an angle. With a good spectrometer an

angle can be read to 10 seconds and the index of refraction obtained to

the fourth decimal place. The spectrometer is the most suitable in-

strument to use if the absolute value of the index of refraction of a

solid or liquid is required. If, however, it is desired to measure a

small change in the index of refraction of a solid or liquid, or if the

substance under investigation is a gas, then other methods are more
accurate. For suppose that a pencil of rays passes through the

substance and that the actual length of the path in the substance is

10 cms., then if the optical length of this path changes by one wave-

length, the index of refraction of the substance changes by 5 10~ 5
/10,

i.e. by 0*00000-5 . 'Now it is easily possible to measure a change in

the optical length of a path to one-fifth wave-length and hence by
this method with a thickness of 10 cms. to obtain a change in the

refractive index 100 times as accurately as with a spectrometer.
Instruments embodying this principle are called interference refracto-

meters or interferometers.

Fig. 134 explains the construction of Jamin's refractometer. A

and B are two rectangular glass blocks of exactly equal thickness,

made usually by cutting one block in halves. The rays diverging
from a source S are made parallel by a convex lens and then fall on

the surface of the block A, giving rise to a reflected beam C and a

refracted beam. The latter, after reflection at the back of the block

and refraction at the front, gives rise to the beam D. Both the beams C
and D fall on the block B. If we consider only the portion of C that

enters the block and is reflected at the back, and the portion of D

that is reflected at the front, both beams superimpose after leaving
B. They come from the same source and therefore are in a condition

10*
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to interfere. The optical lengths of the two paths are not equal unless

the blocks are parallel ;
hence if the block B is rotated in the manner

FIG. 134.

indicated in the figure, the relative phase difference constantly alters

and interference bands cross the field of a telescope placed to receive

the emergent rays at T. When the blocks approach the stage of

absolute parallelism, the effect of inhomogeneity in the glass and in-

accuracy in the surfaces begins to show and we obtain thick irregular

figures. The back surfaces of the blocks A and B are silvered. The
more nearly parallel the blocks are, the broader are the interference

bands. Bands of this nature were first observed by Brewster.

If, for example, it is desired to measure the index of refraction of

a gas, equal and similar tubes, closed at the ends with similar pieces
of optically worked glass, are inserted one in the path of each beam,
as shown in the figure. Initially the tubes are evacuated ; then, by
means of an arrangement not shown, the gas is allowed to slowly
enter one of them. As it does so, the optical length of the path
through that tube increases and interference bands move past the

cross-wires of the telescope. The number that passes gives 'the

increase in the optical length, and consequently, since the length of

the tube is known, the index of refraction. The pressure at any
stage can be read off from a manometer in connection with the tube.

Instead of counting the number of bands that pass, the same band

may be kept on the cross-wires all the time by means of Jamin's

compensator. This consists of two equally thick glass plates, the

angle between which is kept fixed, and which can be rotated together
about a horizontal axis indicated by a dotted line in fig. 134. The com-

pensator is placed with one of its plates in the path of each beam.
When the two beams make equal angles with the plates, the optical

lengths of their paths through the plates are the same, but, when the

plates are rotated, a relative phase-difference is introduced and this

latter can be used to compensate the phase difference produced by the

entering gas. It can be estimated from the angle through which the

plates have been turned. The sensitiveness of the compensator can
be varied by altering the initial angle between the plates.

In Bayleigh's refractometer (fig. 135) light from a slit S is made
parallel by a lens, passes through the two tubes which are soldered
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together side by side, then through two slits and is finally brought to

FIG. 135.

a focus by the lens L. The interference figures are formed in the
focal plane of this lens and are .examined by an eyepiece.

>\ Michelson's Interferometer. Michelson's interferometer is capable
of the same uses as Jamin's or Rayleigh's refractometers but has been
used for other and more important purposes. Its principle is shown
in fig. 136. The light from a source S separates at the back of the

plate A into two beams, one of which goes to the plane mirror C and
is then returned exactly on its path to O. The other passes through
the glass plate B to the plane mirror D and is reflected back on its

path to the back surface of A, where it is reflected to O. The two
beams may be examined at O by a telescope. The back surface of A
has a thin layer of silver deposited on it, so as to reflect about as much
light as it transmits. The glass plate B is introduced to make the

paths of the two beams symmetrical, as otherwise the beam to C
would twice pass through a glass plate while the path of the other

beam would lie wholly in air. The two plates A and B are placed

parallel to one another and are worked originally in a single piece,
which is afterwards cut in two. Both C and D are silvered on their

front faces.

Fig. 137 shows one construction of the instrument. The mirror
D is held by springs against three adjusting screws. The mirror C
is mounted on a metal slide which can be moved along ways by the

screw shown in the figure. The direction of the motion is shown

by the arrow in fig. 136. It is very essential that parallelism of this
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mirror should be maintained when it is moved from one position to

another.

FIG. 137.

To adjust the instrument a small object, for example a pin, is held

up between the source and the plate A. The observer at O sees two

images of this pin, one formed by each beam. The fringes appear
when these images are made to coincide. When white light is used,
the fringes appear only when the paths AC and AD are equal.

The standard of length at the base of all scientific measurement
is the standard metre, which is defined as the distance between two
lines ruled on a metal bar made of an alloy of platinum and iridium.

This bar is kept at the International Bureau of Weights and Measures
at Sevres. This standard is, of course, an arbitrary one

;
it is

conceivably possible that in the course of time it and the copies made
of it, which are in the same metal, might change by an extremely small

fraction of a millimetre. The wave-lengths of spectral lines are in-

variable natural units. So if the standard metre were evaluated in

terms of a certain definite wave-length, it could be checked at future

times. This was done by Michelson in 1892. The wave-lengths
chosen were those of the red, green, and blue lines of cadmium, which
are extremely homogeneous ; broad lines or lines accompanied by
satellites will, of course, not produce satisfactory interference fringes.
The details of the methocl would take too long to describe, but it in-
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volved measuring the distance between fixed plane mirrors on certain" etalons ". The etalon was placed on the interferometer in place of
the mirror D and the movable mirror C gradually moved from coinci-
dence with the one mirror of the etalon to coincidence with its
other mirror. The number of fringes that passed during the operation
was counted, and the result gave the distance between the two mirrors
of the etalon in wave-lengths.

The final result of the investigation was, that the number of light
waves in a standard metre was found to be for the red radiation
of cadmium 1,553,163-5, for the green 1,966,249-?, for the blue
2,083,372-1 all in air at 15 C. and at normal atmospheric pressure.

Lippmann's Colour Photography. If on the light wave

6cos
2
T( ( -5)T \ V/

progressing in the + x direction we superimpose an equal wave

progressing in the - x direction, the resultant disturbance is given by

6 cos f t - -
J
+ 6 cos

which reduces to

2nt 2-n-x
26 cos cos -r

,
T X '

where X is written for vr. If this expression is plotted as a function of x
for different values of t, it is found that it oscillates from the form

27TX
26 cos -r-

A

through a straight line to the form
2-rrx- 26 COS -^-A

and then back again through a straight line to the first form. The displace-
ment is always zero at the points given by cos 2?rx/X = 0, i.e. by
x = (2n + l)X/4, where n is any integer, and it has its maximum value at the

points given by cos 2?rx/X = 1, i.e. by x = nX/2. The former points are
called nodes and the latter are called loops or antinodes. The expression as

a whole is said to represent stationary waves because the wave does not pro-

gress ; the crests keep on appearing and disappearing at the same points.
If light is reflected perpendicularly by a perfectly reflecting surface,

stationary waves are formed, and if a phase change of half a wave-length
occurs at the surface, there is a node at the surface and also at distances of

X/2, X, 3X/2, etc., from it. Between the nodes there are loops. In 1891 Lipp-
mann introduced a system of colour photography depending on this fact. A
photographic plate was placed in a camera with the glass side facing the
lens and the other side of the sensitive film was backed with a reflecting

layer of mercury. The light entered the film from the glass, was reflected

by the mercury and passed back through the film to the glass again. Inside

the film it formed stationary waves. At the nodes there was no displace-
ment and consequently no photographic action ; at the loops there was a

maximum of photographic action. When the film was developed and fixed,
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the silver in it was reduced in laminae in the antinodal planes and not uni-

formly through the whole thickness of the film. Thus after development
the film consisted of a great number of equidistant reflecting planes all

parallel to the mercury surface and distant X/2 from one another. The
thickness of silver in each reflecting plane was so small that they were

transparent.

Suppose now that white light is incident on this system of planes, then

each plane gives rise to its own reflected wave. If we consider the different

constituent colours of the white light separately, the reflected waves rein-

force one another in the case of that colour for which half the wave-length

equals the distance between the planes. For all other colours the reflected

waves interfere and destroy one another. Thus when the plate is viewed

normally in white light, each part of it appears in the colour of the radiation

to which it has been previously exposed, and the whole plate gives an image
of the original object in its natural colours.

Microscopic sections of the films have been prepared and the reflecting
laminae rendered visible to the eye. Lippmann's process is a very difficult

one to carry out and has consequently been little used. It requires special

plates with a grain finer than that of the commercial plates.

EXAMPLES.

(1) Supply the missing part of the proof on p. 128. Show rigorously
that if DG (fig. 117) touches the large circle at G it also touches the small

circle at S.

(2) Show that according to the corpuscular theory of light, when a cor-_

puscle is incident upon an optically dense medium, the increase in the normal

component of its velocity is v sin (i
-

r)/sin r, where v is the resultant .

velocity in the initial medium and i and r are the angles of incidence and
refraction.

(3) Show that when a light corpuscle is refracted its gain in kinetic-

energy is independent of the angle of incidence. Hence the refraction of a

corpuscle from air to glass can be regarded as due to a force of
attraction^

which acts in the direction of the normal, has a constant value F within a
thin layer immediately above the surface of the glass, and is zero outside this

layer.
Show that by analogy with a projectile under gravity the corpuscle

passes in a parabolic arc from its straight flight in air to its straight flight
in glass. Also show that in the case of total reflection at a glass -air surface
the totally reflected corpuscle enters the air, describes a portion of a parabola
in it and returns again to the glass.
^

(4) Derive the formula for the spherical mirror in the same way as the
formula for the lens is derived on p. 130.

/ (5) Derive the formula for refraction at a spherical surface in the same
way as the formula for the lens is derived on p. 130.

(6) Lord Rayleigh has given the following simple method of seeing
Young's interference bands. Two small pieces of silvered glass are taken
and a fine line ruled on one of them and two fine lines ruled as close together
as possible on the other. The ruling removes the silver and the lines act as
slits. The pieces of glass are then mounted in a short tube, which is held
with the double slit close up to the eye. When the slits are parallel the
bands are seen.

Show how to calculate their angular separation. (Instead of silvered

glass surfaces the lines may be ruled on photographic plates which have
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been exposed and developed until they are black all over, or for the slits

dense negatives may be made from black lines drawn on a white card.)
(7) Interference bands are produced by a Fresnel's biprism in the focal

plane of a reading microscope. The focal plane is 100 cms. distant from the
slit. A lens is inserted between the biprism and microscope and gives two
images of the slit in two positions . In the one case the two images of the
slit are 4*05 mm. and in the other case 2*90 mm. apart. If sodium light is

used, find the distance between the interference bands.

(8) A plane wave of light is incident on the upper surface of a plane
parallel glass plate at such an angle that the amplitude of the reflected wave
is '4 of the amplitude of the incident wave. Find the amplitude of the wave
transmitted through the plate. Disregard all the internal reflections except
the first.

(9) A plane wave of amplitude unity is incident on a plane parallel plate
at such an angle that r, the amplitude of the first reflected wave, is 0'30.

Derive an expression for the amplitude of the resultant transmitted wave
and calculate the numerical values between which it varies, neglecting the
variation of r with the angle of incidence.

What would these values be if we took only the first two transmitted
waves into consideration ?

(10) If the fraction of light reflected at the first surface of a parallel

plate be r (there being no regular interference), that transmitted by the first

surface, reflected by the second and again transmitted by the first is r(l
-

r)
2

.

That reflected three times and transmitted twice is r5

(l
-

r)
2
,
etc. Hence the

whole reflected light is R = r + (1
-

r)
2
(r + r3 + r5 . . .)

= 2r/(l + r).

(11) Newton's rings are formed between a plane surface of glass and a

lens. The diameter of the fifth black ring is 9 mm. when sodium light is

used, arid the light passes through the air film at an angle of 30 to the
normal. Find the radius of the glass lens.

(12) A convex spherical lens, the radius of curvature of the under surface
of which is 20 cms., rests on a concave cylindrical lens, the radius of cur-

vature of the upper surface of which is 40 cms., contact taking place at the

lowest point. The combination is used to produce Newton's rings in the

arrangement shown in fig. 130. What is the shape of the rings in this

case ?

(13) A soap film illuminated by white light gradually becomes thinner
as the liquid drains away. It is placed in front of the slit of a direct vision

spectroscope, which is held in a stand so that the slit is horizontal. Describe
and explain the phenomena which are observed.

(14) Show that the phase difference between the two rays in a Jamin's

interferometer is given by
7rfJ>e

(cos 6
l
- cos 2 ), where 0] and 2 are the

A.

angles of refraction in the two blocks of glass and e is their thickness.

Two plates of glass of 1 cm. thickness, /XD
= 1*526 and coefficient of

linear expansion '000008, are placed one in the path of each ray. The

temperature of one of the plates of glass being raised 1 C., 14 interference

bands cross the field of view. What has
/iD become ?



CHAPTEE X,

DIFFRACTION.

HUYGENS' construction (p. 127) explained satisfactorily the re-

flection and refraction of a plane wave. In the form in which he gave
it, it was unable to explain the rectilinear propagation of light. It was
also unable to explain why the wave was not propagated backwards.
For example, in fig. 138, if AB is a wave front diverging through a

hole in a screen from a source S,

and if with different points on AB
as centres circles are drawn to

represent secondary waves diverg-

ing from these points, these

secondary waves travel round be-

hind the screen at G and H. But
there is darkness behind the

screen at G and H. We have
thus an apparent contradiction

between theory and experiment.
Also, the secondary waves touch
in the surface EF as well as in the

surface CD. If every point in the wave front is to be regarded as a

secondary source, why is a wave not propagated backwards as well as
forwards ?

This difficulty about the light waves not bending round corners was
one that the wave theory took a long time to get over. It was all the
more pressing because in the analogous case of sound, which was
known to be propagated by waves, the shadows were never sharp and
the waves did bend round corners. The difficulty was explained away
by Fresnel.

Fresnel's Explanation of the Rectilinear Propagation of Light.
.Let AB be a plane through which a plane wave is passing from left to

right, and let P be a point at which it is desired to ascertain the effect

154
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of the wave. It is assumed that the light is monochromatic and that
the wave consists of an infinite train of

sine waves.
Draw PO perpendicular to AB and

let PO =
p. O is said to be the pole

of P. Then with centre P and radii

p, p + A, p + A, p + fA, etc., describe

spheres. These spheres cut AB in

circles, of which two are drawn those

cut by the spheres of radii p +
(n

-
l)A/2 and p + wA/2. A straight

line is drawn through O to cut the

circles in K,, _ l
and KM . Then the area

of the zone comprised between the

two circles is
FIG. 139.

\ - PK2
_!)

Kfr
+ IT -{p

+ -

if we neglect the X2 terms in comparison with the others. The_area
of the zone intercepted between any two successive spheres" is thus

always the same.
"""Let us regard every point on the plane as being in a state of vibra-

tion and sending out waves. Then the light vibration at P is due to

the superposition of- these waves. Since the incident wave is a plane
one, all the points on AB are in the same phase. Their distances from P

are different however, and consequently the secondary waves which

they send out arrive at P in different phase. The distance of P from

points in the first zone lies between p and p + =, from points in the

second zone between p + ~ and p + A, and so on
; consequently if the

resultant amplitude due to points in the first zone is positive, that due
to points in the second zone is negative, that due to the third zone is

positive, and so on, and S, the resultant effect at P, can be written in

the form of a series

S = m
l
- w

2 -t- ms
- m4 . . . + (

where the successive terms represent the effects of successive zones and

?!, i
2 ,
w

3, etc., are all of the same sign.
It has been shown above that the zones have equal areas, at least

for small values of n
;
for large values the area increases very slowly

with n. The amplitude of a light wave varies inversely as the distance

from the source, and the distance of the zones increases with n. This

increase in distance more than compensates for the slight increase in
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area. Hence each term of the series is slightly smaller than the one
before it.

To sum the series we use the following method which is due to

Schuster. Assume that the last term of the series is odd. The terms
can be grouped in two different ways,

and S = m,

Then, if each term is greater than the arithmetical mean of the pre-

ceding and following ones, the brackets are all negative, and the above
two equations can be written

m,
s < + f'

and

But since the terms of the series diminish very slowly in size, m
l
can

be written for m
2 and mn for mn_r The limits between which S is en-

closed become equal and consequently

The cases when n is even and when each term is less than the
arithmetical mean of the preceding and following terms can be treated
in the same way. We thus arrive at the general result, that the
effect of the whole wave at P is equal to half the effect of the first and
last zones.

It is necessary for the validity of this result that the terms in the
series should diminish regularly and very slowly.

In fig. 140 let the square drawn with the full lines be an aperture

D.

FIG. 140.

in a screen and let a plane wave fall on the aperture in a direction at
right angles to the plane of the screen. Let A be the pole of a point
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at which it is desired to find the effect of the light. wave. A is a
considerable distance from the edge of the aperture, so that, if zones
are drawn round A, by the time they intersect the edge they have a

large diameter and are very thin. Hence the diminution in effective

area takes place slowly, the terms in the series diminish slowly and
the above result can be applied. The last zone may be drawn
entirely off the aperture. Thus the effect of the whole wave reduces
to half the effect of the first zone at A. Similarly, if the pole is at D,
the effect reduces to half the effect of the first zone round D, which
of course is zero, and we get no light at all.

But if the pole is at B inside the aperture and near its edge the

effective area of the zones diminishes rapidly and the above theory
does not apply. Similarly, if the pole is at C outside the aperture
near the edge, the effective area of the first zones that intersect the

edge increases too rapidly for the theory to apply.
As a result, therefore, we can state that there is uniform illumina-

tion at all points whose poles lie inside the inner dotted square, and
that there is perfect darkness at all points whose poles lie outside the

outer dotted square. As to the points whose poles lie between the

two dotted squares, our theory as yet gives no information. Owing
to the smallness of the wave-length of light the sides of the two
dotted squares lie close to the edge of the aperture.

We have thus proved the rectilinear propagation of light on the

basis of the wave theory, but at the same time have shown, as was
mentioned on p. 3, that it is only approximate. The rays pass

through the aperture unaffected only if they do not come too near

the edge. Thus to the original statement of Huygens' principle
Fresnel added the idea of the destructive interference of the different

zones and explained why generally light waves do not bend round
corners to any large extent. If an aperture in a screen were so small

that the whole area lay in a single zone for all points on one side,

the light rays though incident normally on the other side would diffuse

in all directions on passing through. But for this to happen in the

case of light the aperture would have to be very small indeed. In

sound, however, it is the usual case. If p is 100 cms. andjihe wave-

length that of Na light, the radius of the first zone is *Jp\
= *076

cms. In the corresponding problem in sound, if the wave-length
under consideration is that of middle C on the piano, which is about

120 cms., the radius of the first zone is 1094 cms. We can appreciate,

therefore, what a difference the larger wave-length makes.

In this section only the case of a plane wave-front has been

treated, but a spherical wave-front can be divided into zones and dealt

with in the same way.

Mathematical Statement of Huygens' Principle. As mentioned on

p. 155 the distance from P of points in the first zone varies between p
and p + A/2. By dividing the first zone into rings it can be shown
that the phase of the resultant wave due to it at P is that of a wave
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that has travelled a distance p + A/4 from O. But the actual wave
travels only a distance p between O and P. Hence Huygens'

principle, as extended by Fresnel, gives the phase of the wave

wrong. It also does not explain why a wave is not propagated back-

wards.
This has been done by Kirchhoff, who has derived a more rigorous

statement of the principle from the differential equation for wave-

motion. This more rigorous statement also gives the phase right.

A simplified form of its proof is given in Drude's "
Optics ". Here the

result will merely be stated. It runs

s(t
-

r/v)} . . I T>s(t
-

r J
COS^ -

r
"b

* gives the light vibration at the point to be investigated. This point
is taken as origin and round it a closed surface is drawn

;
rfS is an

element of area on this surface, n is the direction of the normal to t/S

drawn inwards, and r is the distance of rfS from the origin, s re-

presents the light vibration on dS as a function of t
;
before differentia-

tion t - r/v is substituted for t.

Diffraction. As has been shown, then, if a plane light-wave
comes through an opening, it forms an image of that opening on a

screen behind it, but the edges of the image are not sharp. Simi-

larly, if a shadow is cast by an obstacle, the edges of the shadow are

never perfectly sharp, no matter how parallel the incident light is.

The preceding calculation does not inform us how the intensity
varies at the edge, but we may anticipate the results of the following
sections by stating, that the light always encroaches to some extent

on the geometrical shadow, and that in the light near the edge of the

beam there is a rhythmic variation in the brightness. If, for

example, a very narrow slit is parallel to the straight edge of an
obstacle and a screen is placed on the opposite side of the obstacle to

receive its shadow, then the geometrical shadow is bounded by the

plane through the slit touching the straight edge, and it is found that

some light from the slit bends round behind the obstacle and meets
the screen in the geometrical shadow, also immediately outside the

geometrical shadow and parallel to its edge there are several dark
bands.

Such phenomena are said to be due to diffraction. They were
first studied by Grimaldi about the middle of the seventeenth century
and afterwards by Hooke and Newton. The first attempt to explain
them on the wave-theory was made by Young, who attributed them
to the interference of the direct light that passed close to the edge
with the light reflected at grazing incidence. If this explanation
were true, the bands should be affected by the sharpness of the edge,
its degree of polish and its material. Fresnel showed experimentally
that they were not, and that hence Young's explanation is untenable.
Diffraction phenomena are due to the interference of the direct light
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with itself. They are more difficult to produce and measure than
interference bands.

In geometrical optics diffraction is ignored. Thus the laws of

geometrical optics are not absolutely -true. Even if the lens were

perfect, a point image would jiever be -Iprmed of a point object but
the image would always have a finite size.

Circular Aperture. If a plane wave is passing through a small
circular aperture in a screen in a direction at right angles to the

plane of the screen, the intensity can be determined for a point on
the axis by dividing the aperture into zones. If there is an even
number of zones in the aperture, the intensity is zero

;
if there is an

odd number, all the zones cut out except the first one. In the ordin-

ary propagation of a plane wave the amplitude at a point is half what
would be caused by the first zone

; hence in this case the amplitude
and intensity have respectively twice and four times their values for

an unlimited wave. If r is the radius of the aperture and b the
distance of the point from the centre of the aperture, its distance

from the circumference is Jb2 + r2
,
which is equal to b Jl -f r2/^

2 or
b + r2/(26), since r is small in comparison with b. Hence for an even
number of zones

r2 r2

ST = n\ and for an odd number
-^=

=
(n + -^)A,

where n is an integer. Consequently as the point moves in along
the axis towards the aperture and r'

2
/(2b) increases, the number of

zones becomes odd and even in succession, and the intensity alter-

nates between four times the normal and zero.

If the point is not on the axis, the edge of the aperture is no

longer concentric with the zones and there is no elementary way of

calculating the intensity. But in this case, if the aperture is small,

by drawing it and the zones on a very large scale the intensity may
be obtained graphically. For the sums of the areas of the odd and
even zones included in the aperture can be measured either with a

planimeter or by drawing them on squared' paper and counting the

squares, and the effect of the whole aperture may be regarded as pro-

portional to their difference. By proceeding in this way we find that,

if the aperture comprises only a few zones, the axis is surrounded by
rings.

If the aperture is so small that it comprises only a fraction of the

first zone, the point under investigation can be moved a considerable

distance from the axis before the difference of its distances from the

nearest and farthest points on the aperture amounts to half a wave-

length. Consequently in this case the light diffuses far outside the

geometrical shadow of the aperture.
It is obvious that in the case of the pinhole camera there is no-

thing to be gained in sharpness by making the hole smaller than the

first half zone with reference to a point on the axis.
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If instead of coming from infinity the incident wave diverges from
a point on the axis distant a from the plane of the aperture, the wave-
front is spherical and the condition for an even number of zones
in the aperture is no longer EP - CP = n\ but EP - OP = n\.

FIG. 141.

Since CO = EC'2/2SO = r'
2
/2 approximately, this condition reduces to

/ r'
2 \ _ r'

2 /l 1\ _

V
" W ==

2 \b
+

a)
=

Circular Obstacle. If a plane wave is incident on a circular disc

in a direction at right angles to its plane and it is desired to find the

intensity at points on its axis, we lay off zones in the plane of the

disc taking the edge of the disc as the inner boundary of the first

zone. Then, if the effects of the different zones are summed in the

manner of p. 156, it is found that the effect of the whole wave is equal
to half the effect of the first zone. If the disc is small, the latter has

almost the same value as if there were no disc and it were laid off at

the foot of the perpendicular. Hence the intensity on the axis is the

same as if the disc were away. Eound this bright spot on the axis

there are alternately dark and bright rings.
The occurrence of the bright spot on the axis was deduced by

Poisson as a result of Fresnel's reasoning and urged as an argument
against the correctness of the latter. It was tested experimentally by
Arago and he found the theory right. It had been discovered experi-

mentally by Delisle about 1715, but his observations had been for-

gotten.
The experiment can be performed with a threepenny piece sus-

pended vertically by threads and illuminated by sunlight through a

pinhole at a distance of 15 or 20 feet. The bright spot should be

viewed with an eyepiece at an equally great distance on the other

side.

Zone Plates. On p. 155 the radii of the edges of the zones were

given by
.

nX\*
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Draw on a plane screen a series of concentric circles with radii given
by the above formula and suppose that these zones are alternately

opaque and transparent. If a plane wave falls normally on the screen,
the phases of the secondary waves emitted from each transparent zone

agree at a point on the axis at a distance of p from the screen. If m
denotes the effect of the first zone and N the total number of zones,
then the amplitude at this point is roughly proportional to -|Nwz.
The illumination at the point is thus roughly N times what it would
be if the screen were removed. The screen thus acts as a convex
lens of focal length p.

Such screens are called zone plates. They may be made by
drawing concentric circles on a sheet of paper with their radii accur-

ately proportional to the square roots of the first n natural numbers,

blacking out the alternate zones and making a very reduced copy by
photography. The glass negative will then act as a zone plate pro-
vided that the thickness of the glass is sufficiently uniform. It is, of

course, extremely important that the lens used for the reproduction
should have no appreciable distortion, i.e. it should not alter the rela-

tive lengths of the different radii. Fig. 142 is a copy of a drawing

FIG. 142.

made for the purpose of reproducing zone plates from. They would

have to be very much reduced ;
with the circles the same size as in

the figure p would be about fifty metres.
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There are formulas for a zone plate analogous to those for a lens.

C

^B
D

FIG. 143.

Let CD be a zone plate, AB be its axis, and let C and E be correspond-

ing points on two successive clear zones. Since CD is small in com

parison with AD we may write

AC = VAD* + CD 2 = AD Vl + CD2
/AD

2 = AD + CD2
/(2AD).

A corresponding expression may be obtained for CB ; hence

Similarly

AE + EB = AD + DB + ~( + \
J \AD DB/

The difference of the two paths from A to B is

If H = -, the difference is n\. Consequently the rays through

any two successive transparent zones reinforce. Now n may have

any integral value ; hence, if a luminous point is situated on the axis

at a distance AD from the plate, images are formed of it on the axis

at points B given by

JL _L _ !?

AD + DB
~~

p'

A zone plate thus differs from a lens in having several foci.

Let us suppose that instead of a point object at A there is a finite

object of length AF (fig. 144). Let AF = x. Draw BG perpendicular

to AB, and let BG =
y. Then

FC + CG = AD + DB +^ +M
and

The difference of the right hand sides is
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~ _ ED2 _ QZCE + CD2 _ ED2

l + i\ _ CE(JL .. I\
AD ^

DQj \AD DB/
If we assume that the first term equals wA and the second term

equals zero, B is the image of A, and G is also the image of F. Thus
the zone plate forms images of small extended objects and the magni-
fication yjx follows the same law as in the case of a lens.

Cylindrical Wave-Front. Suppose AB is a cylindrical wave-front

diverging from an infinitely long narrow slit at F and that it is required
to investigate the effect of the wave-front at P. Let FP meet the

cylinder in O. Let a be the radius of the cylinder and let OP = b.

FIG. 145.

With centre P and radii b + |A, b + A, b + fA, etc., draw arcs to
cut the arc AB in k

lf
H

I}
K
2 ,

H
2 ,

K
3 ,

H
3 ,

etc. Let PKn = b + -^wA.t ^
Then PK

;i

2 = FK,t

2 + FP2 - 2FKM FP COS KnFP,
~

(V
*}X \ 2

b +
g- j

= a2 + (a + b)
2 -

2a(a + b) cos K,t
FP . (6)

Let ^KnFP = 0. Then, if is small, cos KMFP = 1 - 2 and w2A2

can be neglected in comparison with the other quantities. If we make
these substitutions in (6) it becomes

i.e. bn\ = a(a + b)0
2

,

, nbX
or =

The lengths of the arcs OK
15 KjK2 ,

K
2
K
3 , etc., decrease in the ratio,

1, 72 -
1, 73 -

72, etc., or 1, -414, -318, very rapidly at first but
more slowly afterwards.

If lines are drawn through K
x ,

K
2

. . . Kn parallel to the axis of

the cylinder, they* divide the surface into a series of strips. The
different points on the surface of each strip are at different distances

from P. For example, let fig. 146 represent a section of the cylinder

by a plane through its axis and the point P. Then we can draw lines

PM
l
= b + -JA, PM 2

= b + A, PM 3
= b + fA to meet OM

3
in M

I}
M

2 ,
and

M
3 ,

i.e. we can divide the first strip into half-period elements. The
other strips can be treated in the same way. It can be shown that

11 *
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the areas of these half-period elements decrease rapidly at first but

more slowly afterwards. The effect of each strip reduces to that of

the first few half-period elements, because the

higher terms of the series representing its effect

annul one another. Of course, the effect of the

whole strip has the same sign as the effect of its

first half-period element.

If we consider all the strips, now, we see that

their effect at P can be represented by a series in

which the odd and even terms have different signs
and in which the size of the terms diminishes

rapidly at first but slowly afterwards. The higher
terms annul one another, and the effect of the whole
series is equal to the effect of the first few terms.

The effects of the first few terms are not equal as on

p. 155 where the zones had equal areas.

M* M^MI o

FIG. 146.

Elementary Theory of Diffraction at a Straight Edge. Let F be a

long narrow slit from which a cylindrical wave diverges. Let TV be
a thin metal plate with a straight edge at T parallel to the slit and let

PM be a screen. Then, if the straight line FT be produced to meet
the screen in M, M is the edge of the geometrical shadow. According
to the laws of geometrical optics the portion ML of the screen should

be wholly dark and the portion
MP should be illuminated and
of uniform intensity. The il-

x lumination should start dis-

continuously at M. As has
been mentioned on p. 159, the
laws of geometrical optics are
not absolutely true.

Let FT =
,

let TM =
6,

and let M P = .r. Let P be any
point on the screen in the

plane of the diagram. Draw
a cylinder with the slit as axis

to touch the straight edge at T
; join FP and let it meet this cylinder

at O.

With P as centre and radii PO + -JA, PO + X, PO + |A, etc., mark
off points on the wave-front, draw lines through these points parallel
to the axis of the cylinder and so divide the surface of the cylinder
into a series of strips. The series on the side OS is complete ; hence
that part of the wave-front always gives at P half the amplitude that
would be given by a complete wave.

The series on the side OT is incomplete, the higher members being
obscured by the plate TV. If there is only one strip clear, the

amplitude due to this side is large ; if there are two strips clear, they
almost annul one another and the amplitude due to this side is small,
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If there are three strips clear we have a maximum again. If there is

an odd number of strips in OT, the amplitude at P is a maximum,
and if there is an even number of strips in OT, it is a minimum.

If x is small compared with b,

Similarly

;.
:

: V PF - J(* + *)'
2 + ** - a

X2

and hence PO = b + _, , x .

2(a + o)

For a minimum at P we have PT - PO = n\ where n is any integer.
This gives

(
b +

>

-
(
b

x2 /I

2 U ~

= n\,
2b(a + b)

, ,, lb(a + b
and finally x = J

Similarly for a maximum at P we have

x _ jb(a + b)

Thus, as the point P moves upwards from M, it passes through maxima
and minima of illumination. Consequently there are bright and dark
bands on the screen parallel to the edge of the geometrical shadow.
As the effects of the first few strips are by no means equal the above
formulae are not very accurate and cannot be relied on at all unless

n is small. If P is on the edge of the geometrical shadow, the

amplitude is half what would be produced by a complete wave, i.e. half

what would be produced on the screen at a point far out from M, and
the intensity is one-quarter of its value there.

If P is in the geometrical shadow, all the strips are obscured on
one side of O and the first strip on the other side starts at some
distance from O. It is found then on considering the numerical value,
that the intensity diminishes steadily from M into the geometrical
shadow and becomes zero at a short distance from M.

Diffraction at a Straight Edge. Fresnel's Theory. The figure is

the same as fig. 147 except that a straight line has been drawn through
P to meet OS in Q. Let OQ be -v,

measured along the arc, let OP =
c,

and let PQ = c + 8. Then, if s is small, we can regard OQ as

perpendicular to OP, and PQ2 = OP 2 + OQ'2 or (c + 8)'
2 = *2 -f c2 .
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Since 8 is small the 82 term can be neglected in this equation and
we obtain

FIG. 148.

Let sin ^-n-t/r represent the vibration on the cylindrical surface.

Every point on the surface may be regarded as a secondary source

sending out waves to P. If we consider a strip of width ds at Q, the

vibration due to it at P is proportional to

sin 27r(
-
t c + S\

r
- TV . . . . (7)

If we write OT = -S
Q
and OS = s

lt
the resultant vibration at P due

to the whole wave front may be written

--+_)* .... (8)
.in

The amplitude at P should depend also on the distance of the secondary
source, and to be perfectly accurate the expression (7) should be
divided by 1/PQ. Fresnel makes the assumption that it is only the

strips in the neighbourhood of O that matter, that for these PQ can
be considered constant, and that the other strips can be neglected.
This assumption is justified by his results.

Since 8 is the only quantity in (8) depending on s, the integral

may be written

sin :

"U "0

and reduces to

R sin IS*/- -

)

-
0j,

if we write R cos =
J

cos
-^- ds, and R sin 6 = I

'sin^ <^s-

- so
- so

The intensity of the resultant vibration at P is therefore proportional
to R 2

,
i.e. to
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;rS \ 2
/fs

i . 27r

ds)
+

(|

sm

- so -o
We have already found that & = .v

2
/(2c). Introduce a new variable

v such that

/f
s

i

(j

2;rS \ 2
/fs

i . 27r8
7

2

cos ds sm ds

2^ o . r*

TTd 7TV* n , , /CA , ,,
Ihen - =

-Q- and ds = . -^ dv. When s = s
,

let v = VQ.

A. A V A

When s = s
l}

v = s
i \ ~a I s

1
is finite, X is very small, consequently

the value of v corresponding to the upper limit of integration is very
great, and it is found that without influencing the results it may be

put = + oo .

We find finally therefore that the intensity at P is proportional to

(
1 cos ^j- dv) + (

sin ^- dv
VJ - , VJ - ,

The integrals inside the brackets are known as Fresnel's integrals.

They have been evaluated in the form of series, and tables have been
drawn up giving their numerical values for different values of v.

From these tables the values of (9) can be obtained for different

positions of P. There is, however, an elegant geometrical way, due
to Cornu, of studying the variation of (9).

Cornu's Spiral. Cornu's spiral is defined by

r-TrtJ

2 C
v

TrtJ
2

cos
-p- dv, y = I sin -- dv

:
-, . (10)

Jo

When v = 0, x = y =
; consequently it passes through the origin,

arid, since sin~ = .for v =
0, it touches the x axis there. From

(10)

dx = cos -~- dv, dy = sin -~- dv,

hence j = tan -Q-, and
if/,

the angle which the tangent makes with

the x axis, is given by

We have

ds . l + u = l + tan^ cos A, = dv ;

hence .v = w, and combining this with (11) we find for the intrinsic

equation of the curve
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We have dty
= irsds

;
hence the curvature is given by

1 <-- = 7TS.

At the origin it is zero and changes sign ; consequently there is a

point of inflection there. The curvature also increases continuously
as we move along the curve from the origin both ways.

It can be shown that
oo oo

f 7TV* , f . TTV* ,

cos
-g-

dv = sin
-g-

dv =
,

% ^0
hence the curve has asymptotic points at

(-J, -J)
and

(
-

-J,
-

-J).

Y

f

K

FIG. 149. Cornu's Spiral.

In fig. 149 the curve has been drawn accurately from the values of
the integrals given in the tables.

Application of Cornu's Spiral. If in fig. 149 we mark off OR = - v ,

and if through R and J, the asymptotic point, we draw straight lines

parallel respectively to OX and OY, then
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+ 00 + CO

RH = cos -~- dv, and HJ = lain
^- dv.

-*o -o
The expression proportional to the intensity on p. 167, namely (9),

is therefore equal to

RH2 + HJ 2 = RJ 2
.

Let us suppose that we start with the point P in fig. 148 well into

the shadow and gradually move it up the

screen. When it is well into the shadow,
- VQ is + oo ,* consequently the point R
is at J and the intensity is eero as repre-
sented by the point A in fig. 150. -AaJP
moves to l\A in fig. 148, R moves from J

to O on the spiral. During this change
R^ 2

steadily increases, and when P reaches
M the intensity can be represented by
some such point as B in fig. 150. When P passes above M in

fig. 148
the point crosses over on to the other part of the spiral and RJ 2 in-

creases until R reaches the point K
; this corresponds to the maxi-

mum C on the intensity curve. As the point R moves from K to L

on the spiral, RJ 2 diminishes ;
the point L on the spiral corresponds

to the minimum D on the intensity curve. And so on : as R runs
round the convolutions of the spiral, it gives rise to a series of gradually

decreasing undulations on the intensity curve until finally, when R

reaches the asymptotic point J', the intensity curve has become a

straight line. As JJ'2 = 4JO2
,

the ordinate of this region of the

intensity curve is four times as high as the ordinate at B, which

corresponds to the edge of the geometrical shadow.

Bother diffraction problems can be treated in a similar way by the

application of the spiral. For example, in the case of diffraction at a

narrow slit the intensity varies as the square of the chord joining two

points on the spiral, which are at a constant distance apart measured

along the arc. This constant distance is proportional to the width
of the slit.

The Composition of Simple Harmonic Motions. Let us suppose
that at the same time a particle is executing two different simple har-

monic motions in the same straight line, and that these simple harmonic
motions have the same period but different amplitudes and different

phases. Then its resultant displacement may be represented by
y = a

l cos(w
-

ttj) + 2 cos(o>2
- a

2)

=
&J cos tat cos

ttj + a
x
sin a>t sin 04 + a

2
cos <i>t cos a

2 + a
2
sin ait sin a

2

=
(a 1

cos a
x + 2

cos a
2)

cos tat + (^ sin aj + 2
sin a

2)
sin ut.

Write a
l
cos a

x
+ a

2
cos a

2
= R cos 8, and a

L
sin a

x + a
2
sin a

2
= R sin 8.

Then y = R cos 8 cos ut + R sin 8 sin ut

= R
cos(<*>

-
8).

The two S.H.Ms, thus combine into one S.H.M. of the same period,
the amplitude and phase of the resultant S.H.M. being given by
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and

R2 = (! cos
ttj + a

2
cos a

2)
2 + (a x

sin 04 + a
2
sin a

2)
2

i=
&J

2 + &
2
2 + 2&J&2 cos(aj a

2)

. a, sin a, + a<> sin aQ
tan 6 =

cos a cos a

Let /-AOP = a
x
and OP =

j,
let /-AOQ = a

2
and OQ =

2 , and

complete the parallelogram POQS. Then cos (04
- a

2 )
is obviously

equal to cos QOP = - cos OPS, and
R2 = af + a

2
2 + 20^2 cos (a 1

-a
2)
= OP2 + PS2 - 2OP . PS cos OPS = OS2

.

Draw PN and SM perpendicular to OA. Then
ON =

rtj
COS

ttj,
NM =

2
COS a

2 ,
and OM = a COS a

x + 2
COS a

2
.

Similarly MS =
j
sin 04 + 2

sin a
2

. Thus

MS a, sin cu + a9 sin a9 ~

tan SOA = = - = tan 8
OM a

x
cos 04 + a

2
cos a

2

and /-SOA = 8. That this is the only solution may be seen by con-

sidering the limiting case when 2
= 0.

Hence, if OP and OQ represent the amplitudes and phases of the

component S.H.Ms., OS lepresents the

amplitude and phase of the resultant.

We thus arrive at the result that

S.H.Ms, of the same period can be

compounded by the parallelogram con-

struction, or, if there are more than two
of them, by the polygon construction,

exactly in the same way as forces or

N M A velocities.

FIG> i5i. This throws a new light on the

summation of the series on p. 156. If

the first zone is divided into nine smaller zones of equal area, the

amplitudes of the vibrations caused by each of these are equal and
the phases may be represented by angles of 10, 30, 50, 70, 90, 110,
130, 150, and 170 ; consequently the effect of the whole zone is re-

presented by the unclosed polygon in fig. 152. In the limit when the

FIG. 152.

first zone is divided into an infinite number of smaller zones, the un-
closed polygon becomes the semicircle OA in fig. 153. In the same
way the effect of the second zone may be represented by a second
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semicircle AB of slightly smaller radius, because the second zone is at

a slightly greater distance ; the third zone may be represented by the

still smaller semicircle BC and the whole wave-front represented by
a spiral converging to the asymptotic point J. By the construction

just proved, the effect of the first zone may be represented by the

diameter OA and the effect of the whole spiral by the straight line

joining OJ. Hence the effect of the whole spiral is equal to half the

effect of the first zone.

n S.H.Ms, with Equal Amplitude, Same Period and Phases increasing
in an Arithmetical Progression. Let a be the common amplitude and
d the common phase difference. Let R and 8 be the amplitude and

phase of the resultant ; then, by the polygon construction, if we
resolve parallel and perpendicular to the first side,

R cos 8 = a(l + cos d + cos 2d . . . -f cos \n
-

1}
R sin 8 = a(sin d + sin %d . . . + sin {n

-
1}

If we multiply both of these series by 2 sin ~, the first gives

2R cos 8 sin ~ = a(2 sin ~ + 2 cos d sin ~ + 2 cos 2d sin ~ . .

A A A A

+ 2 cos {n
-

1} d sin ~

d 3d d 5d 3d/ d= a( 2 sin ~

+ sin {n
-

%} d - sin {n
- ^

+ sin sin ~ + sin
-^

- sm
-^

.

a( sin
g

sn n -

* . d . nd (n
-

l)d ,1cn
i.e. R cos 8 sin ~ = a sm lr cos

v .... (12)
A A A

Similarly the second gives
. . d . nd . (n

-
l)d

R sin o sm A = a sm -^ sm -
^
-

'A JL A

On squaring (12) and (13) and adding we obtain
nd

d nd
R2 sin2 = a2 sin2 or R

and on dividing (13) by (12) we obtain
'

(n
-

l)d (n
-

l)d
tan 8 = tan v-

^-
J or 8 = ~

2
.

If we take the other solution, 8 = ^'
~
n

' + ir, consideration of
I .4

the limiting case when n = 1 shows that we must then choose the

other sign in taking the root of R2 and consequently get the same

result over again.
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Suppose, now, that n becomes infinitely great hut that na is kept
finite and = A and nd finite and = 2a . Then

a sin a
R = rsm a/n

a sin a .

since a/n is small,

r
a

and 8 = a,

since in the limit n - 1 is equal to n. This latter result may be

obtained very easily graphically. The unclosed polygon becomes in

the limiting case an arc of a circle of length A, which subtends an

angle 2a at the centre. The chord is, of course, parallel to the tangent
at the mid point of the arc, i.e. 8 = a, and the length of the chord is

twice the radius multiplied by sin a, i.e.

. / A \ A sin a
2( fT- sin a or -

-.

\2a/ a

Passage of a Plane Wave through a Slit. Let AB be the slit, let

e be its breadth, and let us suppose first that the wave is incident in a

direction at right angles to its plane.
We shall suppose the slit to be in-

finitely long; then as conditions do
not vary in a direction perpendicular
to the plane of the figure we can
restrict ourselves to the plane of the

figure. Bach point in AB may be

regarded as a secondary source send-

ing out waves in all directions. In
the diagram are drawn the rays
emitted from A and B in a direction

making an angle with the normal. Let us find the resultant of all

the rays emitted in this direction. Draw AK perpendicular to BK.

The rays may be supposed either collected by a lens, in which case

they meet in a point in the focal plane and the lengths of the paths
of the different rays from AK to this point are the same, or they may
be supposed falling on a screen at infinity, in which case all lines

from AK to a point in the direction are equal, because they are

inclined at an infinitely small angle to BK.
The path differences of the different rays therefore vary uniformly

from to BK, i.e. from to e sin 0, and the phase differences from
to (Zire sin 0)/\. Applying the result of the preceding section we find

that the amplitude is

A sin a ire sin
- where a =

a A
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To find the turning values of this expression differentiate with

respect to a and equate to zero. Then
d sin a cos a sin a
~T- =

^ =
da a a a2

or a - tan a = 0.

This equation can be solved graphically ; if we draw the graphs of
tan a and of a straight line making an angle of 45 with the axes, the
abscissae of the points of intersection are the roots of the equation.
By inspection of fig. 155 we find that the first root is 0, then we have
a series of roots less than and gradually getting closer to |TT, |TT, ^TT,

etc., respectively. The exact values of the first seven are 1-4307T,

2-4597T, 3-4717T, 4-4777T, 5-4827T, 6-4847T, and 7-4867r. These roots

FIG. 155.

7T Q TT 7T -$ 27T

FIG. 156.

though giving both the maxima and minima of the amplitude give the

maxima alone of the intensity, for the latter is equal to
_ n
A"

and cannot be negative. The minima of intensity are obviously given by
a = ?nr, where n has any integral value except ;

the latter, of course,

gives a maximum. For a = the intensity is equal to A2
. Fig. 156

represents the intensity as a function of qt. The maxima are not equi-
distant from adjacent minima but lie nearer the centre. The heights of

the second, third, and fourth maxima are respectively ^, T̂,
and

if A is put = 1. The area of the curve = 2 ~ da The

positions of the first minima are given in terms of by e sin = A.
;

hence except in extreme cases sin 6 is small and can be taken pro-

portional to a. If e is made comparable with X, the system of bands
widens out and light spreads out in all directions from the slit.

The diffraction pattern discussed in this section can easily be

observed with an ordinary spectrometer. The instrument is first
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focussed for parallel light in the usual way, illuminated with sodium

light, and then a narrow slit

mounted on the prism table.

When the collimator slit has been

set as parallel to this slit as pos-

sible, three or four maxima can be

seen on each side of the central

maximum.
If instead of being incident

normally the incident rays make
an angle < with the normal to the

Fio. 157. plane of the slit (fig. 157), the path
difference of the extreme rays is e (sin

- sin <) and the preceding
discussion holds if we put

7re(sin
- sin

<fr)-r-
As the central maximum is given by a = 0, i.e. by sin = sin

<j>,
if in

the arrangement described above the prism table with the slit is rotated,

the central maximum remains undeviated. At the same time the

bands widen out, for the positions of the first minima are given by

e(sin 6 - sin <) = X
;
hence if we write 8 for the deviation and

regard < as fixed, =
<f> + 8 and this equation gives

e(sin (< + 8)
- sin

<f>)
= X or e cos < sin 8 = X,

since 8 is small ; consequently sin 8 is increased by the rotation in the

ratio of cos
<f>

to 1.

The Diffraction Grating. The diffraction grating is an instrument

used for producing spectra. It consists usually of a number of fine,

equidistant and parallel lines ruled with a diamond on a mirror of

speculum metal or on a glass plate, or of a celluloid cast made from

such a grating. Some of the earliest gratings consisted of fine wires

stretched parallel and equidistant from one another between two screws

of equal pitch. Gratings ruled with a diamond on a dividing machine
are very expensive, hence celluloid casts or replicas are used instead,

except for the most important work. Such replicas are made by
T. Thorp, Manchester, and are consequently known as Thorp gratings.

They are, of course, transparent.
Previous to 1883 all gratings had been plane ; they had been ruled

on plane surfaces or the wires had been stretched in one plane. They
were used with telescope and collimator just as the prism is used in

the spectroscope. But in that year Rowland described a method of

ruling them on concave metal mirrors, which rendered the use of colli-

mator and telescope lenses superfluous. In this section only plane

gratings will be treated.

We can divide gratings into two classes, transmission gratings and
reflection gratings. The first include wire gratings, those ruled on

glass, and celluloid replicas \
the second include all gratings ruled on

metal.
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In the elementary theory of the grating it is assumed to consist of
a glass plate on which there is a great number of equidistant, parallel,

opaque strips or lines of equal width. These lines are separated by
clear spaces, AjBj, etc. Let AjA2 ,

the

width-ef a combined line and clear

space, be e. _
If a plane wave of wave-length

A, is incident perpendicularly on the

grating, all the clear spaces act as

secondary sources and emit rays in

all directions. Let us consider the

rays diffracted at an LQ with the

normal. Then all the rays from
each space have a resultant, which
has the same phase as the ray
coming from the mid point of that space. We can consider them

replaced by this resultant, and the problem reduces to that of com-

pounding a number of parallel rays, C^, C
2
D

2 , etc., from a number
of equidistant points, C

lt
C

2 , etc.

Draw C
2
K perpendicular to CjDj. Then the common difference of

these rays is C
X
K = C^Cg sin C

1
C

2
K = e sin 0, and the rays reinforce in

the direction if

e sin 6 = wA,

where n has any integral value, positive or negative. If the telescope

is"~pomled in a direction given by this equation, a bright line is seen

on the cross-wires.

Most gratings have about 14,000 lines to the inch, in which case e

is I^QQ inch or about T81 10 ~ 4 cms. If the light used is yellow and
of wave-length 5'8 10

~ 5
cms., the equation for the maxima becomes

sin 6 = '3197 n

and the values of given by n = 0, 1, 2, 3 are 0, 18 39',

+ 39 45', 73 33' respectively. Larger values of n give impossible
values for sin 9. The image given by = is called the direct image,
the two given by n = 1 are said to belong to the first order spectrum,
those given by n = + 2 are said to belong to the second order spectrum,
and those given by n = 3 to the third order spectrum.

If white light is incident on the grating, each colour into which it

can be resolved forms its own images. The direct images all superim-

pose, hence the direct image formed is white, But the other images do
not superimpose. The first order images form two first order spectra,
the second order images two second order spectra, and the third order

images two third order spectra, so that altogether this grating
forms six spectra. These different spectra overlap. For example,
if in the equation e sin = n\ we write e sin 6 = 1*5 10

~ 4
,
a possible

value, we find that n = 2 gives 7 '5 10
~ 5 cms. and n = 3 gives 5 10

~ 5

cms., so that the red of the second order spectrum is superimposed on
the green of the third order spectrum.
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If the light is incident at an

common path difference is

(fig. 159) instead of normally, the

FIG. 159.

the direct image, 9 = -

CjK
- C

2
H = e (sin

-' sin <),

and the maxima are given by

e(sin 6 - sin <) = nX.

The deviation is given by 6
<j>. For

it to be a minimum we mast have

dO -
d<f>

= 0. Now, if the wave-length

bejregarxle.d as fixed, we have

e(cos. dO - cos ^ dfj>)
=

0,

which gives on substituting dO = d<l>

cos - cos < =
0,

or = <. As = < obviously gives
is the condition for minimum deviation.

It requires the incident and emergent rays to make equal angles witk
the grating.

More Accurate Theory of Grating. The case treated in the previous
section is an ideal one. No grating consists of a plane surface with

perfectly transparent and
perfectly opaque strips; the rulings iu a

transparent grating are always
: translucent and of an irregular form.

This, however, makes no essential difference in the reasoning ; it is not

necessary for the rays to be stopped by the rulings, it is only necessary
for the surface to have a periodic structure.

Let fig. 160 represent a section of a transmission grating which
has altogether N rulings, and sup-
pose that the light is incident, per-

pendicularly on the plane side.
|
Let

e be the distance AjA2
measured

along the chord. Consider the rays
that are diffracted at an L from
the ruling AjA2 . If they are col-

lected by a lens, the length of the

path from the plane face of the grating to the image varies from ray to

ray, but it is always possible to find some point C
x
between Aj and A

2 ,

such that the ray through it has the same phase at the image as the re-

sultant. The rays from A
X
A

2 can be regarded as equivalent to a single

ray coming from C
15
the rays from A

2
A
3 as equivalent to a single ray

coming from the corresponding point C
2 ,

and the rays from the
whole grating as equivalent to N rays coming from N equidistant points
arranged along a line. The common phase difference is

(2-rre
sin 0)/A.

in radian measure, hence applying the result of p. 171 we find that
the resultant intensity in the direction 6 is proportional to

(
. NTTS sin 0\
sm-;

FIG. 160.

. ire sin 6
sin -
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In order to study the variation of this expression with
n-e sin

it

is best to plot it as a function of the latter for a small value of N, say

N = 6. When - - = mr the expression becomes indeterminate,
A,

but if we apply the usual rule and differentiate both numerator and
denominator we find for the amplitude

d . N?re sin 6 .. , NTT^ sin

X N cos
N COS

ire sn
- cos

ire sin cos mr

hence at these points the intensity is proportional to N 2
,
or in the pre-

sent case, to 36. Fig. 161 gives the graph ; it has principal maxima at

points given by e sin = n\, and
between every two principal maxima
four much smaller subsidiary maxi-
ma. In the general case N has a

large value, perhaps 14,000; be-

tween every two principal maxima
there are N - 2 subsidiary maxima,

FlG - 161<

but they occur so close together and owing to the large value of N 2

they are so faint in comparison with the principal maxima that they
cannot be observed. Only the principal maxima need to be con-

sidered
; they are the only maxima given by the elementary theory

on p. 175, and they are the images of the different orders met with
in the ordinary use of the grating.

To study the variation of the amplitude in the neighbourhood of a

maximum write 6 + dO for 0, where is given by e sin 6 = n\
; gives

the position of the maximum and dO the distance of the point in

question from the maximum. The amplitude then becomes

sin -^ sin (0 + dO) sin -r (sin + d6 cos 0}A A
or ,

sin ~ sin (0 + dO) sin ^ (sin + dO cos 0)

since dO is small. This is equal to

d$ cos e]
.

sin
(
NWTT -I

\ A

N7T6

sin ( mr + dO cos sin ~ dO cos $

Assume that the denominator is so small that the angle can be written

for the sine, and substitute w/sin 6 for e/X. Then the expression be-

comes
sin NWTT cot dO)

mr cot 8 dO
12
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But this js of the form
sin a

a-

and consequently has its first minimum at a =
TT, i.e. at Nw cot dO = I

or

^ =
NW COt 0'

This expression gives the angular distance from a principal maximum
to the first point of zero intensity on either side of it. The value ob-

tained for dO obviously justifies the assumptions made above, namely,
that dO is small and that the angle can be written for the sine in the

denominator of the expression for the amplitude.

Resolving Power of a Grating. If in a spectrum there are two
lines very close together and their

images partly superimpose, it is

assumed, and is on the whole borne

out by experience, that they can just
be recognised as separate when the

maximum of the one is on the first

minimum of the other. If they are

closer together than this they appear

^^^__^ to be one single line.

"FIG 16sT
^ ^ *s *^e wave-length of the one

line and A + d\ the wave-length of

the other, we have
wA = e sin 0, ndX. = e cos OdO t

and consequently the angular separation between the two lines is

given by dO = -
^ d\. But if this is the distance between the

e cos v

maximum of one line and its first minimum

dd _
*

Nw cot 0'

Hence, on equating,

nd\ 1 _ e sin 6

ecosO
~

Un cot Nw2 Nro
1

which gives -rr = Nw. This last expression is called the resolving

power of the grating ;
it is the wave-length at any point in the

spectrum divided by the least difference of wave-length that can be
detected there, and it 'is equal to the product of the order of the

spectrum and the total number of rulings in the grating.

Intensity of the Spectra. On p. 176 it was stated that the rays
from each ruling of the grating combined into a resultant ray with
the phase of the ray coming from C

x (fig. 160). The relative intensity
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of the spectra of the different orders depends on the variation of the

amplitude of this resultant ray with 0.

If the grating is an ideal one consisting of perfectly transparent
intervals of width/ separated by opaque strips, then the amplitude of
the resultant vibration from, one interval Is given by (cf. p. 172)

. iff sin
sin -^

r

TT/ sin 6

\

Hence when the vibrations from the N intervals are combined,
the complete expression for the resultant amplitude is (cf. p. 176)

. irf sin Nire sin
sm ^ sin -

sin . Tre sin

The variation of the second factor has already been discussed, and it

has been shown to have maxima of equal intensity in the directions

given by e sin = n\. If we substitute these values in the first factor,
it becomes

sm

f ^
If in succession 0, 1, 2, 3 are substituted for n in this factor, and the
result is squared, we obtain respectively the relative intensities of the

direct image and the images of the first, second, and third orders.

For n = the expression takes the value 1. If /= %e, the second
order spectra disappear.

If the grating has not the above ideal form, it is generally impossible to

put the first factor into analytic form. If, however, the rulings are

such that according to the elementary laws of reflection or refraction,

apart altogether from diffraction, most of the light leaves the grating
in one direction, then the spectrum formed in that direction is very

bright. It is then said to be predominant. It is, for example, possible
to have a grating in which half the incident light is concentrated in

one of the first order spectra.

The Concave Grating. Eowland made an important step forward

by ruling a grating on a spherical metal mirror, the projections on a

plane of the distances between the lines being equal. Such a grating
is mounted with its rulings parallel to the slit, and the spectrum is in

focus without the use of lenses.

In fig. 163 AB is the grating, of course very much exaggerated in

size. The radius of curvature of the grating is the diameter of the circle,

and the circle touches the surface of the grating at its mid point. S is

12*
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the slit. Let SA be a ray incident on the grating at A, let NA be the

normal at its point of incidence, and let AP be the ray diffracted from

the normal at an angle 6. Take any other point B on the grating and

join SB, NB and PB
;
then NB is the normal to the grating. Since AB is

small, B may be regarded as on the circumference of the circle. Then

^NBP = ^-NAP since they both stand on the same arc, that is ^-NBP

= 6. Thus no matter where B is, the rays diffracted at LQ pass

through P, and an image of the slit is formed there without the use

of lenses. The image is however an astigmatic one ;
a line at S at

right angles to the slit is not in focus at P.

There are two ways of using the concave grating. It may be

mounted in a dark room, the slit S illuminated through a hole in the

wall, photographic plates set up the whole way round the arc N P and

the entire spectrum photographed at one exposure. In some installa-

tions the radius of curvature of the grating is about 21 feet and the

arc on which the plates are supported is an iron girder measuring as

much as 29 feet round the curve. In this arrangement, when is

large, the rays fall on the photographic plate very obliquely.

FIG. 163.

In Rowland's arrangement only one portion of the spectrum is

photographed at a time. The grating G and photographic plate holder

P are mounted on an iron girder facing one another, their distance

apart being equal to the radius of curvature of the grating. The
iron girder is pivoted at its ends on two carriages which run on rails

SP and SG at right angles to one another. The slit is fixed at S and
is thus on the semicircle which has PG as diameter. The rays fall

on the photographic plate normally.

By moving PG along the rails different parts of the spectrum come

automatically into focus at P.

In Rowland's mounting the photographic plate remains fixed at N

in fig. 163 and the slit S moves along the arc between N and B.

Resolving Power of a Prism.

a plane wave through a prism,
the prism and FG a wave-front

Let fig. 165 represent the passage of

AC is a wave-front before reaching
after passing through the prism.
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Then since the optical distance between the wave-fronts measured
along any ray is the same we have

AB + BF = CD + pDE + EG .... (14)

Consider now light of a different wave-leagth, for which the index of

refraction is p + dp and draw through F

the wave-front, FH, for this wave-length.
Let it be inclined at a small angle dO to

FG.

The rays BF and EH are now no

longer at right angles to FH. Since,

however, dO is small, they differ in length
from the rays at right angles to FH only by small quantities of the

second order. We have therefore

AB + BF = CD + (p + dp) DE + EH,

which on subtraction from (14) gives

HG = dp DE, or ad6 =
tdp,

if we write a for FG, the width of the emergent beam, and t for DE, the

thickness of prism traversed. This last equation may be written

| =
J w>

Now consider the prism as a rectangular aperture. Each of the

wave-lengths then forms a diffraction pattern of the type shown in

fig. 156. If the two lines are to be resolved, the angle between them must

equal the angle between the central maximum and adjacent minimum
of either diffraction pattern. If we fix our attention on the first wave-

length and suppose it to be diffracted in all directions from BE, the

rays at right angles to FG are in the same phase on FG
; consequently

the principal maximum is formed in this direction. The rays at right

angles to FH are not in the same phase on FH, the difference in path
of the extreme rays being HG = adO. If this is to be the direction

of the first minimum, adO= X. On combining this result with (15)
we obtain

t _ A dp ,~ dp = -. or t j~ d\ = A..

a a a\

Hence the resolving power of the prism is given by

d\.
~

d\.'

When the prism is used to most advantage, DE touches its base and
the whole surface is filled with rays. The resolving power thus depends
only on the nature of the glass and the length'of the base. It is in-

dependent of the refracting angle of the prism and the lengths of the

sides.

The above treatment of tne resolving power of a prism is due to

Rayleigh.
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Resolving Power of a Telescope. As was mentioned on p. 84

when a telescope is focussed on a star, the image formed by the

object glass is not a point but a small disc surrounded by rings.

This is due to diffraction at the circular edge of the object glass. The

theory of the phenomenon is somewhat elaborate and was first given

by Airy, but its main features and rough numerical
^

results can easily

be obtained from elementary considerations. Airy's result is in the

form of a series which does not lend itself readily to calculation.

Let the lens in fig. 166 represent a telescope object glass which is

directed towards a star, and let the geometrical image of the star be

formed at S on the axis of the in-

strument. Let AB be a section of

the wave-front immediately after

passing through the lens. It is

then spherical and converging
towards S. Let it cut the axis in

C. Let F be the focal length of the

lens and let d be its diameter. Let P be a point in the focal plane
distant x from S. Consider the effect of the wave-front at P. ACB

may be regarded as a straight line, and

AP2 - BP2 = {(AC + #)
2 + SC2

}
-

{(BC
- xY + SC2

}

= 2#AB approximately.

Hence AP - BP =
BAP + BP

Xd= approximately.

If the wave-front were cylindrical instead of spherical, all the

secondary waves starting from AB would neutralise one another at P

if AP - BP were equal to wA, and the first diffraction minimum would
be given by

_ ^=

~d'

If we were to consider only the rays in the plane of the figure and
were then to rotate the figure about CS as axis, we would obtain a

bright central disc surrounded by dark and bright rings, the radius of

the first dark ring being given by the above formula.
The more accurate theory gives for the radius of the first dark

ring
1-22 FX

~J~'
and shows that 84 per cent of the total light of the image goes to

form the central disc.

The angle subtended at the centre of the object glass by the radius
of the first dark ring is l-22A/d in radian measure. It is found as a
result of experience, that two stars can be resolved when the centre
of the disc of the one falls on the first dark ring of the image of the
other. The above angle can therefore be taJtos^ais a measure of the
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resolving power of an object glass. Of course, if the surfaces of the

lens are not sufficiently accurate and the glass not sufficiently homo-

geneous, a blurred image is formed instead of an accurate diffraction

pattern and the resolving power is less. It depends then on the in-

accuracy of the workmanship and not on" 'the limits of the theory.

The Blue of the Sky. The blue colour of the sky is caused by dif-j
fraction. When a wave of light which is traversing space meets an obstacle

such as a small water particle or a dust particle or even an oxygen molecule,
the obstacle acts as a source and scatters some of the light. If the wave' '

passes through a cloud of such obstacles, its intensity is weakened owing to/
loss of light by scattering. The mathematical theory of the whole process i^

complicated and will be omitted here. The law according to which the

percentage of light scattered varies with the wave-length has, however, been
derived very simply by Rayleigh in the following manner :

Let a be the amplitude of the incident wave and let s be the amplitude
of the diffracted wave at a distance of r from the obstacle. Let v be the
volume of the obstacle. Then s is obviously proportional to a and inversely

proportional to r
; it is plausible to assume that it is also proportional to v,

since within limits a heavier obstacle will diffract more. We have therefore

_ kav
=

~r~'

where k is a constant. Now Ja is a ratio and its dimensions are zero
;
con-

sequently the dimensions of kv/r must be zero. The dimensions of v/r are

(length)
2

. Consequently the dimensions of k are (length)
~ 2

. The only

quantity having the dimensions of length involved in the problem and not

already considered is X, the wave-length. Hence k varies as X ~ 2
.

The percentage of light scattered is proportional to s
2

/
2 and thus to X ~ 4

.

This is almost 16 times as great for the violet end of the spectrum as for the )

red end. Consequently the blue contained in white light is scattered to a

much greater extent than the red . The sky appears blue at a distance from
the sun because the sun's rays are passing through it obliquely to our line of

vision and we see it only by scattered light. On the other hand the sun and

neighbouring sky appear red at sunrise and sunset because the rays coming
from them have traversed a great distance in the atmosphere and consequently
the blue has been diffracted to the side and lost.

The blue of the sky was imitated artificially by Tyndall. He caused

light from an arc lamp to pass through a tube containing a cloud of fine

particles formed by bringing nitrite of butyl vapour and hydrochloric acid

vapour together at a low pressure. The size of the particles slowly increased

with time. When the particles had the right size, they scattered the blue,
and the path of the beam had an azure colour when viewed from the side.

The light from flames is caused by solid incandescent carbon particles of

a size suitable for diffracting light and heat waves, and it has been found

experimentally that when such waves are transmitted through a flame the

quantity of energy lost varies as X - 4
.

The quantity of light scattered in any direction diminishes as the angle
between this direction and the direction of vibration in the incident wave
decreases. No light is scattered by the particle in a direction parallel to the

direction of vibration of the incident wave.
*

* The direction of vibration is here taken at right angles to the plane of

polarisation, cf. next chapter. If the incident light has all possible directions of

vibration, the light scattered in a particular direction at right angles to the
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The distinction between regular reflection and diffraction by small

particles is, that when a wave falls on a regularly reflecting surface all the

secondary waves sent out by the particles on it reinforce one another and

together form the regularly reflected wave. But when the wave falls on a

small particle, only one secondary wave is sent out.

The halos sometimes seen surrounding the sun and moon are due to

diffraction caused by small drops of water in the atmosphere.

EXAMPLES.

(1) A plane wave is passing the straight edge of a screen, the screen

being at right angles to the direction of propagation of the wave. A point
P is taken at a distance p from the wave-front. O, the pole of P, is distant

d from the edge of the screen. Find the area of the nth zone supposing it to

be cut by the edge of the screen. Ifp is 100 cms. find how large d must be in

order that the area of successive zones may diminish by less than 1 per cent.

(2) A spherical wave of radius a has diverged from a point Q. The wave
front is divided into zones with respect to a point P distant a + b from Q.

Show that the area of the zones is given by
ir\ab

a + b

(3) A plane wave of sodium light passes perpendicularly through a
circular aperture of 1 cm. diameter. Calculate the intensity and position of
the diffraction bands produced in the focal plane of a microscope at a distance
of 700 cms. from the aperture. (Use the graphical method suggested on p. 159.
Draw the zones, move a circle representing the rim of the aperture across

them, and estimate whether the area of the positive or of the negative zones

predominates for each position of the circle. The amplitude may be taken as

proportional to the difference in area of the positive and negative zones.)
(4) Prove that

(Integrate by parts. )

(5) If a system of vibrations differing in amplitude and period is super-
imposed, show that the resultant displacement is periodic and that its period
is the least common multiple of the periods of the different vibrations.

(6) Observe the bands produced by diffraction at a narrow slit using the
arrangement described on p. 173. Measure their angular separation and
compare it with the theoretical value. (A sodium flame will probably not be
bright enough ; use an incandescent mantle with a sheet of red glass in front
of it.)

(7) A very large opaque screen contains a small rectangular opening.
Parallel monochromatic light, incident normally on the screen, passes
through the aperture. Investigate the diffraction phenomena produced.

(8) The slit of a spectrometer is illuminated with sodium light and a
transmission diffraction grating placed upon the prism table with its surface

direction of incidence always vibrates at right angles to the plane containing the
direction of incidence and direction of scattering. Hence the light received from
the sky is polarised.
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at right angles to the axis of the collimator. The distance between two

adjacent rulings is e. The angle between the direct image and the first

image is e. The slit is then narrowed and the D lines seen separate. Their

angular separation is measured and found to be dd in radian measure. Show
that their difference of wave-length is given by e cos 6 do.

(9) The slit of a spectrometer is illuminated with sodium light and a

transmission grating placed somewhat inaccurately upon the prism table, so

that the normal to its surface makes a small angle < with the axis of the

collimator. The angular separation between the direct image and the first

image is found in the usual way to be 9. Show that

X = e sin e<(l
- cos 0),

the sign changing with the side on which the first image is taken. Hence
show that if the determination is made first from the image on the one side

and then from the image on the other, and if the mean of the two results is

then taken, the error due to the inaccurate setting cuts out.

Verify the formula experimentally.

(10) Mount a Thorp diffraction grating on a spectrometer table and move
a piece of cardboard across the front of its surface until the D lines are just
seen separate (a) in the first order spectrum, (6) iii the second order

spectrum. Calculate the theoretical resolving power in each case from the

fraction of the grating covered, and see how it compares with the experimental
value.

(11) Repeat the previous exercise with a prism instead of a grating.

(12) Sometimes, in order that the spectrum may undergo no deviation,

a replica of a grating is mounted on the face of a glass prism with its rulings

parallel to the refracting edge. Show how to calculate the angle of the prism
in order that any particular line in the spectrum may be undeviated. As-

sume that the grating is on the second face of the prism and that the light
falls on the first face normally.

(13) The index of refraction of a certain glass is given by

Pc
= 1-6545, /iD

= 1-6585, pE = 1-6635.

The wave-lengths of the C and E lines in the solar spectrum are respectively
6563 and 5270 10 ~ 8 cms. Calculate the length of the base of a 60 prism
made of this glass, which is just capable of resolving the D lines. The wave-

lengths of the D lines are 5890 and 5896 10 - 8 cms.

(14) A 60 prism is to be made of theoretical resolving power just

sufficient to separate the D lines. Calculate the length of its base provided
that the refracting material is to be (a) crown glass, (b) flint glass, (c) carbon

bisulphide.



CHAPTEK XL

POLARISATION AND DOUBLE REFRACTION.

IN 1669 Erasmus Bartholinus discovered, that when a ray of light

is refracted by a crystal of calcite it forms two refracted rays. To
this phenomenon the name of double refraction has been given. It

is exhibited by many other substances besides calcite, but histori-

cally calcite was the point of departure of the development of the

whole subject, and in calcite double refraction is very marked and easy
to study experimentally. We shall commence therefore by describing
the phenomena shown by calcite.

Calcite or Iceland spar is crystallised calcium carbonate and was
at one time found in great quantities in Iceland in very large crystals
of watery clearness. It cleaves very perfectly along three directions

forming parallelipipeds, as they would be termed in geometry, with

their faces parallel to the planes of cleavage ;
these parallelipipeds are

in this connection always called rhombohedra or rhombs. The

angles of the parallelograms forming the sides of the rhombs are 102

and 78, more accurately 101 53' and 78 7'. At two opposite corners

of the rhomb three angles of 102 meet
;

at the other corners one

angle of 102 and two angles of 78 meet. The relative lengths of the

edges of the rhomb are immaterial and may have any values. The

optic axis is a direction in the crystal parallel to the straight line

through a blunt corner of the rhomb, which makes equal angles with

the three edges meeting there. Thus an optic axis can be drawn

through every point in the crystal. A principal section is a plane
through the optic axis perpendicular to two opposite faces of the

rhomb. A rhomb has thus three principal sections through every

point. If two opposite faces have equal sides, the principal section

at right angles to these faces is parallel to the short diagonals of these

faces. The above relations and definitions cannot be made clear by a

diagram on the flat ; consequently every student should make a model
of a rhomb for himself, either in cardboard or wood orjsoajL.,

If we have an illuminated distant aperture and we look at it

through a calcite rhomb, keeping the faces that we look through at

right angles to the direction of the aperture, we see two images of the

aperture. The line joining them is in a principal section of the rhomb.

Fig. 167 represents the face of the rhomb next the eye ;
for the sake of

simplicity it is drawn with equal sides. O and E are the two images ;

186
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they are shown in the shorter diagonal of the face, though it is only
necessary that the line joining them should be parallel to the latter.

If the rhomb is rotated round the direction of the distant aperture as

axis, the image O remains stationary and the image E moves round it

in a circle keeping always in the shorterDiagonal of the end face.

FIG. 167. FIG. 168.

Let us consider this from another standpoint. Let ABCD be a
section of the rhomb by the principal plane in which O and E lie. The
distant aperture is in the same plane. Let JK be the pencil of rays
from it incident normally on AD at K. The rays KP forming the image O
are not displaced by their passage through the rhomb, since that image
is stationary when the figure is rotated round J P as axis. The rays
forming the image E must follow the path KLN, since that image
moves in a circle round J P when the figure is rotated round J P as axis.

LN is, of course, parallel to MP.
The ray KM that obeys the ordinary laws of refraction is called

the ordinary ray and the image it forms the ordinary image ; the ray
KL is called the extraordinary ray and the image it forms the extra-

ordinary image.

Suppose now, that instead of one rhomb the distant aperture is

regarded through two rhombs the surfaces of which are parallel, as is

represented in fig. 169. Then the ordinary ray traverses the second

FIG. 169. FIG. 170.

rhornb undeviated, but the path of the extraordinary ray inside the second

rhomb is parallel to its path inside the first, so that, if the rhombs are

equally thick, as we shall suppose for the sake of simplicity, after

passing through the second rhomb the displacement between the rays
has been doubled. Fig. 170 represents this result diagrammatically ;

it shows the end sections of the two rhombs parallel and OE, the

distance between the images, twice as great as in fig. 167,
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If, now, the first rhomb is kept fixed but the rhomb nearer the

eye rotated through a small angle about the undeviated ray as axis,

instead of two images we obtain four (fig. 171). The image O remains

undeviated, the image E moves to the side, O and E both become

slightly fainter, and between O and E appear two faint new images O
l

FIG. 171. FIG. 172.

and Ej. OO
1
EE

1
forms a parallelogram, the sides of which remain

parallel to the principal sections of the two rhombs.
In fig. 172 the second rhomb has been rotated round so that its

principal plane makes 45 with the principal plane of the first. The
four images are now equally bright. If the rotation is continued

FIG. 173. FIG. 174.

further, O and E decrease in intensity and O
l
and E

1
increase in in-

tensity, until finally at 90 (fig. 173) O and E disappear altogether.
After passing through 90 O and E reappear and increase in intensity

while O
1
and E

1 begin to decrease in intensity. Fig. 174 shows the

appearance at 135 when the four images
are once more equally bright. Fig. 175
shows the appearance at 180 ;

the two

principal sections are once more parallel,
the images O

l
and E

1
have disappeared and

the images O and E have once more at-

tained their initial intensities but are

superimposed. As the rotation is con-

tinued from 180 to 360 the same changes
are gone through in the reverse order.

From the displacements it is obvious that the ordinary image

FIG. 175.
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formed by the first rhomb has been decomposed by its passage through
the second into an ordinary O and an extraordinary E

lt
whilst the

extraordinary image formed by the first rhomb has been decomposed
by its passage through the second into, -an ordinary O

l
and an extra-

ordinary E. The question now arises as to what causes the variation
in intensity.

Hitherto in the chapters on interference and diffraction it has
been necessary to assume only that light was propagated by wave-
motion without specifying the direction of the vibrations. Huygens
and Young thought that they were longitudinal, that they took place
in the direction in which the wave travelled. Fresnel first showed
that they were transverse and thus completely explained the variation

of intensity in the experiment with the two rhombs.
Let us assume that the ordinary ray emerging from the first calcite

rhomb consists of rectilinear vibrations parallel to the longer diagonal
of the end face, that the extraordinary ray consists of rectilinear

vibrations parallel to the shorter diagonal, and that these vibrations

are of equal intensity. Then their amplitudes may be represented by
two equal straight lines, PO and PE, of length a at right angles to one
another. Suppose now that the principal plane of the second rhomb
makes L.Q with the principal plane of the first. The vibration PO

decomposes into one PN of amplitude a cos 6 at right angles to the

principal plane of the second rhomb and one
NO of amplitude a sin parallel to this direc-

tion. It is these vibrations that give respec-

tively the images O and Er The vibration

PE decomposes into one PlVf parallel to the

principal plane of the second rhomb, of

amplitude a cos 6 and one ME perpendicular
to it, of amplitude a sin 0. These vibrations

give respectively the images E and Or Thus
the intensities of O and E are each 2 cos2

0,

and so these images vanish when the rhombs
are crossed, i.e. when = 90, while the in-

tensities of Oj and E, are each a2 sin2
0, and

consequently these images vanish when the rhombs are parallel. The
variation of the intensities in the intermediate positions also agrees
with the above formulae.

It is obvious, however, that we could have the same agreement by

making the opposite assumption, namely, that the ordinary ray vibrated

in the principal plane and the extraordinary ray vibrated at right

angles to the principal plane. The one explanation has no advantage
over the other. We therefore include them both in the statement,
that the ordinary ray is plane polarised in the principal plane and that

the extraordinary ray is plane polarised at right angles to the principal

plane. This leaves the question open as to which of the two planes
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the vibrations take place in respectively. Over this point there was a

long difference of opinion.
In the expression taken to represent a light wave on p. 131 the

direction of
rj
was left undefined. If we take it at right angles to the

axis, the expression represents a plane polarised wave.

The experiment with the two rhombs may be regarded then as

proof that the ordinary and extraordinary rays vibrate in directions at

right angles to one another and to the direction of propagation of the

ray. This conclusion was very thoroughly tested and verified by
Fresnel and Arago in a celebrated series of experiments on inter-

ference. They found that :

(1) Two rays of light polarised at right angles do not interfere

under the same conditions as two rays of ordinary light.

(2) Two rays of light polarised in the same plane interfere like two

rays of ordinary light.

(3) Two rays polarised at right angles may be brought to the same

plane of polarisation without thereby acquiring the property of being
able to interfere with each other.

(4) Two rays polarised at right angles and afterwards brought to

the same plane of polarisation interfere like ordinary light if they

originally belonged to the same beam of polarised light.

Natural Light. The question arises now as to the constitution

of unpolarised natural light, that is, of the light before it falls on the

calcite rhomb. The fact that the ordinary and extraordinary images
formed by a calcite rhomb are always equally bright, shows that the

incident light possesses no one-sidedness. It is simplest, therefore, to

regard it as consisting of plane polarised light, the direction of the

plane of polarisation of which undergoes sudden and irregular changes.
If these changes occurred seldom, once every five or ten seconds or

thereabouts, and we watched the two images formed by the rhomb,
their intensities would be unequal, that one being brighter the plane
of polarisation of which formed the smaller angle with the plane of

polarisation of the incident light. Also, whenever the direction of

the plane of polarisation of the incident light changed, the relative

intensity of the two images would change. If, however, the changes
take place too frequently for the eye to follow them, and if in the

course of ^ second the direction of the plane of polarisation of the

incident light undergoes so many random changes, that on the aver-

age it has every possible direction for the same interval of time, then
the eye can detect no difference in the intensities of the ordinary and

extraordinary images. Such, therefore, must be the nature of un-

polarised light.

Means of Producing Plane Polarised Light. The separation of

the ordinary and extraordinary beams is much greater for Iceland

spar than for most crystals, and an Iceland spar rhomb may be used
as a means of producing plane polarised light simply by placing a
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screen to absorb the one beam on its emergence from the prism.
This method is not practicable unless the rhomb is a large one and
the beam a narrow one.

In certain kinds of tourmaline, a double refracting crystal which
occurs in many different colours, the ordinary ray is so strongly ab-
sorbed that plates cut parallel to the axis practically transmit no light

except the extraordinary. Such plates can therefore be used as a
means of producing plane polarised light.

In 1808 Malus discovered, that when light is reflected at a parti-
cular angle from the surface of glass, water, or other transparent sub-

stances, it is almost completely plane polarised in the plane of

incidence. This particular angle of incidence is called the polarising
angle. A few years later Brewster showed that the tangent of the

polarising angle was equal to the index of refraction of the medium in

question. This fact, Brewster 's law as it is called, leads to the result

that at the polarising angle the reflected and refracted rays are at

right angles to one another. For, let
</>

be the angle of incidence and
the angle of refraction

; then
sin <

But by Brewster's law
p,
= tan <

;
therefore

sin d>

^t = tan 4, sin 6 = cos
<f>,

and
(f> + 6 =

~, which gives the required result.

The polarisation of light reflected at the polarising angle is never

quite perfect, there being always some natural light mixed with it,

especially in the case of substances of high refractive index. This has
been shown to be due to the formation of a film of lower refractive

index on the surface, either by polishing or by weathering of the sur-

face or by dirt.

Let us now return to the propagation of light in calcite. Take

any plane through the axis and cut on the calcite a plane face at right

angles to it. We shall now extend the definition of principal section

to include such a plane through the axis perpendicular to any face cut

on the crystal ;
as previously defined it had to be perpendicular to a

cleavage face. Calcite is thus a crystal having an infinite number of

principal sections all intersecting in the optic axis.

If, now, a ray of light is incident in the principal section on any
plane face cut in a calcite crystal, and if the angle of incidence is

varied, it is found that the incident ray gives rise in general to two
refracted rays, and one of these, the ordinary ray, obeys the ordinary
laws of refraction. The ratio of the sine of the angle of incidence to

the sine of its angle of refraction has a constant value, />t ,
which in

the case of sodium light is equal to 1-6584. The other ray, the extra-

ordinary ray, lies in the principal section, but the ratio of the sine of
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the angle of incidence to the sine of its angle of refraction is not

constant.

If from a point C (fig. 177) within the crystal ordinary rays are

propagated in a principal section in all

directions the wave-front is a circle BB^
Huygens demonstrated experimentally
that, if from the same point extraordinary

rays are propagated in the same plane in

all directions, their velocity varies as the

radius-vector of an ellipse, being least and

equal to the velocity of the ordinary ray
in the direction of the axis and greatest
at right angles to this direction. The

extraordinary wave-front is consequently an ellipse touching the

circle in the optic axis BB
X
and having the radius of the circle as its

semi-axis minor. The ratio AC/CB =
/* //*e> where pe is a constant

which has the value 1-4864 for sodium light.

Fig. 177 holds for all planes through BB
l
since they are all prin-

cipal sections. If the figure is rotated about BB,, it gives a sphere
and an ellipsoid of rotation. Hence, if a light motion begins at any
point inside an Iceland spar crystal and advances unhindered in all

directions, the wave-front is a double surface consisting of a sphere
and an ellipsoid of rotation. The latter has the optic axis as minor
axis and as axis of rotation, and it touches the sphere at the ends of

its minor axis.

Let us consider the propagation of the extraordinary wave a little

more closely. Assume that it emanates from the point C but that
the source is active only for a very short interval. Then after a time

N the disturbance is confined be-

tween two concentric similar

ellipsoids. The solid figure
bounded by these ellipsoids is

E called an ellipsoidal shell.

The rays are in general not

perpendicular to the wave-
front

; only at the extremities

of the axes are the radius-

vectors of an ellipse perpen-
dicular to the curve. Let PN be
the normal at the point P, and
at this point let a screen with

A portion of the wave-front passes through
the aperture and is shown in successive positions at D and E. It is

moving away from the normal at P. The energy travels along the

ray and not along the normal to the wave-front.
Let A, B, and C be three points on a plane wave-front in a calcite

FIG. 178.

an aperture be placed.
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crystal. Then by Huygens' principle these points may be regarded
as secondary sources sending out ellipsoidal waves. The optic axis

through each point is at right angles to the dotted line. The envelope

a N E b c

m
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and CE to the points of contact are respectively the ordinary and extra-

ordinary refracted rays, that correspond to the incident ray through C.

In the case of the ordinary wave the sine of the angle of incidence

is to the sine of the angle of refraction as the velocity in air to the

velocity of the ordinary wave in the crystal. Similarly, if a normal
is drawn through C to the extraordinary wave-front, the sine of the

angle of incidence is to the sine of the angle of refraction of this normal
as the velocity in air is to the wave velocity in the crystal. But the

ratio of the sine of the angle of incidence to the sine of the angle of

refraction of the extraordinary ray is not the same as the ratio of the

velocity in air to the velocity of the refracted extraordinary ray. This

can easily be shown by drawing a straight line through E at right

angles to CE to meet CP in Q.

If the optic axis is not in the plane of incidence, that is, if the

latter is not a principal section, the tangent plane does not in general
touch the ellipsoid in the plane of incidence. The extraordinary re-

fracted ray is therefore not in the plane of incidence.

If the optic axis and incident ray are both perpendicular to the

surface, the ordinary and extraordinary rays have obviously the same
direction and velocity. In this case the light is propagated inside the

crystal as natural light. If a parallel-sided plate of calcite is cut

with its faces normal to the axis and a beam of light is incident on
it perpendicularly, then it goes through it as if it were a plate of

glass.

Optic Axis at Right Angles to the Plane of Incidence. If the optic
axis is at right angles to the plane of incidence (fig. 181) the latter is

a diametral plane of the ellipsoid and intersects it in a circle. Con-

sequently the extraordinary refracted ray lies in the plane of incidence,
is normal to its wave -front and behaves as if it had a constant index
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of refraction /*. The latter quantity is hence called the extraordinary

index of refraction of the crystal ; yu,
and ^e are called the two principal

indices of refraction.

Optic Axis in the Surface and Plane of Incidence. In this case

(fig. 182) the refracted rays are both in the plane of incidence. Since

FIG. 182.

the ellipse can be projected into the circle and at the same time the

tangent PE projects into the tangent PO, EO produced meets CP at right

angles in N and NE/NO =
\LO]^S . If and Oe are respectively the angles

of refraction of the ordinary and extraordinary rays, = ^-CON, Oe
=

^-CEN, and it follows that

tan(9 _ CN/NO _ Nji = ^
tan 6e

~
CN/NE

~~
NO

~
^

13*
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Experimental Determination of^ and /*. If a calcite prism is cut

either with the optic axis parallel to the refracting edge or with

the optic axis bisecting the refracting angle, then rays traversing
the prism at minimum deviation must be perpendicular to the

optic axis and consequently must be refracted like ordinary light

with indices of refraction fi and j*e . If such a prism is placed upon
the spectrometer table and the slit illuminated with monochromatic

light, two images of the slit are seen, and if each is adjusted in suc-

cession for minimum deviation and the calculation made exactly as in

the same way as for a glass prism, p and pe are obtained.

The Nicol Prism. The Nicol prism, called after its inventor, is the

most commonly used means of producing plane polarised light that

we have. It consists of a natural rhomb of Iceland spar, the edges
of the end faces of which are equal and one-third the length of the

other edges. It is sliced from the one blunt corner to the other in a plane

parallel to the long diagonal of the end faces ; the cut faces are polished
and re-united with a film of Canada balsam. Fig. 183 represents the

FIG. 183.

arrangement. The dotted line gives the optic axis. If a ray of light
is incident at A in the plane of the figure, it is decomposed into an

ordinary ray AO and an extraordinary ray AE. The mean refractive

index of the ordinary ray is T66 and the mean refractive index of

Canada balsam is T54. The rays are in general incident on the

film at such an angle that the ordinary ray is totally reflected to the

side and the extraordinary transmitted. The side of the rhomb is

blackened and the ordinary ray absorbed there. Consequently the
transmitted light is polarised in a plane at right angles to the principal
section of the rhomb.

The beam of light entering a nicol is usually convergent. Con-

sequently all the rays are not incident on the film at the same angle,
and if the angle of convergence is too great, some of the extraordinary
rays that should emerge near B are totally reflected and some ordinary
rays emerge near C. The greatest admissible angle between the

extreme rays of the incident beam, measured in air, is 24.
As the obliquity of the end faces causes a displacement of the

image when the nicol is rotated, it is now customary to cut the ends

perpendicular to the long sides. Other modifications have also been
made

;
for a description of these an article by S. P. Thompson

("Proceedings of the Optical Convention," 1905) should be consulted.
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Double Image Prisms. Fig. 184 represents a Rochon's prism
which consists of two equal prisms of calcite or other doubly refracting
substance, cut differently with respect to the axis. The incident ray
AB is normal to the surface. The optic axis in the first prism, as

shown in the figure, is parallel to the incident light ; consequently in

that prism both rays are transmitted with the same velocity. In the

second prism the optic axis, as shown in the figure, is at right angles
to the plane of the paper ; the ordinary ray is therefore transmitted

undeviated but the extraordinary ray is deflected to the side.

FIG. 184. FIG. 185.

In Wollaston's prism the optic axis of the first prism is in the

plane of incidence and perpendicular to the incident ray. Conse-

quently, although the ordinary and extraordinary rays have the same
direction in it, their velocities are different. In the second prism the

optic axis is perpendicular to the plane of the figure. On entering it

the ordinary ray becomes the extraordinary; and it is refracted in

the direction CD, while the extraordinary ray becomes the ordinary,
and it is refracted in the direction CE.

Other Uniaxal Crystals. Since Huygens' time it has been

shown for other crystals besides calcite that the wave surface con-

sists of a sphere and an ellipsoid of revolution touching the sphere
at the ends of its axis of revolution. In all these crystals, as in cal-

cite, there is only one direction without double refraction, and hence

they are said to be optically uniaxal crystals.

Optically uniaxal crystals are divided into two classes, those like

calcite, for which
//,

is greater than pe, and those like quartz, for

which /AO
is less than /*,. For the first class the ellipsoid is outside

the sphere and is an oblate spheroid ;
for the second the ellipsoid is

inside the sphere and is a prolate spheroid. The crystals of the first

class are said to be negative because, as may be seen by graphical

construction, in them the extraordinary ray makes a greater angle
with the axis than the ordinary ray does. It is thus "

repelled
"
by

the axis. The crystals of the second class are called positive because

in them the extraordinary ray is between the ordinary ray and the

axis; it is "attracted" by the axis.

In all optically uniaxal crystals the ordinary ray is polarised in

the principal section, and although the values of /x
and

^.
e vary

slightly with the wave-length, the direction of the optic axis is inde-

pendent of the wave-length.
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Let us assume that two nicols are placed one after the other on

the same axis and that a source of light is regarded through them.

Then its apparent intensity depends on the orientation of the prin-

cipal sections of the two nicols to one another.

Let OP (fig. 186) denote the principal section of the first nicol and

OA the principal section of the second nicol, and let

Z-AOP = 0. Let a be the amplitude of the light

after emerging from the first nicol. Then, if re-

flection and absorption losses in the second nicol

are disregarded, the amplitude after emerging from
the latter is a cos 6. If reflection and absorption
losses in the first nicol are disregarded, the ampli-
tude of the natural light incident on it may be

taken as a ^/2. Thus the intensity of the incident

beam is 2 2 and the intensity of the beam after
FIG. 186.

emerging from the second nicol is a2 cos2
0.

If the second nicol is rotated about its axis, that is, about the

direction of the source of light, the brightness of the latter becomes a

maximum twice in the course of a complete revolution when
or TT. The nicols are then said to be parallel. The field becomes

Q

wholly dark twice in a complete revolution, when = or -~ The

nicols are then said to be crossed.

If a glass plate is placed between the two nicols, the experiment
is not affected, but if a plate of a doubly refracting substance is inter-

posed, the image is in general not extinguished when the nicols are

crossed. Examination between crossed nicols is thus a means of de-

tecting the presence of double refraction. In this connection the

first nicol, the one whose principal section is denoted by OP, is called

the polarising nicol or polariser and the second the analysing nicol or

analyser.

Interference in Crystal Plates in Polarised Light. We shall now
consider the appearance in the field when a plate with plane parallel
faces cut from a uniaxal crystal is placed between the nicols. To

simplify the calculation the following assumptions are made :

(1) The light reflected at the surfaces of the plate and nicols is

disregarded.

(2) The ordinary and extraordinary rays have the same path in-

side the crystal although their velocities are different.

If LH represents the incident ray and HKT and HSV the ordinary
and extraordinary rays, after emerging from the plate the latter are

parallel and polarised in planes at right angles to one another. Ac-

cording to the second assumption KS is so small that we take S to

coincide with K.

Let
j
and v

2
be the velocities of the ordinary and extraordinary rays

in the crystal, let v be the velocity of light in air, and let d = HK = HS.



POLARISATION AND DOUBLE REFRACTION 199

Write w/Wj
= ^ and -v/v2

=
/x2 . Then the phase difference of the two

rays after passing through the plate is given by
~ 2?r /d d\ $7rd-U -

vj
- T ^ - ^ (16)

where A is the wave-length of the light in air.

Let the amplitude of the light before it falls on the plate be unity
and let OP be its plane of polarisation. Let OX and OY be respec-
tively the planes of polarisation of the ordinary and extraordinary

Y

a

FIG. 187. FIG. 188.

rays after emerging from the plate. Then their amplitudes are cos a

and sin a, if /-XOP be denoted by a. During their passage through
the plate they have acquired a relative phase difference 8. Let OA be
the plane of polarisation of the analysing nicol and let ^-XOA be de-

noted by ft. Only the components of the ordinary and extraordinary
rays that are polarised in the plane OA are transmitted by the second
nicol. They have amplitudes cos a cos ft and sin a sin ft and a

relative phase difference 8
; consequently they compound into a

single ray with the same period and an intensity I given by
I = cos2 a cos2

ft + sin2 a sin2 ft + 2 cos a sin a cos ft sin ft cos 8

=
(cos a cos ft + sin a sin ft)*

- 2 cos a sin a cos ft sin ft (1
- cos 8)

$

= cos2
(a

-
ft)

- sin 2a sin 2ft sin2 s .
'.-

... . . . (17)A

If the nicols are parallel, a = ft and

. . . (18)1 = 1- sin2 2a sin2

^ ,

If the nicols are crossed, a =
ft ~ and

A

I = sin2 2a sin2
. (19)

Thus the intensities in these two positions are complementary.
We shall now make applications of the above formulae, but it will

make things clearer if before doing so a piece of apparatus
*
commonly

used is described. It is represented in fig. 189, is more convenient

*
Usually known as Norremberg's apparatus.
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than two nicols and possesses the virtues of simplicity and cheapness,

though it is not the most refined piece of apparatus for investigating

doubly refracting substances in

polarised light. N is a nicol which
rotates about a vertical axis and the

position of which can be read on
a horizontal circle. A is an aperture
in a horizontal plate. P is a glass

plate that can be rotated about a

horizontal axis and the position of

which can be read on the circle C.

L is a lens which can be swung into

the position L' in the path of the

rays, and M is a piece of mirror

glass.
It is usual to describe the applica-

tion of the formulae (17), (18), and

(19) under two heads according as the

crystal plate is traversed by a parallel
or a convergent beam of light.

1^1
It has already been mentioned, that

plates of tourmaline cub parallel to the
FIG. 189. axjs absorb the ordinary ray so strongly

that only the extraordinary ray is transmitted . Hence two plates of tourmaline
held in wire supports and known as tourmaline tongs or forceps are often used
for observing the interference figures produced by crystals. The crystal is

placed between the tourmalines, both of which can be rotated separately, the

combination is held close to the eye and the observer looks through it at a

white cloud or other uniformly illuminated extended object.

Parallel Light. In this case the apparatus can be used in two

ways. Light is incident in the direction of the arrow either from a

sodium flame or from the sky. If a sodium flame is used, it is well to

put a ground glass plate in front of it, as the extent of the flame is not

usually great enough. The glass plate P is set in either of the two

positions shown at such an angle that the incident light is plane
polarised by reflection. If the glass plate is in the position shown

by the full lines, the light then falls on the mirror the lens is swung
out to the side is reflected there and passes up through the plate P

and the aperture A to the nicol and through it to the eye of the ob-

server. The crystal plate is placed on the mirror M and consequently
the rays traverse it twice, once on the downward and once on the

upward path.
If the glass plate is in the position shown by the dotted lines the

light after reflection passes directly through the aperture to the nicol.

In this case the crystal plate is placed over A and the light traverses
it once.

The glass plate P takes the place of the polarising nicol. After re-

flection from it the beam is plane polarised in the plane of the diagram.
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On entering the crystal the beam decomposes into two, plane polarised
at right angles to one another, which travel with different velocities.

Consequently after emerging from the crystal they have acquired a
relative phase difference, but as they are polarised in different planes
they are not in a condition to interfere until the analysing nicol brings
them into the same plane and makes interference possible.

The eye is focussed on the crystal plate itself, and as the pencils of

light coming from the different points on its surface are thin and the

plate subtends a small angle at the eye, the rays that reach the eye
practically all pass through the plate normally. Hence 8 is the same
for every point on its surface, and if the illumination is monochro-

matic, the plate appears of a uniform brightness. If the incident light
is white, owing to 8 varying with the wave-length the different com-

ponents of the white light are not all transmitted to the same extent,
and the plate appears coloured. The colour depends on the thickness
and is purest for the case of " crossed nicols ".

Quartz Wedge. The variation of the colour with the thickness
can be studied when a wedge is used instead of a plate. Quartz
wedges are commonly used for this purpose ; the angle between their

faces is very small, usually about f, and to prevent breaking they are

cemented to glass plates. Owing to the angle between the faces being
so small we can assume that it does not affect the directions of the

reflected or transmitted light appreciably but only the value of 8
;
the

latter increases from the thin end to the thick end of the wedge. The

wedge is cut with the optic axis parallel to its sides. ^ and
/x2

in

(16) then become the principal indices of refraction for quartz.
Their values for sodium light are 1*5442 for the ordinary ray and
1*5533 for the extraordinary ray ; the difference is '0091. It increases

slightly towards the violet, being '0094 for that end of the spectrum.
Let us suppose that the nicol is crossed and that the wedge is

set with its axis at 45 to its principal plane. Then sin2 2a =
1,

^
and the expression for the intensity becomes simply I = sin2 ^ and is

A

a maximum when 8 = (2w + l)?r, i.e. d = - -S&-,

_

if the variation of ^ with A is neglected. The different colours have
their maxima at different places and the wedge is crossed with coloured

bands parallel to its edge. If at the thin end d is less than ^A/*0091
where A. has its value for the violet, then the thin end is dark. It will

be remembered that when Newton's rings were seen in white light (p.

143) the maxima of the different colours were given by
2e =

(n + |)A
where e was the thickness of the air film. This equation is of the

same type as (20). Thus the sequence of the colours exhibited by
the quartz wedge is somewhat the same as that shown by Newton's
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rings. Hence if /^
- ^ is known, the thickness can be determined

from the colour, and, if the thickness is known, /*x
-

/x2
or the degree of

birefringence can be determined from the colour.

If the illumination is monochromatic, the wedge is simply crossed

by equally spaced bright and dark bands. If the analysing nicol is

turned through 90, the positions of the bright and dark bands are

interchanged. If the nicol is kept fixed and the wedge rotated through
one complete revolution, i.e. if we increase a and /? each 2?r, keeping
their difference constant, the bands disappear eight times in the re-

volution, i.e. whenever sin 2a or sin 2/3 becomes zero.

Convergent Light. To use the apparatus shown in fig. 189 with

convergent light the crystal plate is placed at A, the nicol pushed down
close to A and the glass plate turned into the dotted position to receive

light from the sky. The eye looks through N and the crystal at dif-

ferent points in the sky. It is focussed on the sky.
We shall suppose that the plate is cut at right angles to the optic

axis and that E
(fig. 190) represents the position of the eye. Then

FIG. 190. FIG. 191.

for the rays passing normally through the plate in the direction OMNE
8 = 0. For rays passing through the plate in the direction RQPE
8 is constant as long as ^-NEP is constant, because the velocities in the

crystal depend only on the inclination of the path to the optic axis.

8 increases with the inclination of the ray to the axis. Hence, as the
colour -depends on 8, the eye sees the direction EN surrounded by
coloured circles. The lines of an interference figure which exhibit the

same colour at all points are called isochromatic curves.
If the nicol is crossed, the intensity is zero when sin2 2a = 0.

Hence superimposed on this system of circles is a dark cross. The
arms of this cross are referred to as achromatic lines. If the nicol

is parallel we have, of course, the complementary figure and the
achromatic lines are displaced through 45. Fig. 191 shows the inter-

ference figure when the light is monochromatic.
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A crystal plate can also be examined in convergent light when
placed on the mirror M (fig. 189) if the lens is swung into the path of

the rays and focussed on M.

The apparatus represented in fig. 189 is, of course, suitable only
for large crystals. For small crystals a microscope must be used

;

for this purpose it is provided with a polarising nicol below the stage
and an analysing nicol either immediately above the objective or above
the eyepiece. Then, for examination in parallel light, the microscope
is focussed on the crystal. For examination in convergent light a

condensing lens has to be inserted in the opening in the stage directly
under the crystal and an auxiliary eyepiece has to be used. This
enables us to focus not on the crystal but on the interference figure,
which is formed in another plane.

EXAMPLES.

(1) It is found when sodium light is incident on the surface of a certain

glass plate at an angle of 58 18', that the reflected light is plane polarised.
What is the refractive index of the glass ?

(2) A 30 Iceland spar prism is cut with its axis parallel to the refracting

edge, and light from a sodium flame is incident normally on one of the faces.

Calculate the deviation for the ordinary and extraordinary rays.

(3) A 60 quartz prism is cut with its axis parallel to the refracting edge
and is placed on the table of a spectrometer. The slit is illuminated by a

sodium flame. What are the angles of minimum deviation for the ordinary
and extraordinary rays ?

(4) A ray of light is incident on the surface of an Iceland spar crystal at

an angle of 60 with the normal. The axis is in the surface and in the plane
of incidence. What are the angles of refraction of the ordinary and extra-

ordinary rays ?

(5) A quartz wedge, the angle of which is J, is cut with its optic axis

parallel to the edge. It is viewed with a Norremberg's apparatus in such a

way that the plane polarised light from a sodium flame passes perpen-

dicularly through the wedge, is reflected by a mirror, and then retraces its

path through the wedge to the analysing nicol. What is the distance be-

tween the interference bands ?

(6) A plate of Iceland spar 2 mm. thick is cut perpendicularly to the

axis. Calculate in angular measure the diameters of the first three rings seen

when a converging beam of plane polarised light is transmitted through it in

the direction of the axis and then analysed by a nicol.

(7) A plate of Iceland spar of thickness d is cut at right angles to the

optic axis. A mark is scratched on one face and the plate is then placed on

the stage of a microscope with this face down, and the microscope focussed

on the scratch. It is found that the latter can be seen sharply in two posi-

tions, which are apparently d and d e cms. respectively below the upper
surface of the plate. Show that /i

= d/d and pe
= d/Jdode, p.

and ne being
the two principal indices of refraction of Iceland spar. (Note that the radius

of curvature of the extraordinary wave-front is p?d\\i? where it meets the

upper surface of the plate.)



CHAPTER XII.

THE PROPAGATION OP LIGHT IN CRYSTALS.

IN the previous chapter only uniaxal crystals have been treated.

The manner of the propagation of light in optically biaxal crystals

can best be described with reference to a surface,
aV + bY + cV = V2

,

called the ellipsoid of elasticity. In the equation the coordinate axes

are taken in fixed directions in the crystal, a, b, and c are constants

depending on the nature of the crystal, and V is the velocity of light

in vacuo. The ellipsoid of elasticity was introduced by Fresnel on

theoretical considerations, but here it will be considered merely as

the simplest way of describing the facts. It has the following

property :

Take any plane through the centre of the ellipsoid. It intersects

the ellipsoid in an ellipse. Two waves are propagated in the crystal
in the direction at right angles to this plane. Their velocities are

numerically equal to V/rx
and V/r2 where r

x
and r

2
are the lengths of

the major and minor semi-axes of the ellipse. Also each wave is

plane polarised in the plane at right angles to the semi-axis that

specifies its velocity.
The two waves are thus plane polarised at right angles to one

another. Also the construction gives wave velocities, not ray velo-

cities. As the inclination of the plane of section alters, the lengths
of both axes of the ellipse vary. Thus neither of the two waves has

a constant velocity and neither obeys the ordinary laws of refraction.

The distinction between ordinary and extraordinary wave breaks

down
;
both waves are extraordinary. If Ox is the direction of wave

propagation, the equation to the ellipse of section is

bY + c2*2 = V2
,

TJ and r
2 equal V/6 and V/c, and the velocities of the two waves are

consequently b and c. Similarly c and a are the velocities of the two
waves propagated in the Oy direction and a and b the velocities of

the two waves propagated in the Oz direction. The ratios V/, V/6,
and V/c are called the principal refractive indices of the crystal.
When they and the directions for which they are determined are

known, the optical properties of the crystal are fully known. We
shall suppose in what follows that a > b > c.

204
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Optic Axis- The equation

represents a sphere of radius r. It is shown in text-books on solid

geometry that the equation

or

represents a cone through the origin and the curve of intersection of

the sphere and ellipsoid. If r = V/6 the cone reduces to two planes,

a?V - &2
)
= z2

(&
2 - c2

),

and these planes cut the ellipsoid in circles.

It follows that there are two directions for which both waves

have the same velocity, that velocity being equal to b. These direc-

tions are in the xz plane and equally inclined to Qz. They are called

the optic axes. In general there are two and hence the crystal is

said to be optically biaxal, but if we write a = 6 they both coincide

with Oz and the crystal becomes optically uniaxal. If the wave

normal is in an optic axis, the construction for the plane of polarisa-

tion becomes indeterminate and consequently the latter may have

any direction.

Dispersion of the Optic Axes. In most biaxal crystals the directions

of the optic axes vary with the wave-length. Thus in an extreme case,

brookite, the plane of the optic axes rotates through 90 in going from one

end of the visible spectrum to the other. When selenite is heated it be-

comes at first uniaxal, then on raising the temperature still higher it becomes

biaxal again but with the plane of the optic axes at right angles to its

original direction. The change is reversed on cooling, except when the

heating has been very prolonged when the reverse change stops at the um-

axal stage.

Presnel's Law for the Velocity. We shall now derive an equation

giving the velocity in any direction as a function of
(/, m, n) the direc-

tion cosines of that direction. -

The plane
Ix + my + nz =

cuts the cone

in two straight lines through the origin, and the distance from the

origin to the surface of the ellipsoid of elasticity measured along these

lines is r. If the two lines coincide, the plane touches the cone and

r becomes the length of a semi-axis of the ellipse in which the plane

intersects the ellipsoid of elasticity. The condition of tangency is

= 0.
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But if we write v for the velocity in the direction (/, m, ),
v = V/r.

Hence
Z
2 w2 n2

n /01 ,

-5-5 + 9
--

9 + ~9
--

9
=

. . . (21)
&2 _ VZ T J2 _ ^2

^
C2 _ ^2

This is the required equation. It is due to Fresnel. As was to be

expected, it is a quadratic for v2 .

The Wave-Surface. Let us suppose that a light disturbance

travels out in all directions from a point inside a biaxal crystal and
that it is required to find the shape of the

wave-surface. Take the point as origin
and let a great number of plane wave-
fronts travel through it in all possible
directions. Let FG, HK, and LM be the

traces after unit time of wave-fronts, the

directions of propagation of which make
small angles with one another. These

FIG. 192. wave-fronts all touch the wave-surface,
so the latter is the envelope of all the plane wave-fronts.

If we are given a family of surfaces represented by
flat, y, z, a, b)

= 0,

the ordinary method of finding its envelope is to form the two

equations

^ /(*, y, z> "> b)
=

0, ^ /(, y, z, a, b)
=

0, . (22)

and by their means eliminate a and b from the original equation for

the family of surfaces. Here the family of surfaces is

Ix + my + nz =
v, . . . . (23)

where v is a function of /, m, n given by (21). Only two of the

three variables /, m, n are independent, since, of course, they are con-

nected by the equation
p + m2 + W2 =

1} m m m m (24)

and it is shorter to proceed otherwise, by the method of undetermined

multipliers.
From (23), (24), and (21) we have

xdl + ydm + zdn = dv, . . . (25)
Idl + mdm + ndn = 0, . . . . (26)

Idl mdm ndn
and + ~ + ~2 = *vdv, . . (27)

K ~
(u

2 - a2
)
2

(v
2 - 62

)
2

(v*
- c2

)
2

'

The three equations (25), (26), and (27) are equivalent to the two

independent equations (22). Hence it is possible to find quantities,
such that when (26) and (27) are multiplied by them and added,
the coefficients in the resultant equation are equal to the coefficients in

(25). Let A and B be such quantities ; then
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(28)

1 = BKV . (29)

We have now to eliminate A and B. Multiply (28) by /, m, n respec-

tively, add, and we obtain by means of (23), (24) and (21),

v = A . . . . (30)

Squaring and adding the two sides of the different components of

(28) we have

the product term disappearing on account of (21). On combining

this with (29) and (30) we obtain

B = B2Kv =
(r

2 - V2
)v.

Substitution for A and B in (28) gives

_ vl
(
r* ~ a^
v2 - a2 '

x vl x - vl ^

or

vl +

and similarly

and

(31)

On multiplying these equations by a, y, z respectively and adding we

obtain the required equation of the wave-surface, namely

x2

+ y
1

+
z*

= i . . . (32)

It gives the position of the wave-surface after unit time.

Sections of the Wave-Surface by the Co-ordinate Planes. The

simplest way of getting an idea of the shape of the wave-surface is o

consider its sections by the three coordinate planes. If we get rid

of the denominator (32) becomes
"0,0 7 2 \ tHA *2\ _,. 2Ar2 _ c?\ (r2 - a2

} + z2 (r
2 - a2

) (r
2 -

b*)

The second factor simplifies to
- bc

0.
or

- .

Hence the ^s plane intersects the waye-surface in
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and P
a circle and an ellipse lying wholly inside it.

When y
= 0, (33) reduces to

= 0.

The second factor simplifies toA2 + *2c2 - 2c2 = 0.

Hence the zx plane intersects the wave-surface in

and
c2 + a2

~

a circle and an ellipse which intersect one another.

When z = 0, (33) reduces to

(r
2 - c2

) (x*(r*
- 62

) + /(r
2 - a2

)
--

(r
2 - 2

) (r
2 -

The second factor simplifies toA2 + y
2
b'
2 - 262 = 0.

Hence the xy plane intersects the wave-surface in

and p + r~2
= ^>

an ellipse with a circle inside it.

The sections are represented by the following diagrams (fig. 193).

FIG. 193.

The direction of polarisation can be obtained from the ellipsoid of

elasticity and is shown in the diagram, _L denoting that the light is

polarised at right angles to the plane of the figure, and = denoting
that it is polarised in the plane of the figure.

The wave-surface, then, consists of two sheets which meet in four

points F, G, J, and H and nowhere else. These points lie two and two
on straight lines through the origin called the axes of single ray
velocity. The axes of single ray velocity are quite distinct from the

optic axes.

When a wave is refracted at the surface of a biaxal crystal, the re-

fracted ray and wave-front can be obtained from the wave-surface by
Huygens' construction just as in the case of a uniaxal crystal. In
the case of a biaxal crystal, however, conditions are more complex ; in

general neither of the refracted rays is in the plane of incidence.
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Although the two waves belonging to the same normal are plane

polarised at right angles to one another, the two planes of polarisation

belonging to a given ray are not perpendicular to one another unless

the ray coincides with the wave normal.

Internal Conical Refraction. Let fig. 194 represent the section of

the wave-front by the zx plane. Then it is

obvious we can have a plane touching one

sheet of the surface at M and the other at N.

This plane is perpendicular to the radius

joining M to the origin, which is of course

equal to b. Since the tangent planes to the

two sheets perpendicular to this radius

coincide, it is the optic axis.

It can be shown that the common tangent

plane meets the surface not only in the two FlG> 194

points M and N but also in a circle of which

MN is a diameter. For from (31), multiplying the first equation by /

and the third by w, we have

Ix nz

If
(/, m, n) refer to the optic axis, /

2
/(

2 - ft
2
)
= w2

/(ft
2 - c2

),

and v = b.

Hence the right-hand side of the above equation

and Z*(r
2 - c2

) + nz(r*
- a2

)
= . . (34)

In this equation or, ?/,
z determine the point of contact of the ray with

the wave-front in the direction (/, m, n).
The equation to the tangent

plane at M is

Ix + nz = b . . . (35)

On combining (34) and (35) we obtain

b(x* + y
2 + z2

)
- lc*x - ntfz = 0, . (36)

the equation to a sphere passing through the origin.

The locus of the point of contact is therefore given by the inter-

section of (35) and (36), a sphere and plane, and must be a circle.

At the point F there is a little pit or depression m the surface ; the

tangent plane MN covers it over and touches the surface all round it

in a circle As the direction of the ray is given by the point of con-

tact of the tangent plane, it follows that in this case there is an infinite

number of rays joining the origin to the circle and lying on the sur-

faC

This
a

resui

e

t was derived theoretically by Sir William Hamilton and

was verified experimentally at his request by Dr. Lloyd. **<*
arragonite with its faces cut perpendicular

to the bisector of the angle

between the optic axes was used, that is, a plate with its faces parallel

14
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to the xii coordinate plane. For this crystal the vertical angle of the

cone is comparatively large. A thin
F

pencil of light SO was incident on the

plate through a small hole in a screen

at O. The emergent rays were received

on a screen EF at the other side. The

angle of incidence of SO was varied

very slowly until the refracted wave
normal coincided with the optic axis

;

then the two images on the screen EF

extended into a luminous ring of light.

S
' The rays traversed the plate as a cone

FIG. 195. ari (} on emerging formed a hollow

cylinder, the sides of which were parallel to SO.

External Conical Refraction. An infinite number of tangent

planes can be drawn to the wave-surface at the vertex of the conical

depression where the two sheets meet. These tangent planes envelop
a cone. If a ray traverses a crystal plate in the axis of single ray
velocity, to that ray there corresponds an infinite number of wave
normals, all lying on a cone. When the ray reaches the surface of

the plate, the direction of the emergent ray depends on the wave
normal

; consequently the single ray gives rise to an infinite number
of emergent rays, which all lie on the surface of a cone.

This phenomenon, which is known as external conical refraction,
was also predicted by Sir William Hamilton and verified experiment-
ally by Dr. Lloyd. A plate of arragonite was used, and on each face a

plate of metal with a very fine hole was placed. The plates were ad-

justed so that the line OP
(fig. 196) joining the

holes coincided with the axis of single ray
velocity. Then, when light was incident on
the one hole in a suitable direction and the
observer looked into the other, a bright ring
of light was seen. As the emergent rays are

parallel to the incident rays, to obtain the full

emergent cone the incident pencil must also

be conical and have at least as great a vertical

angle as the emergent cone.
'

Of course it is

FIG 196
D0t necessary f r i* to be a hollow cone ; the
other rays do not travel along the axis of

single ray velocity and are consequently stopped by the plate on the
other face.

Interference Phenomena in Biaxal Crystals. Figs. 197 and 198
represent interference phenomena produced in convergent mono-
chromatic light by a biaxal crystal plate which has its faces cut
perpendicular to the bisector of the angle between the optic axes.
.Both ngs. are for the case of crossed nicols

; in
fig. 197 the plane of
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the axes is parallel to the principal plane of one of the nicols, and in

fig. 198 it makes an angle of 45 with the principal planes of the
nicols.

FIG. 197. FIG. 198.

Many crystalline bodies, including rock salt (NaCl) and sylvin (KC1),
are optically isotropic and behave in exactly the same way as glass as re-

gards the propagation of light through them.

EXAMPLES.

(1) Mica is a biaxal crystal which cleaves naturally in planes perpendicular
to the bisector of the angle between the optic axes. Its principal indices of

refraction for sodium light are 1-5601, T5936, and T5977. Calculate the

angle which each optic axis makes with the normal to the plane of cleavage.
(The principal indices of refraction of mica vary considerably from specimen
to specimen ;

some samples are almost uniaxal.)

(2) Calculate the velocities of sodium light in mica in a direction per-

pendicular to the cleavage planes. Hence calculate the thickness of a

quarter-wave plate and of a half-wave plate made from mica. (A quarter-
wave plate is one, in passing through which the faster ray gains one-quarter

period on the slower ray ;
a half-wave plate is one^ in passing through which

the faster ray gains one-half period on the slower ray.)

(3) Selenite (CaSO4 + 2H2O) is a biaxal crystal which cleaves parallel to

the plane containing its optic axes. How thick should a quarter-wave plate
of selenite be, if its faces are cleavage planes ? It is to be constructed for

sodium light, and the principal refractive indices of selenite for sodium light

are 1-530, 1*523, and 1 "521.

(4) A mica plate has its surfaces parallel to the cleavage planes. It is

introduced into the path of a beam of convergent light between crossed

nicols and gives interference figures similar to those shown in fig. 197. The

plate is adjusted until one of the "
eyes," i.e. the direction of one of the axes,

appears in the centre of the field. It is then rotated through an angle 20 and
the other "

eye
"
brought into the centre of the field. This angle 20 is called

the apparent angle between the optic axes. How is it related to the true

angle which has to be calculated in ex. 1 ? (Hint : correct for refraction.)

14*



CHAPTEE XIII.

OPTICAL ROTATION AND THE ANALYSIS OF POLARISED LIGHT.

SUPPOSE that two nicols, a polariser and an analyser, are mounted
so as to rotate about the same axis, and that a tube filled with water

and with plane glass ends is placed between them, so that the rays
from the polariser pass down it before entering the analyser. Then
when the two nicols are crossed, the field is dark. If, however, some

sugar is dissolved in the water, as it goes into solution, the field be-

comes light, but extinction can always be restored by rotating the

analyser through a definite angle. The sugar solution thus rotates

the plane of polarisation of the incident light. If the strength of the

solution is constant, the angle of rotation is proportional to the length
of the tube. For a given length of tube the rotation is proportional
to the strength of the solution measured in grams of dissolved sub-

stance per c.c. of solution. The rotation varies with the wave-length,

being roughly proportional to the inverse square of the latter. It

also varies with the temperature.
Substances which rotate the plane of polarisation as a sugar

solution does are said to be optically active. They are divided into

two classes according to the direction of the rotation. If to an

observer looking towards the source the plane of polarisation is

rotated in the direction in which the hands of a clock revolve, the

rotation is said to be positive or right-handed or dextrogyric, if in

the other direction the rotation is said to be negative or left-handed

or laevogyric. ,

The optical activity of a substance is defined by its specific
rotation which is usually written [a] t ,

the temperature in degrees

centigrade being substituted for the suffix t. The specific rotation is

the rotation per decimetre of solution divided by the grams of active

substance per cubic centimetre of solution. Thus, if 3 gms. of sugar
are dissolved in water and the volume of the solution is 80 c.c., if

the solution is poured into a tube 22 cm. long and the plane of polar-
isation of a beam of a sodium light that passes down the tube is

rotated through 5 '5, the specific rotation is given by
5-5 x 80

a =
2-2 x 3

67 '

The molecular rotation is the specific rotation multiplied by the mole"
212
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cular weight of the dissolved substance, a varies with the wave-length,
with the nature of the solvent, and with the concentration of the
solution. 4,

The optical activity of liquids was observed first by Biot for sugar
solutions in 1815. It was found by Arago in 1811 that quartz rotates

the plane of polarisation of a beam traversing it in the direction of

the optical axis, and the same fact was afterwards observed for many
other crystals. In the case of quartz the rotation is simply given in

degrees per mm. of thickness ; the value for sodium light and 20 C. is

21-72 per mm. For some specimens of quartz the rotation is right-
handed and for others it is left-handed, but the numerical value is

always the same.
Fused quartz is inactive, i.e. does not rotate the plane of polarisation

at all, so the rotation is due to the crystalline structure, to the arrange-
ment of the molecules with reference to one another. We are

accustomed to think of liquids as perfectly isotropic and to assume
that in their case the molecules move freely past one another. Hence
in liquids the cause of the optical activity must lie in the structure of

the molecules themselves. This view has received a great development
on the chemical side. The liquids and dissolved solids, which are

optically active, possess in almost every case an asymmetric atom of

carbon, tin, sulphur, or nitrogen, and to each of them there corresponds
a twin substance, which rotates the plane of polarisation through the

same angle in the opposite direction. The carbon atom is said to be

asymmetric if the four radicals attached to it are all different. If we

FIG. 199. FIG. 200.

represent the molecule in space by attaching the radicals
, b, c, and d

at the corners of a tetrahedron, then we have the two possible

arrangements shown in figs. 199 and 200. In these figures the corner

d is supposed to be in each case above the plane of the paper. It

will be found by trial that any other arrangement can be made to

coincide with one of the above merely by turning the tetrahedron

round. These two arrangements cannot, however, be made to coincide

with each other, for if c and d in the first figure coincide with c and d

in the second, a of the first falls on b of the second. The one arrange-

ment is the mirror image of the other, the position of the mirror being

shown by the dotted line. The rotation is supposed to be due to the
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fact that the molecule has this asymmetric shape, the one figure giving
the dextro compound and the other the laevo compound, but, though
this idea has been of great help in elucidating chemical structure, it

has not yet been possible to explain why or how the asymmetric shape
affects the light wave in this way. The two compounds represented
in figs. 199 and 200 are said to be optical isomers.

Saccharimetry. The rotation of the plane of polarisation is used
in commerce and also in medicine as a means of estimating the

quantity of sugar in a liquid. The molecular rotation of a substance
is also very important theoretically. Consequently a number of in-

struments have been designed for measuring optical rotation. Such
instruments are called saccharimeters or polarimeters.

The simplest form of saccharimeter, that used by Mitscherlich,
consists only of two nicols, a polariser and an analyser, which rotate

about the same axis, and a tube between for holding the liquid. The

analyser is set at extinction, first when the tube is empty and then
when it is filled with the liquid. The difference between the two

positions gives the required angle but only to a multiple of TT. For

example, if the analyser had to make a right-handed rotation of 6 in

order to restore extinction, then the actual rotation may be IT + or,
if it is a left-handed one, IT - 6. The correct sign and multiple of TT,

if any, can be found from the fact, that if the tube is half the length
or the solution half as strong the value of the rotation diminishes by
half. Also, if instead of sodium light red light is used, the rotation

usually diminishes in the ratio of about five to four. A suitable red

light for a rough test of this kind may be obtained by putting a piece
of red glass in front of a white flame.

A simple saccharimeter of this type is, however, very inaccurate
on account of the difficulty of setting the analyser at extinction. The
field appears perfectly dark not for a single position but for a region.
The usual way of working is to rotate the analyser slowly through
this region until the field begins to be bright again, then to turn it

back to equal brightness on the first side, and finally to rotate it half

way into the region, the angle being estimated with the fingers. The
reading is then taken. But this method is inaccurate at its best.

Modern instruments are constructed on what is known as the
" half shadow "

principle. Fig. 201 represents the optical system of one
of the most usual types, one fitted with a Lippich two-prism polariser.

FIG. 201.

The Lippich polariser consists of the two nicols, P and Q, and an
aperture B. A is an analyser which is placed behind an aperture C.
The analyser of course rotates about the axis of the instrument and
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its position can be read on a divided circle. T is a small astronomical
telescope which is focussed on the edge of Q. The tube to be
examined is placed between B and C. p is an aperture for admitting
the light and L is a convex lens. The^sodium flame used as source
is placed at such a distance from D, that, when the tube is in, its

image falls on the aperture C.

On looking into the telescope we see the field divided into two
halves of unequal brightness separated by a very sharp line (fig. 202).
The sharp line is the image of the edge of the prism Q ; the one half
of the field is illuminated by light which passes through both the

prisms P and Q, the other half by light which passes through the

prism P alone. The principal planes of P and Q are inclined at a small

angle 8 to one another ; they are represented by the
arrows p and

</.
If the principal plane of the analyser

is at right angles to
/?,

one half of the field is black, if at

right angles to q the other half is extinguished, and, if

we turn the analyser from one of these positions to the

other, the intensity of the one half of the field rapidly
increases from zero and of the other half of the field

rapidly decreases to zero. Consequently for an inter-

mediate position the two halves are equally bright.
This is the position that we set on. For it the principal

FlG -

plane of the analyser has the direction given by the dotted line.

The smaller the angle 8, the greater is the change in the relative

intensity of the two hjalves of the field produced by a definite small

rotation of the analyser. If, however, 8 is very small, the illumination

of the field becomes too faint. There is consequently a definite value

of 8 for which the accuracy of the setting is a maximum. This value

depends on the brightness of the light source and the transparency of

the solution, and consequently it is an advantage to be able to adjust

8, so as to get maximum sensitiveness for any given conditions.

In addition to the two-prism polariser Lippich invented a three-

prism polariser, in which there are two little nicols set in front of a

larger one with their principal planes parallel, and which divides the

field into three parts (fig. 203), the centre being illuminated by light
that passes through the large nicol and each side by
light that passes through the large nicol and one of

the small ones. The two sides have the same bright-
ness. This arrangement is used for the most accurate

work. With the ordinary half-shadow arrangement,
if the eye gets off the axis of the instrument, the halves

may match at the wrong angle. This error is impos-
sible with the three-prism polariser, for, if the eye moves to one side

and that side appears too bright, the other side appears too weak.

Besides the Lippich two-prism polariser there are other older

methods of producing a half-shadow field, for example, the Laurent

plate and the biquartz. The Laurent plate can be used only for one

special wave-length. It cqnsists of a quartz plate cut with the axis
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in the surface parallel to one edge and of such a thickness that the

ordinary wave gains A/2 on the extraordinary wave in passing through it.

It is placed immediately after the polarising nicol and covers half the

field. The other half of the field is covered by a glass plate that trans-

mits the same amount of light as the quartz. Let the axis of the

quartz make an angle < with the principal plane of the polarising nicol.

Then if OB gives the direction of the axis of the plate
and if OP represents the incident vibration, on entering
the plate the latter decomposes into OA and OB.

These two components suffer a relative phase differ-

ence A/2 in passing through the plate ; hence after

emerging, if the one component is represented by OB
the other must be represented by OA' and the resultant

by OP'. The insertion of the plate has therefore

rotated the plane of polarisation of the light that

FIG. 204 Passes through iis bY 2<-

A plate cut from a uniaxal crystal with its faces

parallel to the axis and producing a phase difference of half a wave-

length between the two rays, as the quartz plate does in Laurent's

arrangement, is called a half-wave plate.
The biquartz is placed immediately after the polariser. It consists

of two semicircular pieces of quartz cut with their surfaces perpen-
dicular to the axis, about 3'75 mm. thick, the one piece being right-
handed and the other left-handed. They are cemented together

along the diameter. If sodium light is used, each half of the field

is rotated through about 80, so that they are inclined at 20 to one
another. The analyser is adjusted to make both halves of the field

equally bright. If the rotation to be measured is small, the biquartz can
also be used with white light, for then for each constituent colour both
halves are matched at the one position of the analyser. In this

case, when the analyser is turned through the correct position, the
colour of one half of the field changes suddenly from blue through a

greyish-violet called the sensitive tint to pink, and of the other half

from pink through greyish-violet to blue, and so the setting can be made
with considerable accuracy. When the setting is made, the colour
for which the rotation is

901-24
3-75

4
'

i.e. for which A is about '56 10 - 4
cm., is extinguished, the middle of the

spectrum is cut out and the illumination of the field is due to the end
colours red and blue, which together give grey. If the analyser is

rotated slightly from this position, the missing part in the spectrum
moves towards the red for the one half of the field and towards the blue
for the other, and consequently in each case the other colour pre-
ponderates in the mixture.

In some saccharimeters the analyser does not rotate and the rota-
tion produced by the solution is measured by screwing in a quartz wedge



OPTICAL EOTATION 217

to remove it. The quartz produces an equal and opposite rotation to
that produced by the solution. This method is specially suitable for

sugar solutions, for the dispersion of the rotation, i.e. the variation of
the rotation with wave-length is nearly the same for quartz and sugar,
and consequently white light can be used. Soleil's saccharimeter*
which employs this method, is represented in fig. 205. The light on

entering the instrument first passes through the polarising nicol P,

then the biquartz B and tube T for holding the solution. It next

passes through a plate of right-handed quartz, R, cut with its surfaces

perpendicular to the axis, and through two wedges of left-handed

quartz, L. These wedges have the same angle, so together they form
a plate of left-handed quartz of variable thickness. They are cut

with their axes perpendicular to the surfaces of this plate. Their

angles are, of course, very much exaggerated in the diagram. A is the

analyser, which is fixed so as to produce the tint of passage when the

tube is empty and the thickness of the wedges exactly equal to the

thickness of the plate R. G is a small Galilean telescope which is

focussed on the biquartz. If the solution produces a right-handed
rotation, the tint of passage is restored by screwing in the second

wedge, and if it produces a left-handed rotation, by screwing out

the same wedge. The position of the wedge is read on a scale

which is calibrated in terms of degrees.
For accurate saccharimetry it is necessary that the light should be

bright and monochromatic. Usually observations are made only for

sodium light and special burners are sold for producing the yellow
flame, but none of these are better than the simple sodium bicarbonate

bead in a loop of fine platinum wire. When the sodium yellow is

extinguished by the analyser, the blue background of the bunsen flame

becomes troublesome; to absorb it a glass cell containing an aqueous
solution of potassium bichromate is used in front of the aperture of

the instrument. Or instead of using a filter a direct vision spectro-

scope may be screwed on in front of the eyepiece and a slit fixed immedi-

ately in front of the Lippich polariser. This arrangement draws the

field out into a spectrum parallel to the dividing line between the

two halves of the field and so separates the sodium yellow
from the blue background. Also if white light or, better still,

if the mercury arc is used as source, this arrangement enables deter-

minations of the optical activity to be made in different parts of the

spectrum. The mercury arc permits of the use of a wider slit and a

more accurate determination of the wave-length.

Fig. 206 represents a polarimeter to which a Lippich polariser or



218 A TEBATISE ON LIGHT

Laurent plate or biquartz or Soleil wedges can be fitted. In the

FIG. 206.

figure it is shown only with polariser and analyser and with a tube in

position.

Determination ofthe Sugar in a Solution when other Active Substances
are present. An aqueous solution of right-handed cane sugar, C12

H
22
OU ,

is changed into left-handed invert sugar, which is a mixture of equal

parts of dextrose and levulose, on heating with hydrochloric acid for

10 minutes at 70 C. Dextrose and levulose have the same formula,
C

(
.H

12O6 . This reaction enables us to determine the amount of cane

sugar present in a solution when it is mixed with other active sub-

stances. After the rotation with sodium light, 0, has been determined
for the solution, 50 c.cs. of the latter are measured off, 5 c.cs. of strong

hydrochloric acid added, and the mixture kept at a temperature of 70 C.

for about 10 minutes. The concentration in gms./c.c. is of course now
only 10/11 of the original value. The solution is then cooled, its tem-

perature noted, and the rotation determined and multiplied by 1-1,

Let the result be &'.

Let c be the concentration of the cane sugar in gms. per 100 c.cs.

of solution, and let
<f>

be the part of the rotation produced by sub-

stances other than cane sugar. The specific rotation of cane sugar is

66*5 ; hence

6 - 4 = 66-5
j^j

. (37)

where / is the length of the tube in decimetres. The specific rotation
of inyert sugar is given, by

~ 19'7 -
'0361 c' + -304 (t

-
20),
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where c is the concentration of the invert sugar in gms. per 100 c.c. of
solution and t is the temperature in degrees centigrade. The mole-
cular weight of cane sugar is 342

; after, conversion to invert sugar
it becomes 360

;

, ,
360=
342

C '

We have 0' -
<f>
=

{
- 197 - "036 c' + -304

(t
-

20)} ^ (38)JLUU

The subtraction of (38) from (37) gives

- 0' = 66-5^
-

{
- 19-7 - "036 x 1-053 c + 304(i-20)}

/

-^^
3

,

whence c can be determined. The term involving c inside the bracket
is small

;
hence we can ignore it at first and so find a rough value for

c, and then substitute this rough value in it and thus find a more
accurate value. The specific rotation of cane sugar does not vary
nearly so much with temperature as the specific rotation of invert

sugar does.

Magnetic Rotation. Faraday discovered in 1845 that isotropic
substances of high refractive index rotate the plane of polarisation of

plane polarised light when placed in a strong magnetic field. This

phenomenon is known as the Faraday effect. In his experimental
arrangement the iron pole pieces of a large magnet were bored, the
two holes being in the same straight line so that a beam of light
could pass down the one, then through the most intense part of the
field parallel to the lines of force and finally through the other. The
beam of light passed through a polarising nicol before entering the

magnet and through an analysing nicol after emerging from it, and
a block of dense lead glass was placed between the poles in the

path of the beam. When the current passed through the coils of the

magnet and a magnetic field was produced the plane of polarisation
was rotated. As long as the field strength remained constant, the

rotation remained constant. When the field was reversed the rotation

was reversed.

The rotation is proportional to H, the strength of the magnetic
field in gausses, and to /, the length of path traversed in it in cms., i.e.

if denotes the rotation in minutes, then

= rH/,

where r is a constant. This constant is known as Verdet's constant

and it is roughly inversely proportional to the square of the wave-

length. It may be either positive or negative. If the rotation is in

the direction of the electric current producing the field, that is, if it

appears clockwise to an observer looking in the direction of the field,

then it is said to be positive. In the other case it is said to be negative.
The rotation thus does not depend on the direction of the light, and
we have an important difference between magnetic rotation and the

natural rotation occurring in quartz arid sugar,
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In the case of a cane sugar solution, for example, the rotation was

right-handed to an observer looking towards the source. Hence if a

mirror is placed at the end of the tube and the beam made to retrace

its path, to obtain the rotation produced by the second passage the

observer must look the other way and consequently the one rotation

annuls the other. In the case of magnetic rotation, if the light passes

through the substance in the direction of the field and is reflected

by a mirror so as to retrace its path, since the direction of the field

does not change, if the rotation appears right-handed to an observer

looking in the direction of the light during the first passage, it appears
left-handed to an observer looking in the direction of the light dur-

ing the second passage. Thus by reflecting the light the rotation is

doubled. Magnetic rotation can be multiplied by reflecting the light
back and forward through the field

;
in the case of natural rotation

each successive passage annuls the effect of the previous one. This

distinction is to be expected, for in natural rotation we are dealing
with a "twisted" structure in the substance produced by the passage
of the light wave, whereas in magnetic rotation we are dealing with

a twisted structure or a rotation in the molecules produced by the

magnetic field and consequently depending only on the latter.

Since Faraday's time magnetic rotation has been detected for a

great number of substances, including gases, and for the great majority
Verdet's constant is positive. For water it has the value '013, for

carbon bisulphide '043, and for the heaviest flint glass '0888.

The magnetic rotation of liquids has been studied also from the

chemical side. In this connection it is measured by the specific

magnetic rotation, which is the ratio of the rotation to the rotation

produced by the same thickness of water in the same field divided by
the strength of the solution in gms. of dissolved substance per c.c. of

solution. The molecular rotation is this quantity multiplied by the

molecular weight of the dissolved substance and divided by the mole-
cular weight of water. Molecular rotation is supposed to be additive

but with a strong constitutive influence.

An enormous positive rotation is found to take place when light
is transmitted through very thin films of iron, nickel, and cobalt placed
at right angles to a magnetic field. In this case the rotation is greater
at the red end of the spectrum and reaches a limit when the metal
is magnetised to saturation. For iron the rotation is a complete
revolution for a thickness of -02 mm.

Elliptically Polarised Light. Consider the expression
, . 2lT

If
rj
and represent respectively the displacements parallel to Oy and

O, the resultant displacement is transverse to the Ox axis. Each of

the expressions separately represents a plane polarised wave propagated
in the direction O.r, and together they represent the most general type
of transverse wave that can be propagated in that direction.
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The second expression can be written

which, by substitution of the first expression, gives

t 1} 2?r / X\
- = 7 cos 8 + cos [t )

sin 8.

c b r \ v/

This becomes
ffifi, X\ C y , c\ .

COS 1 t
-

I
= : :> 7 COt ,

T \ v/ c sin 8

also sin
-jfit

-
*)

=
|,

hence squaring and adding the right and left-hand sides

\c sin 8 b
'

J \bj

rf %rj cos 8
2

_ -i

or
6* sin*" 8

~
&c~sinT8

+
c2 sin2 8

~

This equation represents an ellipse, for it is a central conic and we

know from the conditions of the problem that rj
and are never in-

finite. We also get the same result on purely mathematical grounds

from the fact that the left-hand side equated to zero gives lines

parallel to the asymptotes and consequently the asymptotes are

imaginary.
Thus during the passage of the wave the vibrating particle describes

an ellipse about its position of rest. For this reason the most general

type of transverse wave is said to be elliptically polarised.

If the y and * axes are chosen parallel to the major and minor

axes of the ellipse, the product terms disappear. Since 6 and c are

always finite, this can happen only by cos 8 becoming zero, i.e. by b

becoming *. Thus an elliptically polarised wave referred to its

principal axes can always be written in the form

If the upper sign is used, to an observer facing the approaching wave

the particle appears to run round the ellipse in th
^f,

me^ectl

Tf

n
,^

the hands of a clock and the ellipse is said to be right-handed.
If the

lower sign is used, the particle appears to run round the ellipse in the

contrary direction and the ellipse is said to be left-handed.

If b = c the ellipse degenerates into a circle and the wave is said

to be circularly polarised, right-handed if the upper sign is used, and

left-handed if the lower sign is used.
.

If either b or c is zero, the wave becomes plane polarised.

Fresnel's Interpretation of the Rotation of the Plane of Polarisation.

Consider the equations
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27T
cos -, 27T/ X\ .

K = a sin
-(t

- -
),

{,
= a

27T/ X \ 27T/ X \and ^ = a sin
^

- -, 2
= - a cos ^

-
-J.

The first two represent a right-handed circularly polarised wave travel-

ling with the velocity v
l9
and the second two represent a left-handed

circularly polarised wave with the same period and same amplitude
travelling in the same direction with the velocity v

2
. If the two

waves are superimposed we obtain

f . 27T/ X \ 27T/ X \~l

1 - ih + * -
a[sb -^

-
-j

+ sin -^
-
-JJ

and = + - a cos - f - - cos t -

27T/ Xil 1)\ TTOT/l 1 \= - 2a sin I t -
ol + -

I
sin -- ---

,

T \ 2^, V
2 j/ T \l\2 Vj

y

rj A Trrc /I 1 \
which give

-' = - cot --
(
---

).
T \^2 V

As x increases, the cotangent runs through the four quadrants, com-

pleting a rotation in the distance given by
2r

*

The two circularly polarised waves thus combine to form a plane
polarised wave of amplitude 2, the plane of polarisation of which
rotates uniformly as the wave proceeds. In one centimetre it rotates

through

$,-*) . (40)

radians. If the two circularly polarised waves have the same velocities,
v

l
= v

2 ,
and the plane of polarisation of the resultant wave remains

fixed.

Fresnel was the first to suggest, that in an optically active medium
the plane polarised wave was decomposed in the above way into two

circularly polarised waves of slightly different velocity. He proved
that the explanation was true by arranging
and cementing together several quartz

prisms in the form of a rectangular paral-

lelipiped. The prisms ABC and BED were

right-handed, and the prisms CBD and DEF

p left-handed, and the optical axis of each"
prism was perpendicular to the end faces

AC and EF. If a plane polarised ray is

incident on the face AC and decomposes in the manner indicated above
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into two circular ones, the right-handed wave travels faster, say with

velocity i^ in the first prism, and slower, with velocity v
2
in the second.

It has velocity v
l again in the third prism and velocity v

z
in the fourth

;

hence it ought to be refracted in the manlier indicated in the figure

by the ray LL while the left-handed wave ought to be refracted in the

manner indicated by the ray RR. Fresnel found that this was the

case, that there were two emergent beams, and that both were cir-

cularly polarised.
The necessity for Fresnel's experimental arrangement will be seen

if we calculate the magnitude of the effect for a Cornu half prism.

In modern spectrographs, i.e. instruments used for photographing

spectra, the prism is usually made of quartz, because quartz transmits

ultra-violet rays that are absorbed by glass, and is of a special type

called a Cornu double prism. This consists of two 30 prisms, one of

right-handed quartz and the other of left-handed quartz, placed to-

gether so as to form a 60 prism and cut with the optic axes perpendi-

cular to the faces in contact. If one of these prisms is placed on the

spectrometer table, the slit illuminated with sodium light, and the rays

from the collimator allowed to fall perpendicularly on the face that is

at right angles to the axis and to pass through the prism to the

telescope, theoretically two images of the slit should be seen in the

field of the latter. It is easy to calculate what the angular separation

of these images should be. A quartz plate 1 mm. thick rotates sodium

yellow through 21'7. On substituting this value in formula (40)

we obtain

Now r = X/y where X and v are the wave-length and velocity in air.

Hence
180 v v \ 180

217 "

X = 71 10
- 5

,
where ^ and ^ are the indices of

refraction of the two circularly polarised waves. Their mean value

may be taken as the ordinary index of refraction of quartz ;
thus

+l = 1-5442.
A

We might solve for ^ and /x2 ,
then calculate the deviations of the two

waves separately, and their difference would be the required angular

separation, but it is shorter to get the separation directly.

Let c* be the mean angle of refraction and p the mean index of

refraction. The angle of incidence internally is 30 ;
hence

sin
<$>
=

Differentiate with respect to
/*, ; then
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cos d TT- = 4 or dd> = ^
-

dp.r
du. 2 cos

<f>

'

If now /A2
-

/A,
be substituted for dp, d<}> gives the separation in radian

measure. Thus

<fy = 7-1 10- 5 = 5-59 10
~ 5 in rads.

2 x/i
-

i /**

= 5-59 10
- 5 x 57 x 60 x 60 = 11-5 in sees.,

which would not be visible with an ordinary spectrometer.

The Analysis of Polarised Light. Let us suppose that as a result

of some experiment we have a beam of light and that it is desired

to ascertain its nature, whether it is plane polarised or circularly

polarised or elliptically polarised, and, if so, in what directions the
axes of the ellipse lie and what is the ratio of their lengths. We re-

quire for this purpose an analysing nicol and either a Babinet's com-

pensator or a quarter wave plate.
Babinet's compensator in its simplest form consists of two quartz

wedges of equal angle, one of which can be moved
past the other by means of a micrometer screw,
so that together they form a parallel plate of

variable thickness. The fixed wedge A is cut with
its axis in the plane of the paper in the direction

of the arrow, the movable wedge B is cut with
its axis perpendicular to the plane of the paper.
Of course in the figure the angles of the wedges

FIG. 20S. are much exaggerated. If a parallel beam falls

normally on the compensator and enters the wedge A, it is decomposed
into two beams, one polarised in the plane of the paper and one polarised
at right angles to the plane of the paper. The beam polarised in the

plane of the paper travels faster in the wedge A than the other and

consequently suffers a phase retardation with reference to that other.

In the wedge B it travels slower than the other beam and consequently
its phase is accelerated with reference to the other. At the point
where the thicknesses of both wedges are the same, the acceleration

annuls the retardation and the two components leave the compensator
in the same phase. On both sides of this point there is a phase differ-

ence proportional to the distance from the point.
In front of the fixed wedge cross-wires are fixed, and an eyepiece

focusscs on these through the analysing nicol.

Before using the compensator the readings of the micrometer screw

must first be evaluated in terms of the wave-length of the light in

question. This is done by allowing light which is plane polarised in a

plane making approximately an angle of 45 with the axes of the two

wedges to enter the instrument. Where the phase difference pro-
duced by the two wedges is zero or a multiple of 27r, the light is plane

polarised in the same plane after passing through the wedges and it

is polarised in this plane nowhere else. Consequently, if the compen-
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sator be removed, the analysing nicol set to extinguish the incident

light and the compensator again inserted, there are black bands
parallel to the edge of the wedge where the .phase difference is a multiple
of 27T. The movable wedge is adjusted with the micrometer screw
until one of these bands is on the cross-wires and the reading noted

;

the screw is then turned until the next band is on the cross-wires and
the reading again noted. The difference corresponds to a phase
difference of one wave-length.

In order to determine which of the black bands corresponds to the

phase difference zero, i.e. the point where the quartzes are equally
thick, it is only necessary to illuminate the compensator with white

light. Then this band alone appears black
;
the positions of the others

are different for the different components of white light and conse-

quently they appear coloured.

In investigating the state of polarisation of a beam of light the

first step is to see whether it can be extinguished with the analyser
alone. If so, it is plane polarised and its plane of polarisation is

parallel to the principal section of the analyser, i.e. to the shorter

diagonal of its end face.

If the beam cannot be extinguished with the analyser alone, set the

compensator so that it produces a phase difference of A/4 and rotate it

about the line of vision until a dark band moves on to the cross-wire.

Then the analyser must be adjusted to make this band as black as

possible, i.e. to make the extinction perfect at the cross-wires. From
consideration of (39) it is evident that the principal sections of the

two quartz wedges now give the directions of the

axes of the elliptic vibration. Also if the principal
section OA of the analyser (fig. 209) makes an angle
with OB, the principal section of one of the quartzes,

the vibration after leaving the compensator is in the

direction BC if we make the usual assumption that

the vibration takes place at right angles to the plane
in which it is polarised and consequently the axes

of the ellipse are in the ratio OB to OC. Or, in FlG 209.

other words, if the principal section of the analyser
makes an angle with the principal section OB of one of the wedges,

then

length of axis of ellipse parallel to OB = ^ ^

length of axis perpendicular to OB

If = 45 the light is circularly polarised. It is easy to tell when the

principal section of the analyser is parallel to OB or OC because then

the interference bands disappear.
The quarter wave plate, as its name implies, is a plane parallel

plate cut from a crystal, for example, mica or quartz, and of such a

thickness that the ordinary and extraordinary beams suffer a relative

phase difference of A/4 in passing perpendicularly through it. It

can be used in the same way as the Babinet compensator, but,

15
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unlike the latter, is available only for one wave-length, usually for

sodium light. If another colour is to be investigated, the thickness

of the plate must be different.

Production of Elliptically Polarised Light. By means of a nicol and
a Babinet's compensator any kind of elliptically polarised light may
be produced from natural light. For if the nicol is set with its

principal section at 45 to the principal sections of the compensator,
and if the light passes first through the nicol and then through the

compensator, the two beams into which it is divided by the latter

have equal amplitudes, and vibrate at right angles to one another, and
their phase difference varies according to the part of the compensator
passed through. If the y and z axes be taken in the principal
sections of the compensator, the two beams may be represented in

this case by
. 27T/ X\ . (27T

rj
= a sm -(t

-
-J,

{ = a*{
or if we make the point under observation the origin of coordinates, by

. 2*4 . (Siri }
T)
= a sm

,
=

asinj
- + 8>,

where 8 is the phase difference produced by the compensator. If

8 = 0, this gives a plane polarised wave, if 8 = TT, it gives a plane
polarised wave polarised in a plane at right angles to the first ; if

8 = + 7T/2, it gives a right-handed circularly polarised wave, if 8 = 37T/2,

it gives a left-handed circularly polarised wave. If 8 lies between
and TT, consider the time when t = 0; then

17
=

0,
= a sin 8,

the particle is above the middle of its range and its velocity is

positive. Consequently the ellipse is right-handed. If 8 lies between
TT and 2?r, is negative, the particle is below the middle of its range,
the velocity is still positive, and consequently the ellipse is left-handed.

Fig. 210 shows how the nature of the vibration varies with 8.

Left-handed.

27T
2

FIG. 210.

Partially Polarised Light. If a beam of light contains natural light
in addition to plane polarised, circularly polarised, or elliptically

polarised light, then it cannot be extinguished with a Babinet's

compensator and analyser. A minimum of intensity can however be
obtained and thus a rough idea formed of the quantity of natural light

present.
The presence of a little plane polarised light in a beam of natural

light can be detected very readily by means of the Savart polariscope.
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This is made of a thin plate of quartz which has its faces at an angle
of 45 to the axis ;

this plate of quartz. is cut into two, and the two
pieces placed on the top of one another with their principal sections at

right angles and cemented together in this position. They are then
mounted in a tube in front of a nicol prism with the bisector of the

angle between their principal sections parallel to the principal section
of the nicol.

If the polariscope is turned to view a source of plane polarised
light, we have the ordinary case of interference produced by conver-

gent light in a crystal plate between nicols. The interference figures
are straight fringes parallel to the bisector of the angle between the

principal sections. They become most distinct when the plane of

polarisation of the incident light is parallel to the bisector. If the
incident light is white, they are, of course, coloured.

If the incident light contains natural light in addition to plane
polarised light, a uniform illumination is superimposed on the

interference fringes and the latter are consequently dimmer. But,
even when only a small percentage of the incident light is plane

polarised, they are sufficiently distinct to detect its presence. Since

they are sharpest when parallel to the plane of polarisation of the light,
the direction of the latter can readily be determined.

The light of the sky is partially plane polarised and easily gives

fringes with the Savart polariscope.

Fresnel's Rhomb. Fresnel's rhomb is a substitute for the quarter
wave plate. It is a parallelipiped of crown glass ;

on one end of it a

beam of light falls normally, is twice reflected internally
at an angle of incidence of 55, and then emerges normally
from the other end. If the incident light is plane

polarised, the emergent light consists of a beam

polarised in the plane of the figure and a beam polarised
at right angles to the plane of the figure, the relative

phase difference being one quarter wave-length. Thus
if the incident light is polarised in a plane making an

angle of 45 with the plane of the figure, the emergent

light is circularly polarised. Fresnel arrived at this

result first on theoretical grounds and constructed the

rhomb to test it. The rhomb has the advantage over

the quarter wave plate that it produces approximately
a phase difference of A/4 for all the components of FIG. 211.

white light although strictly accurate only for one colour.

Double Refraction Produced by Strain. If a block of glass between

two crossed nicols is subjected to strain, the field lights up, showing
that the glass becomes double refracting during the strain, then, when

the strain is removed, it becomes dark again, provided of course that

the glass has not been overstrained. This is a well-known laboratory

experiment ;
the piece of glass is placed in a metal frame such as is

15
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shown in fig. 212, and the strain applied by turning a screw. Examina-
tion between crossed nicols is also a means of testing the quality of

optical glass. If the glass has not been properly annealed, if it has
cooled too rapidly and has thus become strained, it will not show a

dark field. Glasses which have been purposely cooled rapidly, give

/I
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from the screen are plane polarised by reflection at a black mirror.
This takes the place of the polarising nicol. They then pass through
the model and through an analysing prism to the eye of the ob-
server. The analyser is set to extinction. The parts of the model
which are unstrained appear black, and the other parts appear tinted

with different colours according to the degree of double refraction and
strain they experience. By having in the field beside the model under

investigation a comparison model of a simple form, for which the
distribution of stress is thoroughly understood, and by comparing
tints, the difference of stresses at any point in the unknown model can
be evaluated from its colour directly in Ibs./sq. inch. In the case of

simple tension or compression where either Y or Z is zero, the absolute

value of the stress can be directly determined.
The principle of the method is thus the interference between

crossed nicols in parallel light, and the intensity is given by formula

(19), namely

I
= sin2 2a sin2

|
. . . (19)

If the directions of the stresses are such that a = 0, the field is dark,
the colours cut out, and only the direction, not the magnitude of the

effect, can be determined. To obviate this difficulty Prof. S. P.

Thompson has inserted two quarter wave plates, one between the

polariser and the model, and the other between the analyser and the

model. Both quarter wave plates are set with their axes at 45 to the

principal sections of the polariser and analyser.
After passing through the quarter wave plate the light is circularly

polarised, but on entering the xylonite plate it resolves into two plane

polarised waves of equal amplitude. If the amplitude before entering
the quarter wave plate is taken as unity, the amplitude of each of

these plane polarised vibrations is I/ ^/2. They have a relative phase

difference of ~ on entering the xylonite and a relative phase difference

of
g
+ S on leaving it. They may be represented by the lines OX and

OY in fig. 214, where the phase of each

vibration is marked on it. Now let OQ be

the direction of the axis of the second

quarter wave plate and OP a line at right

angles to it. Then the vibration OX
resolves into OQ and QX, and the vibration

OY into OP and PY. The phases of these

vibrations are marked on them on the as-

sumption that the vibrations parallel to

OQ experience an acceleration of phase

5 in passing through the quarter wave plate.

Let OA be the direction of the principal plane of the analyser ; it
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makes, of course, an angle of 45 with OQ. Then OQ and QX resolved

along OA give amplitudes OQ cos 45 and - QX cos 45
C
with phases ^

and 0. These compound into a single amplitude

V(OQ cos 45)
2 + (QX cos 45)

2 =
-J

with a phase = \ - ^-QOX. Similarly OP and PY resolved along

OA give amplitudes OP cos 45 and PY cos 45 with phases ^
+ 8 and

TT + 8 which compound into a single amplitude

J(OP cos 45)
2 + (PY cos 45)

2 =
-J

with a phase =
^ + S ^-QOX. The light issuing from the analyser

consists therefore of two waves of equal amplitude -J-
with a relative

phase difference 8. These give an intensity of

(i)
2 + (

2 + 2(* x i) cos 8

-00-?, ,,._,

no matter what the orientations of the principal directions of strain are

with reference to the nicols. Thus the sin2 2a factor in (19) has

disappeared. The achromatic black cross usually superimposed on
the colours is therefore removed.

In order to have as large a field as possible Prof. Thompson has

made quarter wave plates up to 20 inches in diameter. This is a

record for size.

The Kerr Effects. A transparent dielectric such as glass, olive

oil, carbon bisulphide, or turpentine becomes double refracting when
placed in a strong magnetic field. This was first discovered by Dr.
Kerr of Glasgow in 1875. He experimented with a block of glass in

the opposite ends of which holes were drilled ; in these holes were
fixed the terminals of the secondary of an induction coil. Since the

break of the primary in an induction coil is much sharper than the

make, there was thus a strong intermittent electric field of constant

direction between the terminals. The terminals were connected to a

micrometer spark gap across which a constant stream of sparks
passed. By adjusting the spark gap the potential difference between
the terminals could be regulated. No sparks, of course, passed be-

tween the terminals directly.
The thickness of glass between the terminals was about one-quarter

inch, and through this space at right angles to the lines of force was

passed a beam of plane polarised light. Before the induction coil

was started this beam was extinguished by an analysing nicol, but on

starting the coil the field lighted up, the full effect taking 20 or 30
seconds to develop, and the illumination could not be extinguished
again by rotating the analyser. The effect was most marked when
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the plane of polarisation of the incident light made an angle of 45
with the lines of electric force

;
when it was parallel or perpendicular

to them there was little or no effect. Thus, under the influence of

the electric field, the glass becomes double refracting and polarises the

light in planes parallel and perpendicular to the lines of force. The
effect is independent of the direction of the field, and its magnitude is

proportional to the square of the field strength.
In general, if a plane polarised beam of light is incident on a metal

mirror, the reflected beam is elliptically polarised, but if the incident

beam is polarised either in or at right angles to the plane of incidence,
the reflected beam is plane polarised in the same plane. In 1877
Kerr discovered that, when a beam of light polarised in or at right

angles to the plane of incidence is reflected from the magnetised
polished pole piece of a powerful electromagnet, as a result of the re-

flection its plane of polarisation is rotated through a small angle.

EXAMPLES.

(1) Calculate the thickness of a quarter wave plate of quartz for sodium

light.

(2) Two simple harmonic vibrations in directions at right angles to one

another compound into a parabolic vibration, if the period of the one is

double the period of the other, and if they both start from the extremities of

their ranges simultaneously.

(3) Any number of simple harmonic vibrations in different directions,

differing in phase but having the same periodic time, compound into an

elliptic vibration.

(4) The components of an elliptic vibration are given by as = a sin a><,

y = b sin ( -f S). Show that the directions of the axes of the ellipse are

obtained from

tan 2< =
a _ ^ cos

where tan < = yjx.

(5) On the assumption that the eye can always match the intensities of

the two halves of the field in a half-shadow apparatus to 1 percent., find how

accurately the rotation can be measured with a half-shadow apparatus, when

the planes of polarisation of the two halves of the field are inclined to one

another at 7, 5, and 3. Of course, if the angle is too small, both halves of

the field are dark when the intensity is matched, and the setting can no

longer be made to 1 per cent, of the intensity.

(6) In front of the slit of a spectroscope a student places two nicols with

a quartz plate between them. The nicols are mounted so that they can

rotate about the axis of the collimator and are set with their planes crossed.

The quartz plate is cut with its surfaces at right angles to the optic axis, and

is set with its optic axis parallel to the axis of the collimator. The arrange-

ment is directed towards an incandescent mantle and the student observes

that the spectrum is crossed by dark bands. How are these bands caused

and where are they situated, given that the quartz is 2 cms. thick C

dispersion of the optical rotation of quartz is given in the tables at the end

of the book.)
(7) A student makes up four solutions of sugar containing respectively

30-5 gms., 2276 gms., 20'4 gms., and 17'53 gms. in the 100 c.cs. of solution.
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He puts them in succession in a simple saccharimeter consisting of a tube
between two nicols. The source of light is a sodium flame and the tube is

23-5 cms. long. He finds the rotations produced to be 49'5, 36'1, 30'5,
and 26 '8 respectively. What is his result for the specific rotation of

sugar ?

(8) Three plates of left-handed quartz cut perpendicularly to the axis

and of thickness 4' 73 mm., 5*96 mm., and 9*05 mm. give apparent rotations

of 77*5, 49, and - 18*3 when placed between nicols and used with a sodium
flame. What result do these observations give for the specific rotation of

quartz ?

(9) The tube of a Soleil saccharimeter is 20 cms. long, and when it is

filled with a certain solution of cane sugar the wedge has to be displaced
98'2 divisions on the scale to make the two halves of the field equally bright
again. The solution was formed by dissolving 10 '07 gms. up to a bulk of

41 '0 c.cs. If the specific rotation of cane sugar be assumed, calculate the
value of a scale division in angular measure. The correct value for the
instrument should be '345.

(10) An aqueous solution of cane sugar, which contains other optically
active substances, is contained in a tube 20 cms. long and gives a rotation of

50'2. The source of light is a sodium flame. Fifty c.cs. of the solution are
then measured off, 5 c.cs. of strong hydrochloric acid added, the mixture kept
at a temperature of 70 C.

,
for ten minutes, cooled to 20 C., and poured back

into the same tube. The rotation is now found to be - 15-2 C. What was
the original concentration of the cane sugar in gms. per 1 00 c. cs. of solution ?

(11) A piece of flint glass is placed between the poles of an electro-

magnet, the pole pieces of which are bored so that a beam of plane polarised
light can traverse the glass in the direction of the lines of force. The dis-

tance traversed in the glass is 2 cms., and the average field strength is

5000 c.g.s. units. How much is the plane of polarisation rotated ?
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CHAPTER XIV.

SPECTROSGOPY: EAELIER WORK.

IF a beam of white light falls upon a glass prism, it is changed
by the prism into a series of coloured beams red, orange, yellow,

green, blue, indigo, violet each of which is deviated to a different

extent. The deviation of the red beam is least and of the violet beam
is greatest, and the other colours come in between in the order stated.

This experiment was first studied by Newton. In his arrangement
a beam of sunlight entered a darkened room through a round hole in

the shutter, then passed through a glass prism, and was finally received
on a screen. Owing to the different deviations of the different colours

a coloured band was produced on the screen, the least deviated end

being red and the other colours coming in the above order. This
band of colours was called by Newton a spectrum.

Before Newton's time the different colours were supposed to be

made out of the white light by the prism during the passage of the light

through it. Newton allowed the beam of sunlight to pass in succession

through two prisms which were crossed, that is, had their refracting

edges at right angles to one another, and found a single straight

spectrum still produced.

FIG. 215.

Fig. 215, which is taken from his "
Opticks," Bk. I, shows his

arrangement. S is the sun. PT was the spectrum produced when

only the first prism was used, pt the spectrum when both were used.

Since any portion of the first spectrum, SMVN for example, was not

altered any further by passing through the second prism, i.e. did not

give rise to a horizontal spectrum smnv but preserved its own character

only suffering additional deviation, Newton came to the conclusion

235
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that the prism did not change the nature of the light that passed

through it. White light was due merely to the superposition of a

great number of coloured beams. The prism only separated these

beams out. It did not produce them. They existed in the white

beam before it reached the prism. The different deviation was due
to each coloured beam having its own index of refraction.

Newton's views as to the constitution of white light prevailed
until recently, but now the first prism is supposed to make the colours.

This is discussed fully in Chapter XXI.
Newton worked with a circular aperture. Thus his spectrum

consisted of a series of blurred images of the sun formed by the

successive colours somewhat after the manner of the pinhole camera.
All these images overlapped considerably and consequently the

spectrum was not pure. Wollaston in 1802 used instead of the circular

aperture a narrow slit, which was parallel to the refracting edge of

the prism, and observed that in the purer spectrum obtained in this

way there were a number of black bands. He did not follow the

matter up, and it was left for Fraunhofer to discover their invariable

position in the spectrum and consequent great importance for scientific

measurement.
Fraunhofer was engaged at Munich in a glass works in the manu-

facture of telescope lenses. He was the first to use a convex lens to

make the light from the slit parallel before it fell on the prism and to

use a telescope to examine the spectrum, the same arrangement that

we employ to-day. By using different prisms he was able to show
that the black lines have fixed positions in the solar spectrum, and he

recognised them as radiations in which the solar spectrum is deficient.

He mapped their positions, denoted the principal ones by letters of

the alphabet, and used them as standard radiations for the determina-
tion of indices of refraction. His notation is still used and has been
extended since his time beyond the limits of the visible spectrum.
The wave-lengths and positions of the principal Fraunhofer lines in

RED ORANGE YELLOW GREEN BLUE VIOLET



SPECTKOSCOPY : EAKLIEB WORK 237

Fraunhofer lines. Fraunhofer's paper on the determination of wave-
lengths by the diffraction grating was published in 1821.

An instrument used for examining spiectra is called a spectroscope
or spectrometer. There are many different kinds of spectroscope
according to the special purpose for which they are to be used. This
section deals only with the simpler ones for use with the visible

spectrum.

Any spectrometer designed for measuring angles can also be used
for examining spectra, but if it is to be used only for the latter purpose
its construction may be simplified. First of all the prism or diffraction

grating is fixed on the prism table. Then, as the spectrum always
appears at the same place on the circle, the latter does not require to
be divided the whole way round. It is enough if it is divided through
an arc of 60 or 90. Also it is not necessary for the scale to be
divided in degrees ; any arbitrary unit is sufficient. Finally the prism
is usually covered in to prevent stray light entering the telescope ; if

the spectrum is at all faint, it will be otherwise swamped by this stray
light.

The performance of a spectroscope is measured by its resolving
power and the brightness of the spectra it produces. The brightness
of the spectrum depends in the first place on the aperture of the

instrument, i.e. the ratio of the diameter of the collimator object glass
to its focal length. The aperture is usually about ^ and rarely
exceeds J, because, unless the lenses are specially corrected, what is

then gained in brightness is lost in definition. Then the size and
material of the prism are important. The width of the beam that

emerges from the collimator object glass is usually too great for the

prism, and consequently some of the light passes the edge of the latter

and misses it altogether. Also some of the light is lost by external

reflection on entering the prism and by internal reflection on leaving
it. In the case of a 60 prism at minimum deviation from 10 to 20

per cent, of the incident light is lost in this way, the percentage lost

increasing with the index of refraction of the glass. Light is also lost

by absorption in the glass of the prism itself. It is difficult to give

figures for this loss, as the fraction transmitted diminishes with the

length of the path in the glass and is also much less for the violet end
of the spectrum, but in the case of a 60 dense flint glass prism, the

length of side of which is one inch, probably one half of the blue light
incident on the prism is absorbed. Less is absorbed in the case of a

crown glass prism.
In spectra lines occur often close together; for example, the

yellow sodium line is double, consisting of two components the wave-

lengths of which are 5'890 and 5'896 10~ 5 cm. Let us suppose that

X and A. + d\ are the wave-lengths of two such lines, and that, when
the slit is made as narrow as possible, the two lines can be seen just

resolved ; then \jd\ is said to be the resolving power of the prism for

that part of the spectrum. It has been shown in Chapter X that if
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the incident beam fills the face of the prism the theoretical value of

the resolving power is equal to t ^ where t is the length of the base

of the prism and p the index of refraction of its material. Of course

this formula assumes perfect accuracy of all the optical surfaces, and
the theoretical resolving power is not attained in cheap spectroscopes.

Since ,~ is greater for- flint glass than for crown glass, the resolving

power of a flint glass prism is greater than that of a crown glass prism
of the same shape and size. .

The resolving power of a spectroscope specifies the amount of

detail visible in its spectrum. There is an allied quantity, the disper-

sion, which specifies the length of the spectrum, and of which there is

no universal definition. For example, it may be said of a grating

spectroscope that with a certain eyepiece it gives an apparent disper-
sion of about 30, the whole of the spectrum being in the field of view
at once. This means that the two ends of the visible spectrum appear
to subtend an angle of 30 at the eye, and obviously in this sense the

dispersion depends on the eyepiece used. It is more usual, how-

ever, to make the definition independent of the eyepiece and to specify

the dispersion for anyone position of the prism by -rr, where 6 is the

reading of the position of the telescope on the circle. The dispersion
in this sense varies with the position of the prism ; it is easily found

experimentally to be a minimum at minimum deviation, for if we turn

through minimum deviation the spectrum is shortest there.

Let us assume that the prism is set at minimum deviation for a

wave-length near the middle of the spectrum, say the sodium lines,

and that
/x,

is the index of refraction and the deviation for that wave-

length. Let A be the refracting angle of the prism. Then

A +
sm ~

Sm
2

If we differentiate both sides of this equation with respect to

Hence

A + n . A

1 _
COS ~2~ .M

Qr
dO =
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A ^
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( '
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sin o cos o~
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For a 60 prism this becomes

If one line of the sodium doublet is adjusted for minimum deviation,
the cross-wires set on it, and the reading taken, and then the prism
adjusted so that the other line of the doublet is at minimum deviation,
the cross-wires set on it, and the reading taken, the difference of the
two readings gives dO for the difference of wave-length of the two
lines. Since, however, the position of a line is stationary at minimum
deviation, dO has the same value if the prism is kept in the same

position for both readings. Hence the above formula gives the

dispersion, according to our definition, at any point in the spectrum.
For rough work it can be used for the average dispersion through-

out the whole spectrum. For example, suppose it is desired to com-

pare the dispersion of 60 prisms made respectively of the crown and

flint glasses given on p. 61. Calculate
J^ by taking the values for the

wave-lengths C and F. Then for the crown glass

dii. -00856

dX~ 1-701 10-*
~

and for the flint glass

dk 1-701 1(

Hence for the crown glass
ae 503

5X
=

/
l _ KilTV

=

and for the flint glass
d6 1012

thus the dispersion of the flint glass is more than twice the dispersion
of the crown glass. ,

Direct Vision Spectroscopes. In a spectroscope made with a single

prism the light is deviated as well as dispersed. Hence if we desire

to examine the spectrum of a flame or of the sun we do not look in

the direction of the source ;
allowance must be made for the deviation

produced by the prism. This can easily be done in the case of large

instruments mounted on stands and resting on a table, but it is much
more difficult in the case of light instruments intended to be held in

the hand and carried about in the pocket. Consequently such instru-

ments are usually made so that the middle part of the spectrum is not

deviated at all, so that the eye looks in the direction of the light to be
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examined. This can be done in two ways, either by using a series of

prisms made of two kinds of glass or by using a grating mounted on a

single prism. In fig. 217, which represents the first method, the

FIG. 217.

middle prism is made of very dense flint glass and the two outside prisms
of crown glass. The angles of the prisms are chosen so that the middle

part of the spectrum passes through undeviated as illustrated by the ray
shown. The dispersion of the middle prism is much more than twice as

great as that of the outside prisms. Consequently they are not able to

neutralise it, and the system produces a spectrum. This arrangement
was first used by Amici in 1860. Five prisms are sometimes used

instead of three, the second and fourth being of flint and the others of

crown glass. The prisms are cemented together with Canada balsam.

The refracting angle of the flint prism is usually so great that if there

were an air film between the prisms the light would not be able to enter

it, but would be totally reflected back into the crown glass.

Fig. 218 illustrates the second method. ABC is a prism, on the

face AB of which a contact copy of a diffraction

grating is mounted. White light falls perpen-

dicularly on the face AC, enters the prism un-

deviated, then falls on the grating and is

diffracted out in all directions. The wave-

length diffracted out in the direction PQ at an

angle 6 with PN, the normal to A B, is given by

N/ \Q
A. = e sin 0,

where e is the distance between the two ad-
FlG ' 218 '

jacent rulings. If = /-BAC the light of

wave-length X is undeviated. Hence in order to produce an undeviated

spectrum it is only necessary to make /-BAC equal to the value of 6

for the middle of the spectrum. If there are 14,000 lines to the inch,

this will be about 20.
Pocket direct vision spectroscopes have usually a collimator but no

telescope. The eye comes close up to the prism, and nothing comes
between the eye and the prism. There is thus usually no means of

measuring the wave-length of any line, though in some cases this can

be done by a scale which is seen by reflection in the side of the prism
next the eye.

Wave Length Spectroscopes. In some instruments the wave-

lengths of the spectral lines can be read off directly ; figs. 219 and 220

represent well-known examples of this kind.

In fig. 219 A is the slit, B the collimator lens which renders the
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light parallel, C a plane transmission grating which is attached to the
collimator, D the telescope object glass,. E the cross-wires and F

FIG. 219.

the eyepiece. The telescope is hinged on the collimator and is rotated

by a micrometer screw. When the cross-wires are brought into co-

incidence with a spectral line the reading of the drum gives the wave-

length of the line.

The spectroscope represented in fig. 220 is of the constant deviation

FIG. 220.

or fixed arm type. The telescope and collimator remain fixed at right

angles to one another, and when the prism table is rotated the spectrum

passes through the field, and a drum passes under an index which gives

the wave-length of each spectral line as it comes into coincidence with

16
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the cross-wires. Fig. 221 represents the prism, which is made in one

piece, but can be regarded as built up of two 30 prisms and a right-

FIG. 221.

angled prism. As the prism rotates, every ray in the spectrum is

incident in succession at 45 on the face AC and then makes equal angles
with the surface on entering and leaving the prism. It is consequently
turned through exactly 90 by the prism. The action of the prism on
it is otherwise that of a 60 prism at minimum deviation. Each ray
of the spectrum comes into minimum deviation as it passes the

cross-wires.

In addition to the ordinary model this instrument is made with

prism and lenses in quartz instead of glass, and the drum calibrated for

the ultra-violet, and also with a quartz prism and concave mirrors in-

stead of lenses, and the drum calibrated for the infra-red.
It is very suitable for use as a monochromatic illuminator, i.e. as

a means of illuminating a given surface or aperture with the different

colours of the spectrum in succession. For this purpose it is necessary
only to remove the eyepiece, put a diaphragm in its place, and then

point the telescope at the surface or aperture in question.

Calibration of a Spectroscope. In the general case, however, the
scale gives the position of the cross-wires only in arbitrary units, and
then before using the instrument for mapping unknown spectra it is

necessary to calibrate it, i.e. evaluate its scale in terms of wave-

lengths.
The way to do this is to read the positions of lines of known wave-

length. For this purpose the following lines are useful :
*

* The method of producing these lines is described on pp. 246-251. There is

also a table of wave-lengths at the end of the book.
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Source. Wave-length. Colour.

Sodium bicarbonate on a platinum wire in bunsen.- 5890-0 *
Orange

5895-9
Thallium chloride on a platinum wire in bunsen 5350-7 Green
Lithium sulphate f on platinum wire or asbestos

in bunsen 6707-8 Red
Potassium nitrate on platinum wire in bunsen . 76681

7702 /

Jggj
Violet

Hydrogen vacuum tube a 6563 Bed
ft 4861 Greenish-blue

7 4340 Violet
54102

Mercury vacuum tube or mercury arc J. . . 5769-6)

5790-7
j

5460-7 Green
4358-2 Violet

Cadmium spark in air 6438-5 Bed
5058-8 Green
4799-9 Blue

Zinc spark in air .

'

6363-7 Bed
4912-0^
4810-5 [ Blue
4722-1 J

When the telescope cross-wires have been set in succession on some
of these lines and the scale-readings taken, the latter are plotted against
the wave-lengths and a continuous curve drawn through the points.
This curve is known as the calibration curve of the spectroscope. In
order to determine the wave-length of an unknown line, it is only
necessary to set the cross-wires on it and take the scale reading. The

wave-length corresponding to the latter can at once be read off from
the curve.

Sometimes instead of plotting the scale reading against the wave-

length A, it is plotted against the oscillation frequency or the number
of wave-lengths in a centimetre I/A, or even against I/A.

2
. In this way

a straighter calibration curve is obtained, but of course it takes longer
to get an unknown wave-length from it.

In most good spectroscopes the slit is symmetrical ; when it is opened
both jaws move equally in opposite directions, and consequently, if the

cross-wires are set on the middle of a line, the reading is always the

same, no matter how wide the slit is. In cheap instruments the slit is

unsymmetrical ; only one jaw moves and the other remains fixed. In

this case the cross-wires must be set on the fixed edge of the image.
If the slit is made very narrow the spectrum is crossed by streaks

* These wave-lengths are expressed in Angstrom units (A.U.), i.e. 10
~ 8 cms.

or 10
- 10 metres. This unit is often referred to in America as the " tenth metre ".

Wave-lengths are also often expressed in micromillimetres (/u/*), i.e. 10
~ 7

cms.,
and microns fa), i.e. 10~ 4 cms.

f Lithium chloride is often recommended but deliquesces and makes the

bunsen and table sticky.

J Mercury has also lines at 6232, 6152, 4959'7, 4916-4, 4078-1, 4046-8, 3650,

3131, 3126.

16*
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at right angles to the spectral lines. This is due to dirt between the

jaws ; the dirt may be to some extent removed by opening the jaws
and rubbing them gently with a piece of match.

The spectral lines are always curved, being convex towards the re-

fracting edge of the prism. This is due to the fact that the rays do
not all pass through the prism in a principal section, i.e. a section at

right angles to the refracting edge. The central ray of the pencil from
the middle of the slit passes through in a principal section, but the

central rays of the other pencils are inclined to the principal section.

They are thus incident on the face of the prism at a different angle, and
also the refracting angle is virtually increased for them. They thus

suffer a greater deviation.

Edser and Butler's Method of Calibrating a Spectroscope. If a thin

parallel-sided film of air is enclosed between two plates of glass and

light is allowed to pass through it perpendicularly, interference takes

place between the light which passes directly through and the light re-

flected internally at both sides of the film, but owing to the latter being
much fainter than the former the bands are too faint to be seen. If,

however, both surfaces of the air film are covered with a thin film of

silver that reflects about three-quarters of the light incident on it,

then the intensities of the interfering beams are more nearly equal and
the bands better defined. If e is the thickness of the air film, the

condition for a black band is

2e = (n + -J)A,

where n is any integer. If such a film is placed in front of the slit of

a spectroscope, the spectrum is crossed by black bands wherever A
satisfies the above equation. Let us suppose that we know X

l
and A

2 ,

the values of two of the wave-lengths at which black bands occur.

Then

2e = (H! + i)Aj or = ^ +
A

i

and 2e =
(nz + i)A2

or - = n
2 + |.

2

These two equations give

-
r
2)

Similarly

and finally on dividing the second of these equations by the first

1
_1

/v Ao rv """ *vn

i T =
Z, IT^T*L _ _ n

i
n

2

Aj A
2

which gives
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Hence, since Aj and A
2 are known. and n^ n

2 ,
n nv and n w

2
can

be counted, A can be calculated, and thus the whole spectrum calibrated.

To prepare the air film Edser and Butler recommend placing a

little soft wax round the edges of the plates and pressing them to-

gether while looking through at a distant light. A series of images
will then be seen by multiple reflection. When the surfaces are

parallel, these images contract to a single image.

Hartmann's Dispersion Formula. Sometimes, instead of using a

calibration curve for a spectroscope, it is more advantageous to calculate

a table giving the wave-length in terms of scale readings. For this

purpose the following empirical formula given by Hartmann is very
suitable :

c
A = A + -

U o os - s

A is the wave-length, s the scale reading, A
,
c and * constants to be

determined from the observations. The simplest way of determining
them is to take three observed points on the curve, one near the middle

and the other two, if possible, about a sixth from each end, and sub-

stitute the values of A and s for these points in the equation. We thus

obtain three equations for the three unknowns. When the constants

have been determined the formula can be tested by means of the other

observed points, and if it gives them satisfactorily, it can be used to

draw up a table giving, for example, the value of A for every 5' increase

in s.

Hartmann has also shown that the formula

<>

(A
- A )"

represents the index of refraction of optical glasses in the visible

spectrum with a very high degree of accuracy. ^ is, of course, the

index of refraction, and /* ,
c and A are constants. This formula like

the other one is purely empirical.
Care should be taken to verify a calibration curve or table at fre-

quent intervals by taking the reading for the sodium lines, for it often

happens that the collimator or prism table gets a slight knock which

alters all the readings. In this case the calibration curve can usually be

corrected by adding a small constant quantity to, or subtracting one

from, all the scale readings.

The Production of Spectra. The spectrum used in the earlier part

of last century was almost always the solar spectrum. We can, of course,

get brighter light from the sun than frona any terrestrial source, and at
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that time the electric arc and spark had not been developed. The dis-

advantage of the sun as a source, when it is there, is its motion in the

heavens. With fixed apparatus it is always moving off the slit. So
an instrument called a heliostat was used. This consists of a mirror

driven by clockwork and placed outside the window of the room, which
directs a beam of light into the spectroscope and which by its motion

compensates the motion of the sun and keeps the direction of the re-

flected beam constant.

For the comparison of the dark lines in the solar spectrum with

the bright lines of terrestrial sources spectroscopes were furnished with

a totally reflecting prism placed in front of the slit and covering half

of it. One of the sources was viewed directly and the light from the

other was reflected in from the side. The two spectra were seen in the

field above one another and thus comparison was easy. It should be

noted, however, that with this arrangement the same lines in the two

spectra do not coincide exactly in position, unless the beam of light
from each source fills the full aperture of the collimator.

The four principal ways of producing spectra are by means of the

bunsen flame, the electric spark, the vacuum tube, and the electric arc.

Flame Spectra. The bunsen flame is the simplest method of pro-

ducing spectra, but it is suitable only for the salts of sodium, lithium,

thallium, potassium, barium, strontium, calcium, rubidium, and caesium,
and except in the case of the first three of these elements there is difficulty

in making the measurements. The usual method of introducing the salt

into the flame is on a platinum wire
;
a small loop is made on the end

of the wire, the latter is dipped into hydrochloric acid, and in order to

clean it, heated in the flame as long as it gives off a yellow colour
;

it

is then dipped in the salt. The temperature of the bunsen flame 2*5

cms. above the top of the burner varies from 1600 C. in the centre to

1800 C. at the surface. Consequently the platinum wire should be

placed in the flame near the surface and tangential to the latter so that

the last few millimetres are heated to a bright red.

If the salt will not stay on the platinum loop long enough, it can be

placed in*a platinum scoop, or a piece of charcoal or bit of asbestos can
be impregnated with it, and held in the flame. However, even with
these methods the salt often burns away before the observer can get
time to measure the lines, and special pieces of apparatus have been
devised to give a constant supply of salt. Eder and Valenta employed
a wheel on the rim of which was fixed a circle of platinum gauze. Part
of this circle dips into a vessel containing a strong solution of the

salt and another part projects into the flame. The wheel is rotated by
clockwork or a motor and thus constantly carries salt into the flame.

Mitscherlich employed little glass tubes closed at the upper ends,
into the lower ends of which a wick of asbestos threads or fine platinum
wires was fitted, and which were bent so that the wicks projected into

the flame. The tubes were filled with the liquid under examination,
a little hydrochloric acid or ammonium acetate being added to prevent
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the formation of crusts on the wires. Gouy's method consists in making
the air or gas take up the salt solution in the form of a fine spray,
before it reaches the burner. Hemsalech's method consists in making
the air go through a chamber in which an electric spark is passing
before entering the draught hole at the bottom of the bunsen burner.
When the spark passes, the electrodes are disintegrated and their

material is carried off by the air current into the flame in the form of

a very fine powder.
Much brighter spectra are obtained if instead of the bunsen burner

the oxyhydrogen flame is employed.
Sodium is always present in lithium salts as an impurity, con-

sequently when a lithium salt is introduced into the flame the sodium

yellow is superimposed on the lithium red. The lithium salts volatilise

at a lower temperature than the sodium salts ; thus the lithium red
extends further into the colder regions of the flame, and the latter has
an orange core but a red edge.

According to Kirchhoff and Bunsen the spectroscope can detect

TT(ToVoo"o milligram of sodium in the bunsen flame. Thus spectrum
analysis is very much more sensitive than chemical analysis. This
extreme sensitiveness to sodium and consequent universal prevalence of

sodium in all flames made it more difficult for experimenters to discover

the real cause of the yellow lines.

The Electric Spark. If two metal rods are connected to the ends
of the secondary of an induction coil and their points are brought near

one another, when the coil is started, a stream of sparks.passes between
them. This is a well-known experiment, and it is used to describe the

power of the induction coil ; we say, for example, that it gives a six-

inch spark.
The induction coil consists of a bundle of straight iron wires termed

the core, round which is wound a coil of insulated wire called the

primary. The secondary is wound round the primary and consists of

a very large number of turns of fine wire insulated with silk and

shellac. In the primary circuit there is an interrupter. This in its

simplest form consists of a spring to the upper end of which a piece of

soft iron is attached on one side
;
on the other side is a platinum

point which rests against a platinum surface. The current passes up
the spring and through the platinum point to the surface and then

round the primary. This magnetises the core, the core attracts the

piece of soft iron, contact between the platinum point and surface is

broken, and the current is interrupted. The core then demagnetises,
the spring flies back, contact is made and the same cycle takes place

over again. Whenever the primary current is made or broken an

induced current flows in the secondary. The break takes place much
more sharply than the make, consequently the induced electromotive

force is much greater one way, and the stream of sparks passes between

the points only in the one direction. When the sparks pass in air

they have a violet appearance and they give principally the air spectrum.
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From coil

To co/'/

FIG. 222.

If, however, one or two Leyden jars or condensers are connected in

parallel with the spark gap, the appearance of the spark is changed.
Then when the primary is broken, the current in the secondary flows into

the condenser, C
(fig. 222), until its potential is raised to such a height

that the dielectric resistance of the spark

gap, G, is broken down; an oscillatory

discharge of the condenser then takes

place through the gap. In this case the

spark gap has to be made much smaller

and the spark gives principally the

spectrum of the metal points between
which it passes.

The Leyden jar can be charged by a Wimshurst influence machine
instead of an induction coil, and then when discharged across a spark

gap gives a spectrum in the same way.
The simplest way of obtaining the spark

spectrum of a solution is to put it in a test

tube, through the bottom of which a plati-
num wire has been sealed (fig. 223). The

platinum wire must not reach the surface

of the liquid inside the tube
;
outside the

tube it is connected to the negative terminal

of the secondary of the induction coil. The
mouth of the test tube is closed with a cork

through which passes a glass rod with a

platinum wire fused down its centre
;
the

lower end of this wire is a millimetre or so

above the surface of the liquid and the

upper end is connected to the secondary of

the induction coil. The sparks pass be-

tween the wire and the surface of the liquid.
The disadvantage of this method is that

the sparks attack the glass, and so Hartley
has used instead two chisel-shaped wedges

moistened with the solution.
tso

r

n
of

"Practical
Physics ").

FIG. 223 (from
Baly's

"
Spec-

troscopy ").

The Vacuum Tube. Vacuum tubes or

Geissler tubes are glass tubes with elec-

trodes sealed through their walls containing

gases at a pressure of 1 or 2 mm. or there-

abouts. When the electrodes are connected
to the secondary of an induction coil the tube lights up.

Figs. 224 and 225 represent vacuum tubes
; fig. 224 is the usual

form consisting of two wider portions connected by a capillary. Ow-
ing to the current being concentrated in the capillary, the tube is much
brighter there. The electrodes are made of aluminium wires fused on
to platinum wires

; the parts going through the glass are platinum,
the parts from which the discharge takes place are aluminium. If the
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B

electrodes are made solely of platinum 'a deposit takes place on the glass
walls of the tube. Fig. 225 represents the end-on form

; the collimator
is pointed at it in the direction of the tube

C, the capillary is thus viewed end-on and
the spectrum is consequently much
brighter.

Unless special precautions are taken,
vacuum tube spectra contain impurities
due to moisture, dirty glass surfaces, and

hydrogen occluded by the electrodes
;
also

the gas itself is gradually decomposed or

absorbed by the glass and electrodes.

Formerly the gas in the capillary was

thought to have a very high temperature,
but the temperature is now known to be

very low. On the assumption that all the

electric energy reappeared as heat, E.

Warburg calculated that in a certain

hydrogen tube the temperature could at

u
FIG. 225 (from Watson's
"Practical Physics").

no point exceed 133 C., while R. W. Wood found by direct measure-
ment with a bolometer that the temperature in a tube of special
construction was of the order of 30 C. to 40 C. Wood's tube was
formed from the Torricellian vacuum of a barometer, and the bolo-

meter entered through the mercury column.

The Electric Arc. If two carbon rods are connected to the ter-

minals of a battery with an e.m.f. of 80 volts or thereabouts, and if the

ends of these rods are pushed together and then drawn apart, a bright

discharge passes between them. This is the electric arc. As the

current passes, the end of the positive carbon becomes hollowed out

into a crater-like depression and the end of the negative terminal be-

comes pointed. Both the carbons are consumed by the arc, the posi-

tive one twice as fast as the negative one. Much the greater portion
of the light comes from the positive electrode, less from the negative,
and very little from the vapour between the electrodes. The tempera-
ture of the positive electrode has been shown by optical methods to be

about 4000 C.

If an image of the arc is thrown on the slit of the spectroscope by
a lens, by adjusting the latter the spectra of the different parts can be

examined in succession. It is found that the spectrum of the electrodes

is continuous, while the vapour gives a mass of fine lines. If the lower

carbon is the positive one and small quantities of different metals or

salts are placed in the crater, they are volatilised and the vapour gives

their spectrum. This procedure is, however, not very satisfactory, as

the introduction of the salt makes the arc flicker and jump, and besides

the salt is soon burned up. It is better to have a hole bored along the

centre of the positive carbon and pack it with the salt. Such cored
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carbons are used in street lighting in the flame arc lamps and can be

bought packed with salts of calcium.

In the case of metals such as iron or aluminium the arc may be

passed directly between rods of the metal itself, but care must be taken
not to have the current too strong, otherwise the positive pole melts.

A. H. Pfund * has given the following useful instructions for using the

iron arc : The lower electrode must be the positive one and should be

about 12 mm. diameter. The upper electrode should be about 6 mm.
diameter and project about 3 mm. from a brass bushing which it carries

to prevent it becoming too hot. It is best to limit the length of the
arc to 6 mm. The arc burns best with about 3 '5 amp. on a 220 volt

direct circuit. After it is started a bead of iron oxide forms in a cup-
shaped depression on the positive electrode, bulging out considerably
above the edges of its receptacle. The presence of this bead is essen-

tial to the steady working of the arc.

I have found that with plenty of ballast resistance and an induc-

tion such as the coil of an electromagnet in the circuit, the iron arc

give little trouble. Before starting it the layer of iron oxide which
forms on the negative electrode must always be scraped off.

The arc spectrum of mercury can be produced very simply by
boring the lower carbon and attaching its lower end by a rubber tube
to a mercury reservoir. Then we have only to raise the reservoir

sufficiently high to bring the mercury in the core up to the level of the

flame. It is cleaner, however, and gives sharper lines, besides prevent-

ing the formation of poisonous vapour, to

have the arc in a closed tube. Arons was the

first to use a closed mercury arc successfully ;

fig. 226 represents his arrangement. The
electrodes are the mercury columns A and B

;

besides these columns the tube contains only

mercury vapour. The arc is struck by in-

clining the lamp and letting a drop run from
A to B. At the electrodes further mercury
reservoirs are attached outside to prevent the

temperature rising too high.
The most successful of all mercury arcs

has been the Cooper-Hewitt tube, which is

used extensively for workshop lighting. The
tube takes 3-5 amps, and requires a ballast resistance and an induction.

The potential difference between the ends of the tube itself is about
34 volts, and together with the resistance and induction it requires
from 50 to 65 volts. The cathode is a little pool of mercury and is at

the blackened end of the tube
;
the anode is an iron ring. Fig. 227

represents the tube together with a mount suitable for laboratory use.

Ordinarily the end A rests on the table ; to start the arc the mount is

rocked over on to the end B and this causes a thread of mercury to

FIG. 226.

* "
Astroph. Jr.," 27, 1908, p. 296.



SPECTROSCOPY : EARLIER WORK 251

flow down the tube and make contact with the iron ring. The dis-

advantage of the Cooper-Hewitt tube tor laboratory use is its size.' It

FIG. 227.

is 27 inches long and gives 500 candlepower. But against that it is

made in large numbers and is consequently cheaper and more reliable

than if it were used solely for spectroscopic work.
The Cooper-Hewitt and Arons arcs are also made in quartz. When

working with a quartz mercury arc or with an iron arc the eyes must
be protected by glass spectacles, because these sources give off ultra-

violet rays which have a harmful effect on the eyes and cause a very
painful inflammation. The harmful rays are absorbed by glass.

In addition to the mercury arc there are also mercury vacuum
tubes with aluminium electrodes. These contain a few drops of mercury
and must be heated to vaporise the mercury, otherwise they do not

light up. Vacuum tubes may have also mercury electrodes ;
the dis-

tinction between such tubes and the mercury arc lies then solely in

the potential difference and current employed.

Work of Kirchhoff and Bunsen. In 1860 Kirchhoff and Bunsen

explained the Fraunhofer lines and asserted that, when a substance

was caused to emit light, the spectrum was the sum of the spectra of

its components. They thus gathered up and put in a definite form

ideas which were, so to speak, in the air at that time, developed them

by a series of researches, called attention to their importance, and, in

a word, founded spectrum analysis.
The statement that every atom has its own spectrum consisting of

lines or bands characteristic of it and produced by no other atom was

of immense importance, because, if the spectrum of an unknown sub-

stance was examined and the positions of its lines mapped, it was

necessary only to compare them with the lines of the known elements,

and we could at once obtain the composition of the unknown substance.

Moreover, the quantity of substance required for producing the spectrum
was very much less than what would be required for chemical analysis.

Also the method could be applied to the sun and stars, bodies to which

chemical analysis could be applied by no possibility whatever. If a

substance under investigation contained lines which could not be

identified with the lines of *any known element, then the substance

contained an unknown element. Bunsen and Kirchhoff at once dis-

covered the elements caesium and rubidium in this way, and were able

afterwards to isolate them chemically, and about the same time Crookes

discovered thallium by means of its green line.

Balfour Stewart had shown that a body absorbed best the heat rays
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that it emitted, and the idea of resonance was used by Kelvin in connec-

tion with the sodium lines. A vibrating system absorbs the radiations

which it emits
;
thus a tuning-fork is set into vibration if it is placed

on the sounding-box of another fork of the same pitch, which is already

sounding, and the strings of a piano resound to the sound waves of

another musical instrument in its neighbourhood. The strings gain

energy at the expense, of the waves, which are consequently weakened
in intensity. So, if white light passes through sodium vapour, those

waves with the same periods as the sodium molecule are absorbed,
the other waves pass through with their intensities undiminished, and
if the light then enters the slit of a spectroscope, the spectrum is

crossed by two dark bands in the yellow. These dark bands have

exactly the same positions as the bright lines emitted by sodium in

the bunsen flame.

Kirchhoff generalised these ideas, expressed them quantitatively in

the statement known as his law, namely, that the ratio of the radiating

power to the absorbing power of all bodies is the same for the same

wave-length and the same temperature, and applied them with de-

cisive success to the explanation of the Fraunhofer lines. According
to his view, which is now universally adopted, the sun consists of a

solid or liquid core at a white heat surrounded by an atmosphere at a

somewhat lower temperature. The core gives out white light which
would show a continuous spectrum, were it not for the fact, that the

radiations corresponding to the periods of the molecules in the atmos-

phere are abstracted in passing through the atmosphere. When a line

is absorbed in this way it is said to be reversed and the atmosphere
is referred to as the reversing layer. The Fraunhofer lines are thus

caused by absorption in the sun's atmosphere. By comparing their

wave-lengths with the wave-lengths of the emission spectra produced
in the laboratory, the chemical constitution of the sun's atmosphere
can be determined. It is found in this way that more than 36 of our

elements exist in the sun. Indeed one element, helium, was discovered

in the sun before it was found on the earth. Close beside the sodium
lines D

1
and D

2
in the solar spectrum there is a line D

3
of wave-length

5875 '6 A.U. which formerly could not be produced in the laboratory
and which was ascribed by Lockyer and Frankland to a hypothetical
element, called helium by them. This element was isolated by Eamsay
from cleveite in 1895.

All the Fraunhofer lines are not due to absorption in the solar

atmosphere. Some, known as telluric lines, are due to absorption by
the water vapour and oxygen of the earth's atmosphere. That some
of the lines are due to water vapour was shown by Jansen ;

he had a

large fire lit on one side of the lake of Geneva, examined its spectrum
from the other side, and found that absorption lines were produced by
the damp air over the lake.

The action of the reversing layer can be illustrated in the labora-

tory by an experiment that is somewhat difficult to carry out. An
arc lamp, such as is used for projecting slides, is taken and the pro-
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jecting lens is adjusted to form an image of the crater on the slit of

the spectroscope. An observer looking into the telescope will then
see an intensely bright continuous spectrum. A bunsen burner is

then placed to give a sodium flame in front of the slit, and, if the
sodium vapour is made sufficiently dense, a dark line can be made to

appear in the spectrum. If a screen is placed between the arc lamp
and the sodium flame, only the light of the latter enters the instru-

ment and the dark line appears bright. It is not any brighter than

before, only in the latter case it is seen against a dark background,
whereas in the former case it is seen against a very bright back-

ground.
In 1862 Mitscherlich found that it was possible for a compound to

give a spectrum ;
for example, when barium chloride was introduced

into the bunsen flame, it gave its own spectrum, not the spectrum
of barium and the spectrum of chlorine. Little is known about the

spectra of compounds on account of the experimental difficulty of

producing them
;

the compounds are almost always dissociated by
the bunsen flame or other means used to produce the spectrum, so

that the existence of compound spectra does not really limit the power
of spectrum analysis to reveal the elements present in an unknown
salt.

Types of Spectra. Spectra are divided into three classes, continu-

ous spectra, band spectra, and line spectra. Solid bodies give con-

tinuous spectra ; thus the spectra of a red-hot poker, the crater of

the electric arc and the filament of an incandescent lamp contain rays
of every possible wave-length whatever. This is usually explained

by saying that the molecules are so closely packed, that they cannot

vibrate in their proper periods. Just when one is beginning to emit

regular vibrations another knocks against it, and the vibrations become

all irregular again. The oxides of the rare earths, didymium oxide

for example, form an exception to the general behaviour of solids ;

when they are heated they give a line spectrum superimposed on a

continuous spectrum.
Band spectra consist of bands separated by dark spaces. When

observed with a high resolving power each band is found to consist of

very fine lines. The lines become closer and closer on one side of the

band until they coincide ;
this side has consequently a sharp and

bright edge called the head of the band. With a low resolving power
the bands are not resolved and the spectrum appears channelled or

fluted. All spectra of compounds are band spectra.

Line spectra consist of separate bright lines on a dark background

or a faint continuous background. The different lines differ in inten-

sity, and when examined with a high resolving power they do not

always appear the same. Some are sharp, some are sharp on one

side and nebulous or diffuse on the other, and others are diffuse on

both sides.

Pliicker and Hittorf found in 1865 that the same substance can
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give two entirely different spectra. This had not been expected by
Kirchhoff and Bunsen. The discovery was first made with nitrogen
in a vacuum tube, and the results were afterwards extended to a large
number of other substances. They all gave two spectra, a band

spectrum and a line spectrum. The passage from the band spectrum
to the line spectrum took place abruptly when the conditions of the

discharge were altered. The band spectrum and line spectrum could

not exist together and they had no line in common. Pliicker and
Hittorf refer to the band spectrum as the first order spectrum and to

the line spectrum as the second order spectrum.

Lockyer's Long and Short Lines. If a spark is passing horizont-

ally between two electrodes and an image of it is thrown on to the

vertical slit of a spectroscope by means of a lens, then all the lines in

the spectrum have not the same length. The slit picks out a vertical

section from the spark ;
some of the lines are emitted only in the

centre of the spark where the discharge is most intense and the pres-
sure greatest, while other lines are also emitted far out from the

centre where the discharge is weak. The former lines appear short

and the latter appear long in the spectrum. This method of studying
the effect of the varying circumstances of the discharge is due to

Lockyer and is known as the method of the long and short lines.

Angstrom's Normal Solar Spectrum. In the early days of spectrum
analysis the positions of lines were given on arbitrary^ scales.

Kirchhoff and Bunsen used an arbitrary scale. A. J. Angstrom
measured the wave-lengths of a very large number of the Fraun-
hofer lines by means of three diffraction gratings, and in 1868

published a map of the visible spectrum giving the wave-lengths of

about 1000 lines. The wave-lengths were expressed in 10~8 cms. and
carried to two decimal places, whence the name Angstrom unit.

Angstrom had measured the spaces of his grating in terms of a

standard metre in the calibration of which an error had been made, and

consequently his values were all slightly too small. This error was
corrected and the values recalculated by Thalen. Angstrom's diffrac-

tion gratings were of course plane ones. They were placed normal to

the direction of the collimator.

Angstrom's normal map standardised spectroscopy and made it

possible to determine the wave-length of any line simply by compari-
son with the solar spectrum and interpolation. Angstrom's values
remained for many years unexcelled for accuracy.

EXAMPLES.

(1) In calibrating a spectroscope a student finds that sodium bicarbonate

gives a line at 53 4', potassium chlorate lines at 52 12' and 56 8', lithium

sulphate a line at 52 36', thallium sulphate a line at 53 39' and a hydrogen
vacuum tube lines at 52 40', 53 11', 54 19', 54 40', and 55 14'. Of course
some of these lines may be due to impurities. Draw curves representing the
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scale readings (a) as a function of X, (&) as a function of 1/X, and (c) as a
function of 1/X

2
.

(2) Calculate the constants of the Harbmann calibration formula for the
above spectroscope, and show by a graph how near the observed values lie to
the calculated curve.

(3) In a constant deviation spectroscope the collimator and telescope
remain fixed while the prism is rotated and its position read by means of a
micrometer screw. The screw is calibrated by means of hydrogen, helium,
and mercury vacuum tubes, the readings for the hydrogen lines being 2537,

2187, 1955, for the helium lines, 2548, 2438, and for the mercury lines, 2358,
2208, and 1958. The wave-lengths of the principal lines of helium are

4471-5, 5875-6, and 6678'! A.U. Draw the calibration curve and calculate the
constants of Hartmann's formula for it. Represent Hartmann's formula by
a curve and show how closely it fits the observed values.

(4) Show by plotting the dispersion as defined on p. 238 as a function of

the wave-length, that it is not constant in the case of a transmission dif-

fraction grating mounted in a fixed position on the table of a spectrometer,
although it does not vary so rapidly with the wave-length as in the case of

either flint or crown glass prisms.
(5) A spectroscope has a slit which opens only on the one side. A

student calibrates it with the lines of Na, Li, Tl, and H, using a constant

slit width and placing the cross-wires on the middle of the slit. He then
looks for the K violet line, and after widening the slit and expending much
time gets a reading on the middle of this line also. Immediately after

making this reading he realises that the cross-wires ought always to have
been placed on the image of the fixed edge of the slit. . What should he do
to save his observations ?

(6) A spectroscope is being used as a monochromatic illuminator. For
this purpose the eyepiece is removed and a cardboard disc with a slit in it

inserted in the focal plane of the telescope object glass. The object glasses
of the telescope and collimator have the same focal length. Show that for

a given intensity of illumination the light is most monochromatic when the

collimator and telescope slits are equally wide.

(7) A symmetrical direct vision spectroscope is to be made of the flint

and crown glasses for which the indices of refraction are given on p. 61.

The prism is to be symmetrical and is to consist of three parts, a flint com-

ponent in the middle with a crown component on each side. The refracting

angle of the flint component is to be such that, if there is an air film between

the components, the rays can just enter the flint glass. The D lines are to

be undeviated. Calculate the angles of the prisms and the difference in

deviation of the two ends of the visible spectrum.

(8) A prism and plane mirror are mounted on the table of a spectro-

meter in such a way, that the plane bisecting the refracting angle of the

prism and the plane of the mirror intersect in the axis of rotation of the

table. The combination is known as the Wadsworth mirror prism combina-

tion. The rays from the collimator pass through the prism, are reflected by
the mirror and then enter the telescope. Show that the rays which pass

through the prism at minimum deviation suffer a constant deviation in

passing through the combination, and hence show how any spectrometer,
which is furnished with a means of reading the position of the prism table,

can be converted into a constant deviation instrument of the fixed arm type.



CHAPTEK XV.

THE ULTRA-VIOLET.

WHEN silver chloride is exposed to light it darkens in colour, first

assuming a violet tint and then becoming dark brown or black. The
exact chemical nature of the change occurring is not known, but it

has been attributed to partial reduction to metallic silver. In 1801
J. W. Eitter found that this property of light did not stop at the violet

end of the spectrum but was greatest beyond the end of the visible

spectrum. He thus discovered the ultra-violet spectrum.
Ten years later by projecting Newton's rings in ultra-violet light

on silver chloride, Thomas Young showed that the ultra-violet rays
were subject to the laws of interference. The diameter of the rings
was smaller than the diameter of the rings produced by visible light,
and thus their wave-length was smaller. Herschel introduced the

name actinic rays for the rays that produced chemical change.
At first the actinic rays were regarded as something radiated from

the sun additional to ordinary light and distinct from it. Only gradu-

ally the conviction grew that it was the same radiation that produced
both the sensation of light and the chemical action on silver chloride.

If an acidulated solution of quinine sulphate is placed in a dark
room and a beam of white light is allowed to fall on it, blue light is

emitted from the surface of the solution at the point where the beam
is incident, also blue light is emitted from the path of the beam inside

the solution. The blue light is brightest at the surface decreasing
with the thickness of solution through which the beam has passed.

If, however, after passing through such a solution the beam falls upon
a second solution, it no longer possesses the property of exciting blue

light. At first this phenomenon was not properly understood and the

blue light was thought to be reflected incident light, but in 1852 there

appeared a description of an investigation by Stokes which cleared up
the whole matter.

The effect is shown by a great number of other substances besides

sulphate of quinine, for example by an alcoholic solution of chloro-

phyll, paraffin oil, an aqueous solution of fluorescein, uranium glass and

fluorspar, and on account of its being shown by fluorspar Stokes in-

troduced the name fluorescence for it. Uranium glass is coloured
with oxide of uranium, and flower vases can be bought made of it.

They are yellow by transmitted light and fluoresce green, but the glass
made for experimental purposes by Schott & Co., Jena, gives a much

256
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brighter fluorescence. When a spectrum is projected on a fluorescent
screen or on the surface of a fluorescent solution, for example, sulphate
of quinine, the blue fluorescent light is*' emitted by the parts of the
surface on which the blue, violet, and ultra-violet portions of the spec-
trum fall. Thus a fluorescent substance has the property of making
an ultra-violet spectrum visible

; Stokes investigated the ultra-violet
solar spectrum in this way and

'

mapped the positions of the principal
Fraunhofer lines in it.

Sulphate of quinine and fluorspar fluorescs with a blue light,
chlorophyll with a red light, and uranium glass and fluorescein with a

green light. Thus the emitted light is characteristic of the substance
and not of the exciting light ; the energy of the exciting light is first

absorbed by the molecules and then emitted by them as light of an-
other wave-length. Stokes believed that the wave-length of the excit-

ing light must be always less than the wave-length of the fluorescent

light, and this fact was known for long as Stokes's law. Modern in-

vestigation has shown that it is certainly not always true
; Nichols and

Merritt have proved, for example, that fluorescence can be produced in
the case of fluorescein when the wave-length of the exciting light is

greater than that of the centre of the fluorescent band.
Use is made of fluorescence in a well-known experiment used for

demonstrating the laws of the reflection and refraction of light to large
audiences. A trough with parallel sides of glass is filled with water
and a grain or two of fluorescein added. A beam of parallel light from
an arc lamp is incident on the surface of the water at B (fig. 228) where
it gives rise to a reflected beam BC and a

refracted beam BD. At the bottom of the

trough at D there is placed a piece of mirror \
glass which produces the reflected beam DE
and consequently the refracted beam EF. If

the air were perfectly pure, the paths of the

beams AB, BC, and EF would not be visible

to an observer at the side ; hence dust, for

example chalk from the blackboard duster,
is scattered in the air, the chalk particles are

illuminated by the beams and render the paths visible. The extremely
dilute solution of fluorescein in the trough lets through visible light

with its intensity undiminished but absorbs ultra-violet light. The

energy of this ultra-violet light is re'-emitted again as green fluorescent

light and consequently the path of the beam in the solution appears a

bright green. Every molecule of fluorescein in the path is a source of

g;reen light. Care must be taken to get the strength of the solution

right, for ff there is too much fluorescein in it, the ultra-violet light will

be all absorbed before the beam reaches D and only part of the beam BD
and none of the beam DE will be visible.

Of course dust particles in the water are illuminated by the beam
and render its path visible, but they only scatter the incident light

and do not shine with a light of their own.

17
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* The reason why, when light goes through two solutions of sulphate

quinine in succession, only the first solution exhibits fluorescence

is because all the ultra-violet light of the beam is absorbed in the first

solution and there is none left for the second.

Stokes used fluorescence as a means of testing the transparency
of different substances to ultra-violet light and also for estimating the

amount of ultra-violet light emitted by different sources. He found
that glass absorbed the ultra-violet light from an alcohol flame, while

quartz did not, and that the electric spark was very strong in ultra-

violet light.

He had a spectroscope built with quartz lenses and prism, and
received the spectra on a uranium glass screen or uranium phosphate
screen, and in 1862 published a description, of some results obtained

with this apparatus. He found that the spectra of the electric arc

and spark extended much further than the solar spectrum. In the

same year W. A. Miller photographed spark spectra with a quartz
apparatus, and found that quartz, fluorspar, and water were all very
transparent in the ultra-violet. He also discovered the fact, that for

a certain region in the ultra-violet thin films of silver are transparent.
From 1874 to 1880 Cornu extended Angstrom's normal solar map to

the ultra-violet by means of photography with a plane reflection

grating. He found that the solar spectrum stopped short at about
3000 A.U ;

the earth's atmosphere absorbed the radiations beyond this

limit. The limit of transmission varied slightly with the season of the

year and the height above sea-level.

Very many substances fluoresce slightly, but the fluorescence cannot be
seen on account of scattered incident light of greater intensity being super-
imposed on it. To detect it in such cases Stokes used a very ingenious
arrangement consisting of a box with two coloured windows, one of which
transmitted only the violet and blue while the other transmitted the yellow
and red. The substance under investigation was placed inside the box and
an intense beam of light allowed to fall on it through the blue window. The
blue light scattered or reflected by the object was not transmitted through
the yellow window, as the two taken together were quite opaque ;

conse-

quently the object was not visible through the yellow window unless it gave
rise to a yellow or red fluorescence. A very faint fluorescence could be
detected in this way.

Fluorescent light is polarised by refraction on leaving the fluorescing

body.
Recently R. W. Wood has investigated the fluorescence of sodium vapour

and found that, when resolved spectroscopically, it consists of a very great
number of fine bands if the fluorescence is stimulated by white light. If,

however, monochromatic light of great purity is allowed to fall on the vapour
only some of these bands appear, but those that do appear are distributed

throughout the whole spectrum. If the wave-length of the exciting light is

slightly altered, the bands originally present disappear and others appear.
Each group of bands in the complete fluorescent spectrum responds to its

own exciting wave-length. Wood terms the spectra produced in this way
resonance spectra ; they are caused by the sodium molecule resonating to
the exciting radiation. The resonance spectra violate Stokes's law in a very
marked manner.



THE ULTRA-VIOLET 259

We have then two means of investigating the ultra-violet spectrum,
namely, fluorescence and photography. -The best way of employing
fluorescence is by means of Soret's fluorescent eyepiece. This consists
of a thin plate of uranium glass or other transparent fluorescent sub-
stance fixed in the telescope in the position usually occupied by the cross-

wires. If an ultra-violet line is focussed on the surface of the plate, it

produces a fluorescent image, and this image is viewed through the plate
with the ordinary eyepiece of the telescope, which is inclined obliquely
to the axis of the telescope, because the image is then seen better. The
fluorescent plate is, of course, normal to the axis of the telescope.

A fluorescent eyepiece can be used only with bright spectra and

consequently the use of photography is now universal. In Bitter's

experiments referred to on p. 256 the silver chloride was exposed to

the rays until it actually became black. In 1839 Niepce and Daguerre
made known their process, which was a very great advance on what
had previously been accomplished. A surface of silver iodide on silver

was exposed to the action of light and removed before it presented any
visible change ; it was then placed over the vapour of slightly heated

mercury, and mercury deposited on the parts where the light had acted,
more being deposited where the light had been intense and less where
it had been weak. Thus if an image had been focussed on the surface,
it was represented in every gradation of light and shade. The image
had been latent in the surface although not visible until brought out

by the mercury.
The modern dry plate consists of an emulsion of silver bromide in

gelatine, which has been poured while warm on to a large glass plate
and allowed to set. The glass plate is then cut into smaller sizes.

The light produces no visible action on the plate until the developer is

poured over it. Then the particles of silver bromide on which the

light was incident are reduced to black metallic silver. After develop-
ment the plate is

" fixed
"
by immersion in a solution of hyposulphite

of soda, which dissolves away all the sensitive particles on which
the light has not acted. It is then washed and dried. As the bright

parts of the image, those on which most light falls, come out black on

the plate and the dark parts come out light, the picture is said to be a

negative. By placing it in contact with sensitive paper and allowing

light to act through the negative on the paper, an image called a

positive is produced on the paper. In this image the light and shade

are correctly rendered ;
it is the picture wanted, the negative being

only an intermediate step.
In photographing spectra we always stop at the negative because it

is a matter of indifference as to whether the lines come out white on

a black background or black on a white background. Also it is an

advantage to have the picture on glass, because it is often necessary

to measure the distance between the lines and glass does not stretch the

way paper does. The same reason applies against making the negative

on films. In films the gelatine containing the silver bromide is spread

ton a roll of celluloid instead of glass.

17 *
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The slower plates produce a finer grained image than the more

rapid ones. The ordinary dry plate is sensitive to light from 5000
A.U. to 2200 A.U. with a maximum of sensitiveness in the violet.

Very strong lines may come out below 2200 A.U., but the gelatine of

the plate begins to absorb at 2500 A.U. and at 2200 A.U. the light
does not penetrate more than -02 mm. into the gelatine film, i.e. to a

greater distance than about one-tenth of its thickness.

Vogel found in 1873 that if the plate is bathed in a solution of one
of certain dyes it becomes sensitive to some of the rays absorbed by
this dye. Use has been made of this discovery to make plates
sensitive to the green, yellow, and red. The ordinary commercial
orthochromatic or isochromatic plates, which are made by putting
some eosin or erythrosin into the emulsion, are sensitive as far as the

yellow. The well-known " Wratten Panchromatic Plate," made by
Messrs. Wratten & Wainwright, is prepared by bathing the finished

plate in a solution of certain of the isocyanines, and while as sensitive

to the ultra-violet as the ordinary non-colour sensitive plate, it is

sensitive to the whole visible spectrum to beyond the red lithium line.

It does not give the red potassium line.

The development of ordinary plates is carried on in a dark room
illuminated solely by a red lamp. In the case of orthochromatic plates
care must be taken with regard to the spectral purity of the red light.

In the case of the panchromatic plate the red light affects the plate
and consequently cannot be used. The plate must be developed in

absolute darkness, or, if this is not possible, a faint green light may be

used. Green is chosen because the eye is most sensitive to green and
the plate is nearly equally sensitive to all colours, hence by using green
we obtain a better illumination for the same damage to the plate.

As was discovered by Stokes glass absorbs the far ultra-violet

light. The limiting radiation transmitted varies with the kind of glass
and the distance traversed by the light in it ; some flint glass prisms
absorb almost to the end of the visible spectrum. Crown glass lets

through more ; a plate 2 mm. thick will transmit perhaps to 3200 A.U.

Eecently Schott & Co. of Jena have put a new optical glass named
"Uviol

"
on the market, which when in a thickness of 1 cm. passes

light of wave-length 2970 A. U. With a quartz prism and lenses the

last line transmitted is the strong aluminium one at 1852 A.U. This
line is best detected with a fluorescent ocular since, as is mentioned

above, ordinary gelatine plates do not go beyond 2200 A.U. Fluorite

has been found by Schumann to transmit to 1000 A.U., while Iceland

spar passes light up to 2150 A.U.
Fluorite of optical quality is extremely rare, and the high bire-

fringence of Iceland spar and the brittleness of its surfaces make it un-

suitable, so that quartz is the material almost universally used for

work in the ultra-violet. If a prism is made of a doubly refracting
material such as quartz or Iceland spar, each incident ray is resolved

into two when it enters the prism, the ordinary ray and the extra-



THE ULTRA-VIOLET 261

ordinary ray, consequently in general there are two spectra produced,
the ordinary and extraordinary spectra. ^If, however, the prism is an
isosceles one and the optic axis is parallel to its base, the ordinary and
extraordinary rays coincide for the wave-length that passes through
the prism at minimum deviation and at this wave-length the ordinary
and extraordinary spectra coincide accurately with one another. If

the rays make a small angle with the optic axis in going through the

prism, then the images they form do not quite superimpose. The
double refraction of quartz is so small that if the middle of the spectrum
is set at minimum deviation, the whole spectrum from 7000 A.U. to
2200 A.U. can be obtained sharp on one plate ; the want of coincidence
at the ends of the two spectra is not sufficient to cause appreciable
error. It is, however, otherwise for a substance with a high double
refraction like Iceland spar.

When a beam of light traverses a quartz prism in the direction of

the optic axis, it decomposes into a right-handed and a left-handed

circularly polarised beam, and these have slightly different velocities.

It is this difference of velocity which causes quartz to rotate the plane
of polarisation of a plane polarised beam traversing it in the direction

of its axis. Now difference of velocity means difference of refractive

index. Thus if an isosceles prism is made solely of right-handed

quartz with the axis parallel to the base, it is impossible to set it at

minimum deviation for any wave-length for the two circularly polarised

components simultaneously. This error due to the optical rotation of

the quartz is quite distinct from and exists in addition to the error due
to the double refraction which was discussed in the last paragraph.
As shown by the calculation on p. 223 it is a small error, and it can
be eliminated by using a prism of a special type known as the Cornu

prism, i This latter consists of two 30 prisms, one of right-handed

quartz and the other of left-handed quartz, cut with the optic axes

perpendicular to the faces in contact, and placed together so as to form

a 60 prism. The difference of deviation between the two beams pro-
duced on entering the first prism is removed on emerging from the

second prism.
In a quartz spectrograph, as an instrument used for photographing

the spectrum is called, the lenses are generally single quartz lenses.

They could be made achromatic by combining them with fluorite lenses,

but it is not worth the cost Now the index of refraction of quartz
varies from 1-614 at 2313 A.U. to 1'539 at 7685 A.U., and consequently
the focal length of an uncorrected quartz lens varies 13 per cent over

the same range. In a quartz spectrograph the collimator is adjusted
so as to make the rays in the middle of the spectrum go through the

prism parallel. The extreme ultra-violet rays are then convergent and

the red rays divergent. Hence the distances of the foci of the extreme

ultra-violet and the red from the object glass of the telescope differ

by much more than 13 per cent, and to get the whole spectrum sharp
at once the surface of the photographic plate must be inclined at an angle

of about 20 to the axis of the telescope. The collimator and telescope
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lenses are cut with their axes parallel to the optic axis of the quartz,
one out of right-handed quartz
and the other out of left-handed

quartz.
Most quartz spectrographs are

made by A. Hilger, Ltd., London,
and fig. 229 shows one of their

best-known types. The colli-

mator is to the left and is of the

usual type, the prism is closed in

by a wooden box and the telescope
is replaced by a wooden camera.
The slide is very clearly shown ;

it can be racked up vertically by
a screw at the side so that several

spectra may be taken above one
another on the same plate.

It is, of course, possible to fit a

small camera on to a telescope in

os place of the eyepiece and by this

means take photographs of small

g regions of the spectrum at a time.
^ In this case, since the regions are

small, the photographic plate may
be set at right angles to the axis

of the telescope.

The Fdry Spectrograph. This

spectrograph, the invention of

Prof. C. Fery, is the outcome of

an attempt to do away with the

lenses altogether and perform
their function by giving the faces

of the prism suitable curvatures.

Let NMPQ be the prism and
let A be the centre of curvature of

the face PQ. Then AP and AQ
are normals to this face. Draw
a circle AC through A touching
the face of the prism PQ at its

mid point. The points P and Q
are on the face of the prism, but, since the linear dimensions of the sur-

face of the prism are small in comparison with the diameter of the circle,

they may be considered also to be on the circle. The radius of curvature
of the face PQ is equal to the diameter of the circle.

Let C be a source of light and CP, CQ two rays to the prism. The
angles of incidence of these rays are equal because they stand on the
same arc AC. Consequently the angles of refraction are also equal,
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and the refracted rays PM and QN wjien produced backwards must
intersect at a point B on the circle ACQ. The position of B varies with

FIG. 230.

the colour of the light. Let B be the centre of curvature of MN, the

back surface of the prism. This surface is silvered by the tin-foil

mercury process. It reflects the refracted rays back on their path, and

consequently on leaving the prism they converge again to C for one

particular colour. If the prism is made of quartz and the optical axis

is approximately parallel to NQ and MP, the doubling produced by the

optical rotation on entering the prism is removed on emerging from it.

Of course, since the above construction holds for any two rays provided
that the linear dimensions of the prism are small in comparison with

the radii of curvature of its surfaces, it holds for the whole pencil of

rays incident on the prism from C.

Now consider fig. 231. F represents a slit. The refracted rays are
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no longer incident normally on the silvered surface of the prism but

make a small angle with the latter, consequently they are not reflected

back on their own path and the image of the slit is not formed on the

slit at F but on the circle to the side of F, its distance from F varying
with the colour. The red rays are shown by the full lines and come
to a focus at N, while the extreme ultra-violet rays are shown by the

dotted lines and come to a focus at M. Thus a sharp spectrum is

formed along the arc M N without the use of lenses.

The angle between the faces MN and PQ is roughly 30. The

angle ION', which the incident light makes with the normal to the

photographic plate, is about 51.
The Fery spectrograph in its action has some resemblance to the

Rowland concave grating. The degree of approximation of the circle

to the surface is the same in both cases. Like the Rowland grating
it works at a smaller aperture than the quartz spectrograph does, at

,//30 instead of f/19, and hence gives fainter spectra. (In the ordinary
notation of photography f/3Q means that the diameter of the effective

aperture of the lens is one-thirtieth of its focal length.)

A Simple Means of Photographing Spectra. Any student possess-

ing an ordinary snapshot or stand camera can with a little patience
and ingenuity take quite good photographs of spectra with it. All

that is required in addition to the camera is a Thorp grating replica
with about 14,000 lines to the inch costing 15 or 20 shillings. The

grating is mounted immediately in front of the camera lens. No
collimator is necessary. The source of light, an electric spark for ex-

ample, is placed at a distance of say 10 feet, and all the rays from it

are parallel enough without the intervention of a collimator lens. Or
instead of a spark the capillary of a vacuum tube may be taken, the

thicker portions of the tube being screened off. The capillary acts

then as a slit. The only disadvantage of an apparatus like this is the

shortness of the spectra. If in the formula A = c sin 6 we substitute

in succession 7 10
~ 5 and 3 '3 10

~ 5 cms. for A, which would correspond
to the limits reached with a Wratten panchromatic plate through a

glass lens, we obtain 22 48' and 10 31' for 0. The focal length of a

quarter plate camera lens is about 5 inches
;
hence the length of the

first order spectrum in the case of a quarter plate camera would be

roughly ^= ,
or about

|-
of an inch. Of course a prism is less suit-

able than a grating owing to the dispersion of its spectrum being less

than the dispersion of the ordinary grating spectrum. With the

arrangement described here the exposures are seldom more than 30

seconds.

Absorption Spectra. If light from an incandescent gas mantle is

focussed on the slit of a spectroscope and a plate of blue cobalt glass

placed in the path of the rays;
the continuous spectrum of the mantle

is seen to be crossed by three dark bands, a broad one with its centre
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at about 5300 A.U. and two sharper ,ones with their centres about
5900 A.U. and 6500 A.U. These bands are said to form the absorp-
tion spectrum of cobalt glass. Their position in the spectrum depends
on the composition of the glass, and their width on the percentage of

cobalt oxide present and the thickness of the plate. Generally speak-

ing, the regions between the bands are not very transparent, though
the red side of the band in the red is. The absorption spectrum of a

solution can be obtained in the same way by putting it in a test tube

and holding it in front of the slit. When examined in this way a dilute

aqueous solution of cobalt chloride shows a broad band in the green,
and a dilute aqueous solution of potassium permanganate shows five

dark bands in the green. The absorption bands of solutions and solids

are, as a rule, very broad and ill-defined, occupying large regions of the

spectrum. Aqueous solutions of salts of didymium and erbium and
the other rare earths, however, show comparatively sharp bands, as do

also their crystals ;
the latter at the temperature of liquid air show ab-

sorption lines comparable with the emission lines of gases in sharpness.
Glass coloured with didymium oxide has a very interesting absorption

spectrum consisting of sharp bands in the yellow and green with

transparent regions between. Gases and vapours show absorption
line and band spectra comparable with their emission spectra in fine-

ness.

In mapping the absorption spectra of solutions it is usual to put

FIG. 232.

them in cells with parallel sides such as are shown in fig. 232. The

best background for use in the visible spectrum is the incandescent

mantle. Its image should be thrown on the slit with a lens, but

slightly out of focus, so as not to show the detail of the mantle in the

spectrum. If a metal filament lamp is used as source, its light must

be focussed on a ground glass plate, which is placed in front of the

slit with just sufficient space between it and the slit for the cell with

the solution. Without the ground glass in this case the continuous

background will not appear the same brightness the whole way up.

There is difficulty in mapping the position of an ill-defined broad

absorption band. One way of proceeding consists in moving the cross-

wires into the band from one side until they can no longer be seen
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against the dark background and reading the position, then repeating
the operation from the other side, and finally taking the mean of the

two readings. It is found, however, when the breadth of the band is

less, either owing to the solution being weaker or to the length of the

path in it being shorter, that the readings taken in this way do not

always give the same result. They do so only when the absorption
increases at the same rate on both sides of the band.

Hence it is usual to employ a method introduced and used by
Hartley, which depends on photography and is valid for the whole

range of the spectrum to which photography is applicable. This

method is best explained by the consideration of a special case, and
for this purpose one of Hartley's diagrams is reproduced on p. 267.

The curve represents the absorption of nitric acid. A standard

solution was prepared by dissolving a certain quantity of the acid in

water, and photographs were taken of a spectrum through layers of

this solution 5, 4, 3, 2, and 1 mm. thick. The photographs were next

examined and observations made of the positions of the edges of the

regions which transmitted no light. These positions were then entered

up in the diagram. They are represented by the abscissae and are

measured in oscillation frequencies Hartley used oscillation fre-

quencies instead of wave-lengths an oscillation frequency being the

number of wave-lengths in the millimetre, Thus the numbers at the

ends of the scale, 2850 and 4200, correspond respectively to wave-

lengths of 3-51 10" 5 cms. and 2-38 10~ 5
cms., and the region repre-

sented lies wholly in the ultra-violet. The ordinates represent thick-

ness of solution and the hollow in the curve represents an absorption
band. Thus, when the solution was 5 mm. thick, there was an

absorption band extending from 3087 to 3830 with a very narrow trans-

parent interval at the latter point. When the solution was 4 mm. thick

the band extended from 3087 to 3674 and the transparent region from
the second point to 3896. When the solution was 3 mm. thick the

band extended from 3087 to 3647 and the transparent region to 3919.

When the solution was less than 1 mm. thick the band ceased to be

visible. To find the edges of the absorption band and transparent
region for any thickness it is only necessary to erect an ordinate equal
to it, and draw a horizontal line through its upper end. Its inter-

sections with the curve are the required points. Thus the curve gives
a satisfactory representation of the absorption.

When the absorption of solutions of thallium nitrate and silver

nitrate of equivalent strength to the nitric acid is represented in the

same way, it is seen that they have absorption bands at the same place
in the spectrum but very much blunter. A solution of potassium
nitrate of the same strength gives exactly the same curve as nitric acid.

Hence the absorption band must be due to the NO3 radical, but its

intensity is influenced by the atomic weight of the base to which the
latter is attached.

The spectrum of the incandescent gas mantle does not go far into

the ultra-violet, consequently as a background for absorption spectra
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in the ultra-violet it is necessary to use another source. Hartley em-
ployed the electric spark between electrodes made of an alloy containing

Oscillation Frequencies

5mm
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2mm

Imm

300O
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brighter, but owing to the complexity of its spectrum it is less easy to

determine the wave-length in it.

Hartley's method has been applied in much detail to the absorption

spectra of organic compounds. It is found that these spectra are

additive but with a strong constitutive influence. They have been of

the greatest service in many cases in elucidating chemical constitution.

But, in spite of all the work done, it has hitherto been impossible to

form a clear physical picture of the connection between absorption
bands and chemical constitution.

Schumann's Work in the Extreme Ultra-Violet. It has already been
stated that the gelatine of the photographic plate absorbs strongly at

2200 A.U. and that quartz does not transmit below 1850 A.U. Schu-

mann, who first explored the region below 1850 and who used fluorite

as the material of his prism and lenses, found that the air of the

atmosphere absorbed the rays and that it was necessary to build a

vacuum spectrograph from which the air was excluded. A layer of air

1 mm. thick at 76 cms. pressure absorbs entirely all the rays below 1700
A.U. By means of photographic plates containing silver bromide with

just a trace of gelatine Schumann found that of all the substances

examined the spectrum of hydrogen extended furthest, reaching to

about 1000 A.U.

EXAMPLES.

(1) A quartz spectrograph has one 60 Cornu prism and the object

glasses of collimator and camera are single lenses, the focal length of each

being 30 cms. for Na light The prism is set permanently so that light of

wave-length 3404 A.U. is transmitted at minimum deviation. Make an
accurate drawing to scale of the curve along which the images of the diffeernt

lines come to a focus.

(2) Map the absorption spectra of solutions of potassium permanganate
and cobalt chloride and determine the wave-lengths of the maxima of absorp-
tion. Also determine the position of the absorption bands in cobalt glass.

(All blue glasses are coloured with cobalt oxide
;
the position and intensity

of the bands depend on the constitution of the glass to which the oxide is

added.)
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BY using a new principle Eowland succeeded in making a screw
the pitch of which was accurate to 10

~ 5 inch. This was much in

advance of what had previously been accomplished. With this screw
he built a dividing engine for ruling gratings and ruled gratings with
as many as 43,000 lines to the inch, but found that better results were
obtained with a smaller number, 14,438 lines to the inch. His first

paper on the subject was published in 1882. The ruling point was a
diamond. The glass gratings made were not so good as the metal
ones and they wore down the ruling point more, so Kowland devoted
his attention to reflection gratings ruled on metal surfaces.

Besides greatly increasing the accuracy of the dividing engine
Kowland, as has been mentioned in Chapter X, made the great advance
of ruling the grating on a concave metal surface instead of on a plane
one. Such a grating gives the spectrum in focus along the arc of a

circle without the use of lenses. -It thus eliminates all trouble due to

absorption of light in the lenses
;

it also eliminates chromatic error

and the consequent labour involved in focussing. Also, as concave

gratings were made with radii of curvature as great at 21 feet, they
enabled spectra to be taken on a scale quite unprecedented.

It has been shown (p. 178) that the resolving power of a grating is

N where N is the total number of rulings and n the order of spectrum
observed in. The resolving power at any point in the spectrum is

defined as X/d\, where A and X + dX are the wave-lengths of two lines

which can just be seen apart. Rowland succeeded in ruling 110,000
lines on a breadth of 5- inches. In the second order this gives a re-

solving power of 220,000. In order to achieve the same result with a
flint glass prism in the yellow part of the spectrum it would be neces-

sary for the base of the prism to have a length of about 220 cms.,
which of course is not practicable.

The process of ruling the Rowland gratings required very much
patience and skill. It took months to make a perfect screw for the

ruling engine and longer to find a suitable diamond point. The

dividing engine was kept in the basement of the Physical Laboratory
of the Johns Hopkins University in Baltimore. It was driven by a

water motor. The plate was placed on the engine, then the experi-
menter left the room, waited until the temperature which had been
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disturbed by his entrance recovered its normal value, and then started

the engine from outside. The room was not entered until the work
was finished. When all went well it took five days and nights to

rule a 6-inch grating having 20,000 lines to the inch.

Owing to the high cost of ruled gratings Thorp contact copies or

celluloid grating replicas, as was mentioned on p. 174, are now used

universally for ordinary laboratory work. Mr. Thorp has even found

it possible to mount his replicas on a spherical glass surface, ruled side

next the glass, and thus make a concave grating. When mounted on

glass such a grating is not suitable for the far ultra-violet, as the rays
are absorbed in passing through the glass. Kayleigh has successfully

copied ruled gratings by photography.
With the concave grating as with other gratings the spectra of the

different orders are superimposed. Thus, for example, in the case of

a plane transmission grating on which the light is incident normally,
the wave-length corresponding to the deviation is given by n\ = e sin 0,

and the D
1 line, which has a wave-length of 5896 A.U., coincides in

the first order with a line in the second order which has a wave-length
of 2948 A.U. With the plane grating the two lines are not in

focus at the same time owing to the chromatic error of the lenses, but

with the concave grating both lines are, and coincidences between lines

of different orders can be determined with great accuracy. In this way
Eowland determined the wave-lengths relatively to the D

a
line of lines

in various parts of the spectrum. He then photographed the solar

spectrum and by means of these lines he was able to attach a scale to

the photographs giving the wave-lengths of the intermediate lines.

All Eowland' s wave-lengths depend thus on the D
L

line. Its

wave-length was determined by Bell with two glass and two metal

Eowland gratings by measuring the deviation and evaluating the

grating space in terms of the standard of length. His result was
5896*18 A.U. in air. Eowland corrected this value, and combining it

with the results of previous determinations by other observers adopted
5896*156 A.U. in air for his final value. He published a list of the

wave-lengths of 1100 lines for all of which he considered the error to

be less than "01 A.U. Eowland's values superseded Angstrom's and
until recently were taken as the basis of wave-length measurement.

It is mentioned on p. 150 that by means of his interferometer Michel -

son evaluated the metre in terms of the red, green, and blue radiations

of cadmium. His results give of course at the same time the wave-

lengths of these lines. By means of their interferometer Fabry and
Perot found the ratio of the wave-lengths of a large number of lines

in the visible spectrum to Michelson's standard radiations and thus
determined the wave-lengths of the former. One of the lines measured
in this way was the D

l
line. Their value for it was 5895*932 A.U. in

air, which differs widely from Eowland's value. Their values for the
other lines also differ from Eowland's, and the ratio between their

result and Eowland's result for the same line is not constant.
This discrepancy aroused much discussion, and in 1904 Kayser
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attacked Rowland's method of coincidences. Two of Rowland's

largest gratings were used and the ratio between the wave-lengths of

two lines determined experimentally witli each grating by means of

the method of coincidences. If the one wave-length was assumed,
the results for the other differed by '03 A.U., which is distinctly greater
than would have been expected. The diffraction grating thus does not
seem suitable for absolute work! Its use as a means of determining
wave-length must in the future be confined to interpolation between
lines the wave-lengths of which have been determined by interfero-

meter methods. But as regards resolving power and convenience in

working it holds the same place in our estimation as before.

A stretched string gives out different notes at the same time, the

fundamental and its overtones, and the same is true of an organ pipe
or a vibrating plate. In these cases mathematical relations are known
to exist between the fundamental and the overtones. For example, in

the case of the stretched string their frequencies are in the ratio of the

natural numbers. Now, whatever view we adopt as to the origin of

spectra, there is no doubt they are due to a vibrating system in some

way characteristic of the atom or molecule. It seemed natural to

expect that the different lines in a spectrum might be caused by
the different modes of vibration of the same system, and thus arose a

search for a mathematical relation between their wave-lengths.
At first investigators were misled by the acoustical analogue and

sought to show that the frequencies were to one another as simple
whole numbers. Schuster proved that these early results were merely
chance coincidences, and progress was not made until the introduction

of Rowland's gratings and the great increase in the accuracy of wave-

length determination which they rendered possible. The first to

achieve a decisive result was Balmer. In 1885 he showed that the

wave-lengths of the first nine lines of the hydrogen spectrum can be

represented by the formula

where A is a constant and n an integer which varies from 3 to 11.

The formula could not be verified further as there were no further

measurements available then. Afterwards additional lines were dis-

covered in the vacuum tube spectrum of hydrogen by Ames and also

in the spectrum of solar protuberances and in the so-called flash

spectrum by Evershed. At a solar eclipse, when the sun is obscured

with the exception of the edge where the reversing layer is, the spectrum
of the latter, i.e. the Fraunhofer lines, flashes out bright for two or

three seconds and is known as the flash spectrum. These additional

lines are represented by the formula with remarkable accuracy. This

is shown by the following table which is taken from a paper by
Evershed.
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n
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thoroughness. Also in order to reduce their results to vacuum
they measured the index of refraction jpf air throughout the whole
visible and ultra-violet spectrum. Rydberg found that there were
series in the spectra of the other elements somewhat similar to the

hydrogen series and that these series could be represented by the
formula TV

A +

where A, B, and /x are constants and n runs through all positive integral
values starting either with 1 or 2. Kayser and Runge discovered the
existence of the same series independently and simultaneously but

represented them by the formula

X ~ l = A + Bn ~ 2 + Cn ~
*,

where A, B, and C are constants and n runs through all positive integral
values starting at 3.

Balmer's formula can be written in the form

_ n2 ~ 4 _ 1
_ _4_"

and hence is a special case of Kayser and Runge's formula. If the

(n + fjtf in Rydberg's formula is taken to the numerator and expanded
as a series, that formula becomes

A- 1 = A + Bw- 2

and so it also includes Balmer's formula as a special case. The
essential difference between Rydberg's formula and that of Kayser and

Runge is the substitution of the third power of n for the fourth. Both
formulae are approximate ; they do not represent the positions of the
lines quite within the error of observation. Kayser and Runge's
formula is on the whole the more accurate, though Rydberg's has found
more favour with subsequent workers. Kayser and Runge regard their

formula as the first terms of the expansion in a series of an unknown
function. Rydberg claimed that the B in his formula has the same
value for all elements, but this is only approximately true and the B in

Kayser and Runge's formula also does not vary much.
The following table gives the constants of Kayser and Runge's

formula for the different elements as determined by Kayser and Runge
and by Runge and Paschen :

18
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n = 3. In the case of lithium the twolines corresponding to the same
value of n are always coincident.

In each of the subordinate series the two lines with the same value
of n have always the same difference in their frequencies, and this

difference is the same for both subordinate series. Each subordinate
series can thus be regarded as ,two series for which B and C are the
same but A different. The two values of A for the sharp series are

approximately the same as the two values of A for the nebulous series.

The brighter lines are contained in the principal series. The lines of

the second subordinate series are usually sharper but fainter than those
of the first. In the spectra of the alkalis almost all the lines are con-
tained in the series. This is not the case with the other elements.

Cu and Ag behave like the alkalis, but only the first terms of their

principal series have been found.

Mg, Ca, Sr, Zn, Cd, Hg have all six series, each six falling into

two groups of three. The three series of each group have the same
values of B and C but different values of A. The table gives the value

of A for the least refrangible series. The corresponding series of each

group have approximately the same value of A.

Al, In, Tl have each four series, i.e. two double series which be-

have like the subordinate series of the alkalis. The green line of thallium

belongs to the second subordinate series and is the less refrangible line

for which n = 3.

O, S, and Se seem to have a first subordinate series of triplets and
a first subordinate series of pairs and also a second subordinate series

of triplets and a second subordinate series of pairs. The constants are

for the least refrangible member of the triplets.
If the wave-lengths be calculated from the table, it will be found

that in each group of the periodic system the lines shift towards the

red with increasing atomic weight, but from group to group as a whole
the lines shift towards the violet.

There have been many attempts to explain the origin of spectral
series but they are all regarded as unsuccessful.

Doppler's Principle. The position of a line in a spectrum can be

altered by relative motion of the source and observer in the line of

sight. The possibility of this was pointed out by Doppler in 1842.

Doppler's views on the subject were neither accurate nor clear and
met with much opposition. He thought that the velocity of stars

with a continuous spectrum could be determined from their colour, that

those approaching rapidly should look blue and those receding rapidly
should look red, while the others should appear white. This is not the

case, because in a continuous spectrum, if some of the radiations move
into the ultra-violet, others come out of the infra-red into the visible

spectrum and so no change of colour occurs. The effect on the posi-

tion of spectral lines of relative motion of observer and source in the

line of sight was first treated properly by Fizeau, and the principle is

thus often called the Doppler-Fizeau principle, especially in France.

18*
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If the observer is at rest and a source with the period r is moving
towards him with velocity v, then in one period the source approaches
him by a distance vT. If V is the velocity of light in the medium in

question, the ordinary value of the w7

ave-length is VT, but if the source

is moving towards the observer each wave obtains a start on the pre-

ceding one .of VT and the wave-length is consequently reduced to

Vr - VT or (V
-

V)T. It is thus given by

(V
* *>K
V

A
'

where A is the value for no relative motion in the line of sight, and the

lines in the spectrum of the source are consequently displaced towards

the violet. If the source is moving away from the observer the sign
of v is changed and the lines are displaced towards the red. The
values of V and r are, of course, not changed by the motion.

If the source is at rest and the observer moving towards it with

velocity v it can easily be seen by a diagram that he will meet v/\ more

wave-lengths in a second. If he were standing still he would receive

V/A. wave-lengths per second. Consequently he receives (V + v)/\

wave-lengths instead of V/A, the frequency is apparently increased in

the ratio V to V + v, the wave-length has the apparent value

vT^ X
'

and the spectral lines are displaced towards the violet. If the ob-

server is moving away from the source the sign of v alters and the

lines are displaced the other way.
The effect of motion of the source on the apparent frequency of a

note is easily observed in acoustics. For example, if a railway engine

passes an observer at the side of the line sounding its whistle, the

observer hears the pitch of the whistle fall as the engine passes.

Suppose that the true pitch of the whistle is 500 and the speed of the

engine 60 miles an hour or 88 feet per second. The velocity of sound
is 1100 feet per second. The apparent pitch of the whistle when the

engine is approaching is consequently
1100 _ HOP x 500 _

1100 - 88
&

1012

and the apparent pitch of the whistle when the engine is receding is

1-1 QO 500 463. When the engine is passing, therefore, the ap-

parent pitch of its whistle suffers a very marked change. If we sup-

pose that the whistle is stationary and the observer passes it at 60
miles per hour, then by the second formula the apparent pitch changes
in this case from 540 to 460. The change is approximately the same
in both cases.

The velocity of light is so enormously greater than the velocity of

sound that a velocity of 60 miles per hour of the source does not alter

the wave-length of spectral lines appreciably. The first decisive
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evidence that Doppler's principle could/be applied to spectroscopy was
obtained from astronomy in the case ol^the rotation of the sun. It

can be shown from the motion of the sun-spots on its surface, that the

equatorial zone of the latter is rotating with uniform angular velocity,
its apparent period as seen from the earth being 27 -25 days. The

period increases with the distance of the zone from the equator. The
sun's visible surface does not rotate as a solid. There are currents on
it like those of our atmosphere and ocean. The radius of the sun is

433,000 miles, and the linear velocity of a point on its equator is about

1-25 miles per second. If the spectrum of the point on the approaching
edge is observed, all the Fraunhofer lines should be displaced towards
the violet, and if the spectrum of the point on the receding edge is

observed, they should be displaced towards the red. Then if d\ is the

change in the wave-length produced by the motion

X - dX = -
A, or dX =

.

\ -i of? nnn
This gives TT = r^yc 150,000 approximately, which is well

dA. J.*4tJ

within the resolving power of a large grating. By observations on sun-

spots, then, we are able to calculate what the displacement of the Fraun-
hofer lines should be, and hence by direct measurement of the latter to

verify the theory. The displacement of the Fraunhofer lines has been
determined by several experimenters, the most accurate measurements

being those made by Duner (Upsala). As a reference mark he took

two telluric lines, two dark lines due to absorption in the earth's

atmosphere, and compared them with two iron lines close beside them
due to the sun's reversing layer, using in succession the spectrum from
the two edges of the sun. The difference in the distance between a

telluric and a solar line in the two cases was found, as required by the

theory, to be that due to a velocity of twice the value for the sun's

edge.
The smallest velocity that can be determined by Doppler's principle

is about J ml. per sec. In the yellow this means a shift of '008 A.U.

Spectroscopic Binaries. One of the most interesting applications
of Doppler's principle has been to the discovery of double stars so close

that no telescope can resolve them, but which are proved to be double

by the behaviour of the lines in their spectra. Two cases occur. In
the first case the lines of the spectrum exhibit a periodical shift about
a mean position. This is caused by a bright star and a dark star

rotating round one another. When the bright star is approaching the

lines move the one way ; when it is receding they move the other way.
In the second case the lines double and undouble periodically. This
is caused by two stars of approximately equal brightness rotating round
one another. When the lines appear double, one is approaching and
the other receding. When they appear single, the one is in front of the

other, and they are both changing the direction of their velocity in the

line of sight.
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Such stars are known as spectroscopic binaries. Those of the

second kind can be detected without using a collimator, by taking the

star itself as slit and having the prisms in front of the object glass, as

is done by Pickering. He uses an eleven or fourteen-inch object glass
with four large prisms in front of it, each large enough to cover the

whole lens. The clockwork which makes the telescope follow the

motion of the star is made to go a little fast or slow so as to give the

spectrum breadth. The refracting edges of the prisms lie east and
west. With this arrangement the stars in the field appear as spectra

upon the photographic plate.

About one-seventh of all the stars investigated with the spectroscope
has been found to be double.

Doppler's principle was applied successfully to the steady motion
of single stars several years before the discovery of spectroscopic
binaries. In 1867 Sir William Huggins showed the feasibility of the

method for the case of Sirius.

Comets have usually a faint continuous spectrum on which are super-

imposed certain bright bands. The continuous spectrum is in part due to

reflected sunlight. The bands are the same as those given by the blue

cone at the base of a bunsen burner, which are always found when hydro-
carbons are burned in air. They are termed the Swan spectrum. Their
cause is not certain

; they have been ascribed by different workers to carbon

dioxide, carbon monoxide, and acetylene.
The spectra of stars have been divided by Secchi into four classes : (1)

those which are continuous but on the top of which the hydrogen lines appear
very intense and reversed, i.e. black like the Fraunhofer lines; (2) those

with a spectrum resembling the sun
; (3) those which are continuous but

with dark bands superimposed, the bands being sharply defined at the more

refrangible edge ;
and (4) those which are continuous but with dark bands

superimposed, the bands being sharply defined at the less refrangible edge.
In 1864 Sir William Huggins found bright lines in the spectra of certain

nebulae, thus proving that they were gaseous and not aggregations of stars.

About half the nebulae show a bright line spectrum, which is in all cases

substantially the same and consists of two hydrogen lines and two lines in

the bluish-green which belong to an element as yet undiscovered on the

earth.

Broadening of Spectral Lines. With an ordinary one prism spectro-

scope the spectral lines are simply coloured images of the slit. They
appear of a uniform brightness from edge to edge, and when the breadth

of the slit is halved, their breadth is halved. In the case of a single

spectral line all the radiations have not the same wave-length. If we
take for example the green line of thallium, the wave-length of which
is 5350'7 A.U., it may contain radiations with wave-lengths varying
from 5350-5 A.U. to 5350*9 A.U. Thus, even if the slit were infinitely

narrow, the line would still have a finite breadth itself of 0'4 A.U.
Most single prism spectroscopes can just show the sodium lines double,
and their difference of wave-length is 5 '96 A.U., so that under ordinary
conditions with such instruments the breadth of the line is much
smaller than the breadth of the slit,
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It is quite otherwise with instruments of high resolving power
such as the Rowland grating. In the ^photographs which they give
the breadth of the line itself is greater than the breadth of the slit.

Consequently the individual characters of the lines make themselves
visible and the lines are all found to be brightest in the middle
and to decrease in brightness towards the edges and also to have widely
varying breadths.

When the pressure in the source is low the diminution of intensity
towards the edge of the line is due to Doppler's principle. According
to the kinetic theory of gases the vibrating particles have velocities

of translation. The components of these velocities in the line of sight,
or the radial velocities as they are called, have all possible values from
zero to infinity. The number of particles with a given radial velocity
diminishes rapidly with the magnitude of that velocity. Although
the vibrations have all exactly the same period, this period suffers an

apparent change owing to the radial velocity, and the ray is refracted

to a slightly different point in the spectrum, the number of rays with
a given deviation diminishing very rapidly with the magnitude of the

deviation. According to Rayleigh the brightness of the line should be

given by
e-**

2

,

where < is the distance from the centre of the line in angular measure
and & is a constant, k depends on the mean velocity of translation,

diminishing with the temperature and increasing with the mass
of the system. The fact that at the same temperature the lines of

the first subordinate series are nebulous and those of the second sub-

ordinate series are sharp would seem to show that the two series are

emitted by particles carried by two systems of different mass.

It has been shown experimentally by Michelson that, when the

pressure in the source is higher than T^Vo atmosphere, the 'breadth of

the lines is also increased by the impacts between the molecules.

Between two impacts the source emits a regular train of sine waves.

At the impact there is a sudden change of phase. It will be shown
in Chapter XXI that a train of sine waves with a constant period but

irregular changes of phase is equivalent to the superposition of a

number of perfectly regular trains, the periods of which differ slightly
from the period of the irregular train. The broadening due to this

cause does not require to be symmetrical.

The Mechanism of the Spark. Mohler photographed the spectrum
of an electric spark which passed between electrodes of different

metals in the direction in which the instrument was pointing, then

reversed the direction of the electrodes and took another spectrum on

the same plate. A small displacement was obtained corresponding
to an average velocity of the source of about '37 km. /sec. Previous

to this Schuster and Hemsalech had photographed the spectrum of a

spark on a film which moved with a velocity of 100 metres per second

in a direction perpendicular to the spectrum lines. The spark passed
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parallel to the slit. They found that the air lines were perfectly

straight showing that the spark first passed through the air with great

rapidity. The metal lines were curved showing that the metal vapour
started from the electrodes and moved with diminishing velocity
towards the centre. The velocity of travel of the vapour varied from
1*3 to *4 km./sec. Photographs taken with the prism removed showed
that the discharge was an oscillatory one, and that the first spark which
was a very rapid one passed solely through the air. It vaporised the

metal and the metal vapour conducted the other sparks.

Stark's Work on Canal Rays. Eecently (1905) Stark has made an

important application of Doppler's principle to vacuum tube spectra.
If in a highly exhausted vacuum tube a perforated kathode is used,

rays emerge from the holes in the kathode in the direction away from

the anode. These rays are called canal rays. They are deflected by
a magnetic and by an electric field. From the deflection it can be
shown that they consist of particles travelling with a high velocity,
that their mass is of the order of the hydrogen atom, and that they
carry a positive charge.

Stark used a cylindrical glass tube of 4 or 5 cms. diameter. The
kathode was an aluminium disc pierced with many holes 1 mm. broad.

The gas in the tube was hydrogen. A prism spectrograph was pointed
towards the end of the tube so that the canal rays came directly
towards it. The canal ray particles have in general not all the same

velocity ;
hence if they emit a spectrum the displacement due to the

radial velocity should vary with the magnitude of that velocity, and
while the spectral lines should be displaced towards the violet, they
should at the same time be widened out. This is what Stark found.

The maximum velocity of the canal ray particles can be calculated

from the potential difference they pass through in front of the kathode
and the result agreed with that obtained from the displacement of

the lines.

If X,, is the wave-length of the light emitted from the particles

normally to their line of flight and \p the wave-length emitted parallel
to their line of flight, then from p. 276,

x
v ~ \A - An>

where v is the velocity of the particles and V the velocity of light.

This gives
\n

- \p _ v_

~^T ~.vr
Stark found that the hydrogen lines H^, Hy

. . . showed the

Doppler effect, and that the above expression was constant for all the

lines of the series. They were thus all due to the same positively

charged system. The band spectrum of hydrogen showed no Doppler
effect and was hence due to an uncharged system.

The velocities of the canal ray particles were very large, the maxi-
mum being 600 km./sec.



SPECTROSCOPY. LATER WORK 281

Reflection of Light from a Moving Mirror. Let us suppose that

light of wave-length A and velocity V is incident at an angle on a

plane mirror, and that the mirror is moving forward in the direction of

its normal with velocity v. The component of the velocity of the
mirror in the direction of the ray is v cos 0, the velocity with which the
waves arrive at the mirror is consequently V + v cos 6, and the number
of waves received per second is increased in the ratio of V to V + v cos 0.

In the same way the reflected ray is only leaving the mirror with a

velocity of V - v cos 0, the waves emitted by the mirror in a second
are spread over a distance V - v cos instead of a distance V, and the

number of waves per unit length of the ray is increased in the ratio of

V - v cos 6 to V. Combining both effects we find therefore that the

effect of the reflection has been to diminish the wave-length in the

ratio

V V - v cos 6

V + v cos V

Since v is small compared with V this reduces to

v cos

v cos~
v cos 0\ 2

_ 2v cos 6
J- . .

It can be shown by Huygens' principle that owing to the motion of

the mirror the angle of reflection is not exactly equal to the angle of

incidence, but the difference is very small, and its effect on the change
in the wave-length can be neglected.

If instead of a mirror we have a rough surface, which diffuses the

incident light in all directions, then the wave-length of the light

scattered in a direction making an {_<}> with the normal can obviously
be obtained by the above reasoning, if we substitute

<f>
for 6 in the ex-

pression for the velocity with which the ray leaves the mirror.

The above theory has been employed by Wien in deriving what is

known as the Wien displacement law in the theory of complete radia-

tion. It has been verified experimentally by Galitzin and Wilip and
has been applied in astrophysics to determine the angular velocity of

the planets. As Doppler's principle is assumed in the above theory of

the moving mirror, the verification of the latter is at the same time a

verification of the former.

Experimental Verification of Doppler's Principle. Doppler's prin-

ciple was first verified experimentally in the laboratory by Belopolsky.
He used multiple reflection from mirrors mounted on the rims of

wheels which were revolved at a high speed. The verification was

repeated in 1907 by Prince Galitzin and J. Wilip with the same appa-
ratus but with the substitution of an echelon spectroscope in place of

B61opolsky's spectroscope. The echelon spectroscope gave a much



282 A TREATISE- ON LIGHT

greater dispersion. Six reflections were used and the mirrors had a

linear velocity of 30 metres per second.

The Rotation of the Planets. The planets are dark bodies illumi-

nated by reflected light from the sun. Their spectra consequently
show the Fraunhofer lines. Owing to their rotation the different

parts of their surfaces have different radial velocities. If their spectra
are observed, there will be a displacement of the lines depending on

the part of the surface from which the light comes, and, if the displace-
ment is measured for different parts of the surface, it will be possible
to determine the angular velocity of the planet.

This method has been applied amongst other cases to Venus and
to Saturn's rings. From observations of spots on its surface the

earliest observers assigned to Venus a period of about twenty-three

hours, but Schiaparelli considered that his observations make it certain

that the rotation was very slow, and that it was probable that Venus
like Mercury always kept the same face towards the sun, and had
therefore a period of 225 days. The question has been settled by the

spectroscope. The earlier spectroscopic observations seemed to point
to the short period but they did not stand investigation, and it is now
certain that the long period is the correct one.

The planet Saturn is surrounded by three thin flat concentric

rings in the plane of its equator as is shown in the diagram. The

FIG. 234.

question arose as to the constitution of these rings. Two hypotheses
were possible, one that they were solid, the other that they consisted

of a swarm of small particles, each pursuing its separate course, packed
so closely that they appear to be continuous.

Clerk Maxwell showed in 1857 by a mathematical investigation
that the first hypothesis was untenable, that thin solid rings would not
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be dynamically stable, that if they received a very slight displacement
they would break up. In 1895 Keeler obtained spectroscopic proof
that the inner edge of the rings rotated faster than the outer edge.
This decides in favour of the second hypothesis, because if the rings
were solid, their angular velocity should be constant, while if they con-
sist of particles each particle would be kept in its orbit by the attrac-

tion of the planet itself. The acceleration towards the centre, namely,
w'

2
r, should thus be proportional to 1/r

2 where r is the distance of the

particle from the centre of the planet. This makes w proportional to

1/r
3 /2 and consequently greater at the inner edge. The values of the

velocities obtained spectroscopically agreed with the values required

by the mathematical theory.

The Pressure Shift. In 1895 Humphreys and Mohler discovered

at Baltimore that, when a source of light is subjected to a high pres-

sure, the lines in the spectrum are shifted towards the red. Their

source of light was an electric arc enclosed in an iron cylinder with a

quartz window. The pressure was increased by pumping air into the

cylinder and the greatest pressure used was about fifteen atmospheres.
The spectrum was photographed with a large concave grating. The
shift is directly proportional to the increase of pressure. It is also

proportional to the wave-length of the line. Thus all shifts can be

reduced for purposes of comparison to a standard pressure and wave-

length. When they are reduced in this way to a pressure of twelve

atmospheres and a wave-length of 4000
o
A.U. it is found that they

range from 24 to 132 thousandths of an Angstrom unit. The value is

the same for the lines of the same series.

The shift is independent of the temperature. The lines of those

substances which have in the solid state the greatest coefficients of

linear expansion have the greatest shifts. The converse is also true.

Band spectra are unaffected by increase of pressure.
Of course, when the density of the sodium in a bunsen -flame is

increased and the partial pressure of the sodium vapour consequently
increased, the D lines broaden. The shift detected by Humphreys
and Mohler is proportional to the absolute pressure and independent
of the partial pressure of the vapour and the breadth of the lines.

Structure of Spectral Lines. When spectral lines are examined

with a high resolving power, many of them are seen to be complex.
For example, the red hydrogen line is a doublet, the distance between

the components of which is '14 A.U. Other lines have fainter narrower

lines, usually referred to as satellites, close beside them. The green
line of mercury, 5460 '7 A.U., is a line of this type. Owing to the ease

with which it can be produced, it has been investigated- very often in-

deed. Fig. 235 is a photograph of it taken by Prof. J. C. McLennan *

with an echelon spectroscope.

*
Proc, Boy, Soc. A, 87, p. 276, 1912,
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The broad line in the photograph is the main component of the

line. To the left of it is a strong satellite which appears double and
outside that a fainter one ; on the right there is a broad one which

FIG. 235. The green line of Hg.

runs together with the main line and close beside it a fainter one.

There is also another satellite on this side much further out
;

it is at a

distance of '243 A.U., or less than ^ of the distance between the D
lines, from the central component. The other lines in the photograph
belong to the spectrum of the next order.

For the structure of a line to be revealed the vapour pressure in

the source must be small. In the case of the mercury arc in air, for

example, the central component of the 5460'7 line would be broadened
so much that all the satellites would be obscured.

The Zeeman Effect. Faraday made an investigation on the pos-
sible effect of a strong magnetic field upon a spectral line. A sodium
flame was placed between the pole pieces of an electromagnet and the

appearance of the D lines examined when the field was on and off.

His results were wholly negative.
This experiment was repeated in various ways by successive ob-

servers but positive results were not obtained until thirty-four years

later, in 1896, by which time the resolving power of spectroscopic

apparatus had greatly increased. In that year Zeeman used a large

electromagnet, the pole pieces of which were drilled so that observa-

tions could be made on the light emitted from the source in the direc-

tion of the lines of force, and he found at first that, when the field was
on, the spectral lines were broadened. From theoretical considerations

he expected that the magnetic field would change the line into two
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circularly polarised lines of slightly different wave-length and opposite
direction of rotation, and that the line which was rotating in the direc-
tion of the magnetising current would have the shorter wave-length of
the two. To test this he placed a quarter wave plate and nicol in the

path of the beam, and arranged them so that no right-handed circularly

polarised light could get through. Then when the cross-wire was
placed on the line and the direction of the magnetising current re-

versed, the line shifted. When the field was on and the line was
viewed in the direction of the lines of force, he found thus that its two

edges were circularly polarised in opposite directions and in the way
required by theory.

Later work with increased resolving power showed that the effect

of the magnetic field was to change the original line into separate
lines. In the simplest case, when viewed in the direction of the mag-
netic field, instead of the original line two lines were seen, each of

which was circularly polarised, the direction of rotation of the more re-

frangible line being the same as the direction in which the magnetising
current encircled the core of the magnet. In this same case when the

light emitted by the source at right angles to the magnetic field was
examined, the line was found to be divided into three separate lines.

The two outside components had the same wave-length as the two
lines seen in the direction of the magnetic field. They were equidistant
from the middle component and were both plane polarised in a plane
parallel to the magnetic field, while the middle component had the

same wave-length as the original line and was plane polarised in a

plane at right angles to the magnetic field. The line thus became a

doublet when viewed along the lines of force and a triplet when viewed
at right angles to the lines of force. As the latter is the easier way of

observing the effect, it is employed much the more frequently, and this

case is consequently referred to as the " normal triplet ".

In the majority of cases the resolution is more complex. Some
lines when viewed at right angles to the field give, for example,
doublets, quartets, and sextets. The separation of the components is

always proportional to the field strength. Each member of a spectral
series shows the same type of subdivision and, when measured in fre-

quencies, the separation between its various components is always the

same for the same field strength.
A successful explanation of the Zeeman effect, as the phenomenon

has been called after its discoverer, has been given for the case of the

normal triplet.

Let us suppose that we have a particle of mass m carrying a charge e

measured in electromagnetic units, and that this particle is vibrating
about a point. Take the point as origin. Then, if in the usual way
we consider each component of the particle's motion separately, its

equations of motion may be written

- + fe-o, + * = o, + *-o. . (i)
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We suppose that it i's acted on by a force towards the origin proportional
to the distance from the origin. The solution of these equations is, as

may be found by substitution,

x = A cos (nt + a), y = B cos (nt + ft), z = C cos (nt + y), (2)

where A, B, C, a, fi, and y are constants all independent of one another.

The solution thus represents three simple harmonic motions with the

same period 2?r/w but different amplitudes and different phases. It

can be shown that the particle always moves on the surface of an

ellipsoid and keeps to one plane, so that its orbit is an ellipse.

Now suppose that an electric field of intensity H acts on the par-
ticle in the direction of the z axis. It is shown in books on electro-

magnetism that when a current of strength i electromagnetic units is

flowing in a thin wire at right angles to a magnetic field of strength H,

then on every element of length ds of the wire there is a force of mag-
nitude Hids at right angles both to the direction of H and the direction

of the current. If the left hand be held with the thumb and index

finger and middle finger at right angles to one another, then if the

index finger gives the direction of H and the middle finger the direc-

tion of z, the thumb gives the direction of the force. The rule does

not hold for the right hand. A single particle with a charge e * and

velocity v is equivalent to a current element ids hence it experiences
a force Hev at right angles to H and to its line of motion.

In the problem the velocity of the particle has three components,

JT ^f'
an(

^^/-
Their effects can be considered separately. The z

component of the velocity is parallel to H and hence causes no force.

rJL/)t /7 /7*

The other two components cause forces He^y and -
He-,-, if the rule

of signs be considered, parallel respectively to the x and y axes. The z

equation of motion remains unaltered, while the x and y equations
become

and

d2x e dy
-s-y + ri*x = H ~
dt2 m dt

d?y e dx

3? + ** = - H
*di

Try as solutions x = D
l
cos (n^t + <) and y = -

Dj sin (nj + <f>).

Then, when the common factors are cancelled out, both equations re-

duce to

+ n* =
m

In the same way if we try x = D
2
cos (nj + 0) and# = D

2
sin

(ti.2
t + 6)

both equations reduce to

The first of these equations can be written

*In electromagnetic units.
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e /He 2 /He 2

He
Wl

-
2^

Since the change produced in the period by the magnetic field is a very

small one,
fsjjlj

can be neglected in comparison with 7?
2

. Hence

He
n

* =n+ 2m'

But MJ must have the same sign as n. We therefore obtain finally

He
"i

= n + M
He

Similarly n
2
= n -

^.
Our first solution represents uniform motion in a circle of radius D

1

with a period of 27r/w lf
and the second solution uniform motion in the

other direction with a period of 2?r/w2 in a circle of radius D
2 . The

directions are marked in fig. 236.* An electric current flowing in the

direction of the w
2 rotation would produce a

magnetic field with the same direction as H, and
the ra

2
rotation has the greater frequency, if we

make the assumption that e is negative, that the

charge on the particle is a negative one. The

complete solution is obtained by adding the two
solutions. Hence if we suppose that each of

these circular motions gives rise to a circularly

polarised wave, then the doubling of the line as

viewed along the direction of the lines of force

is completely explained.

Suppose, now, that the observer is viewing
FlG - 236 '

the source at right angles to the lines of force, that, for example, he is

looking at the particle from X. Light waves are transverse so that he
sees only the Y and Z components. They are given by

x = - D
l
sin (n,t + <j>),

y = D
2
sin (*j + 6),

and z = C cos (nt + y).

He thus sees three lines, the periods of which are given by %ir/n lt %rr/n,

and 27r/w2
. The two Y lines, i.e. the outside lines, are only half the in-

tensity of the middle line, because, when all the vibrating particles are

taken into consideration, they were together equal to the Z line in in-

tensity before the field was put on. If we assume, as is usual, that

the particle vibrates at right angles to the plane in which the wave is

polarised, the Y vibrations are polarised in the direction of the field and
the Z vibration at right angles to this direction.

* Z is drawn outwards from the XY plane.
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If the velocity of light be denoted by c, the wave-lengths of the three

components are given by
2:rC 27TC .. . 2?rC

A, = -- '
A. = -- and A

2
=

.

n
l

n n
2

Hence X-, - A =
27rc(

--
)
=

(tt
- n^

\H, nj nn^
v

2;rC He
:

1? 2m'

if the sign of e is neglected, since
n-^

is approximately equal to n.

Similarly we find that A - A.
2
is equal to the same expression. If we

write d\ = X
l
- X =* X - A2

we obtain from the last equation

Thus the distance between the components is proportional to H.

The value of dA. is, of course, always very small. The D
l
line be-

comes a quadruplet in the magnetic field, and Zeeman found that for

H = 10,000 c.g.s. units the distance between the outer components of

this quadruplet was only j^th of the distance between the D
1
and D

2

lines. By determining the average value for the normal triplets in the

spectrum of mercury at a field of 24,600 c.g.s. units, Runge and Paschen
found that e/m has the value T6 107

. Other observers have found re-

sults in accordance with this. Now in electrolysis the ratio of the

charge on the hydrogen atom to the mass of that atom is Tinn> times

this value. If we make the assumption that the charge is the same in

both cases, the mass of the vibrating particle must be T^o times the

mass of the hydrogen atom. The sense of the rotation of the two cir-

cularly polarised lines seen in the direction of the lines of force shows
that the charge is a negative one.

Negatively charged particles with approximately the same value of

e/m have been found in other fields of investigation. The kathode rays
are a stream of such particles, the ft rays of radium are a similar stream

with a greater velocity, which is nearly equal to the velocity of light.

The same particles are also emitted from metals under the action of

ultra-violet light, and calculation shows that they are the cause of the

absorption of light by certain colouring matters. They thus seem to

be a unit of which the atoms are built, at least in part, and they have
been given the name of electrons.

The Zeeman effect makes it clear that the spectral lines are due to

the vibrations of electrons, but unfortunately it takes us only a certain

way. It has hitherto proved impossible to form a definite picture as

to how the quartets and other complex forms of resolution are caused,
arid we have been compelled to fall back upon a general theory. Ac-

cording to Lorentz, in these other cases the electron vibrates freely
before the magnetic field is imposed, but afterwards it is subject to con-

straints and has as many
"
degrees of freedom

"
as it has components

in the magnetic field. When the magnetic field is removed, these
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degrees of freedom reduce to the ordinary three, for all of which the

period is the same. It has not yet been found possible to form any
satisfactory picture of the constraints.

In order to produce the Zeeman effect a powerful electromagnet
must be employed. The highest field worked with has been about

33,000 c.g.s. units. To obtain this the pole pieces must be pointed and
their tips brought close together' with just room for the source of light
between. As source of light the vacuum tube or electric spark has been
used. The spark must pass in the direction of the field itself, other-

wise the field deflects it and puts it out. The resolving power of the

spectroscope must also be of the highest. Concave gratings have been

used, especially in the second order, but for the purpose of the study of

the Zeeman effect and the structure of fine lines in recent years a

number of new high power spectroscopes has been designed.

The Echelon Grating. The most important of these is the echelon

grating spectroscope, which was invented by Michelson and described

first in 1898. The resolving power of a diffraction grating is given

by N?i where N is the number of rulings and n the order observed in.

With the usual concave grating n cannot be greater than 2 or 3, hence
to increase the resolving power N must be made as large as possible.
But there is a limit to the size of the area that can be covered with uni-

form rulings. In the echelon grating N is small, seldom more than 30,

but n is made exceedingly large.

Fig. 237 represents an echelon grating. It is made of ten plates
all equally thick and arranged with each plate pro-

jecting the same distance beyond the one which comes
after it. It is used with a telescope and collimator,
the object glasses of which are large enough to fill the

end face of the echelon completely with light. The
arrows represent the incident and emergent rays.
Let / be the thickness of the plates, s the width of

each step, and /x the index of refraction of the glass.
If we consider the emergent rays from any two suc-

cessive steps, the one set has traversed the distance

in air which the other set has traversed in glass.
Hence they have a path difference of

(//.
-

1)2. But

by Huygens' principle every point on the faces of

these steps can be considered as a secondary source.

Thus all the steps can be regarded as sending out rays
in all possible directions. If we consider the two rays

represented by the dotted arrows, their path difference

will be greater than
(/x,

-
1)2 and the path difference

will increase with the obliquity. If the light is of pIG> 237.

wave-length A, whenever the path difference is equal
to n\, where n is an integer, the rays from the different steps reinforce,

and we have a bright line just as in the case of the diffraction grating.

But in the diffraction grating the smallest path difference between suc-

19
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cessive rulings was 0. Here it is (/x
- IX; hence if /*

= T52 and
t = 1 cm., which is its usual value, and the D

1
radiation is under observa-

tion, the smallest value of n is

0*
~ ty

'52 _ OQAA
~X~ "5-896 x 10~ 5

~

This is consequently the order of the first spectrum observed. A very

slight inclination of the diffracted rays is sufficient to increase the path
difference by A ; hence the successive orders are very close together. If

the echelon has 30 plates, its resolving power in the neighbourhood of

the D lines is 264,000. Many echelons have been made with approxi-

mately this value ; they can separate lines which are apart only o^hr
of the distance between the sodium lines.

The great advantage of the echelon is, that since the width of each

step, i.e. the distance s, is usually about 1 mm., the diffraction maximum
for the light going through each step is a very narrow one

(cf. p. 179) ;

consequently most of the rays go straight through and all the light is

thrown into one or two orders, and these very high orders. The spectra
are consequently very bright. The disadvantage is, that the spectra over-

lap to such an enormous extent that the appearance in the field cannot
be interpreted, unless an auxiliary spectroscope is used to purify the light
before it falls on the echelon collimator slit. Fig. 238 represents a small

echelon suitable for placing on the table of an ordinary spectrometer.

FIG. 238.

All the plates in an echelon must agree in thickness to less than

g
of a wave-length. They are all cut from a single plate which is

previously figured to the required accuracy.

Determination of Difference of Wave-length by the Echelon Grating-
Let A and B be two corresponding points on suc-

cessive steps. Consider the rays which make an t-0

with the normal. Draw BC perpendicular to AC..

The path difference is equal to

- AC.

By projecting the sides of the quadrilateral ACBD on
AC we find that

FIG 239
AC = BD cos ^ ~ AD sin = 2 cos 6 - s sin 6

= t - sO,
since is small. Substituting this value for AC in the expres-
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sion for the path difference and equating the result to nX, we
obtain 4*

nX =
pt

- t + sQ
or nX = (p

-
1)1 + sO.

Differentiate with respect to X. This gives

"dp dO

If dO
l

is the change in in passing from the order n to the order n + 1,

(n + 1)X =
(p

-
1)1 + s(0 + dOJ,

and on subtracting the second last equation from this we obtain

If we substitute sdO
l

for sdO in (3) and then equate sdO
l

to X,

(3) becomes

dp X
n = h\ + TX-

cuA. dX
But n is approximately (p

-
l)t/X. Hence

or o5X =
1 X2

d

This expression gives the difference in wave-length for an angle equal
to the angle between the images of successive orders. Its value can
be calculated for all parts of the spectrum from the constants supplied
by the maker, and the difference in wave-length corresponding to any
other angle obtained by simple proportion.

Michelson's Interferometer. This instrument has already been des-

cribed on p. 149, and it was applied by Michelson to the study of the
structure of spectral lines before the invention of the echelon grating.

Fig. 240 shows how it would be used for this purpose. A spectrum
is formed of the source of light by an ordinary spectroscope. This

spectrum falls upon a slit S which is placed so that only the line under

investigation passes through it to the interferometer. The light from
the slit is then rendered parallel by the lens L, and passes through the

interferometer, and the bands are examined by the reading telescope T.

The lens L would not be necessary if the source of light were a broad
one like a sodium flame.

If the line under investigation is a doublet each component of the

doublet produces its own system of fringes. If the mirror C is moved

slowly out, the path difference of the two beams alters. For one posi-
tion the systems superimpose and the fringes are very distinct

;
for

another position the maxima of the one system fall on the minima of

the other and the fringes cannot be seen. As C is moved out, the visi-

bility of the fringes thus undergoes a periodic change, andfrom the travel

19 *
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of C the difference in wave-length of the two components can be calcu-

lated. If the line is a single

one, there is no periodic change
in the visibility of the bands.

If the line contains more than
two components there are more
than two systems of bands, and
the change in visibility is more

complicated.
When used in this way the

interferometer is like a diffrac-

tion grating with two rulings,
one corresponding to each

beam, and the resolving power
is obtained by dividing the path
difference by the wave-length.

V S

Fabry and Perot's Interfero-

meter. This apparatus con-

sists essentially of an air space
bounded by two parallel half-

silvered glass surfaces. A half-

silvered glass surface is one
that lets through as much light
as it reflects. Eays from a

source P fall on this air space and suffer multiple reflection between
the silvered surfaces. Consequently to an eye on the further side they

X
FIG. 240.

FIG. 241.

appear to come from a train of sources P, Pv P
2 , etc., the first of which

is brightest with the others gradually decreasing in intensity. If we
consider a point Q on a screen's near the axis of the figure, the length
of the paths to Q of the beams coming from P, P

I}
P
2 , etc., increases in

equal steps. The sources will thus reinforce if these steps contain an

integral number of wave-lengths. As Q moves up the screen, the length
of the step decreases and the different beams interfere, then when the

step again becomes equal to an integral number of wave-lengths they
reinforce one another again. Thus the screen is covered with circular

interference fringes. As in this case there are a large number of inter-

fering beams, the fringes are very sharp and the dark spaces between
the fringes are much broader than the fringes themselves. Conse-

quently when the spectral line used as source is not single but contains
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different components, and each of these components produces its own
system of fringes, the different systems are clearly seen superimposed
on one another, and from the distances between coincidences the ratio
of the wave-lengths can be calculated.

Fig. 242 represents a Fabry and Perot interferometer; the two

PIG. 242.

glass plates are clearly seen, also the arrangement for altering the
distance between them. The latter can be increased up to 75 mm.

Lummer and Gehrcke's Interferometer. This consists of a parallel

plate to which a small right-angled prism is cemented. The light

FIG. 243.

enters through this prism and is reflected back and forward inside the

plate ;
at every reflection a portion of the beam is refracted out into

the air. It is obvious that every two successive refracted beams have
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the same phase difference. The angle of incidence inside the glass is

near the limiting angle of total reflection and consequently the intensity
of the successive refracted beams diminishes slowly. Hence when they
are received by a telescope they are in a condition to produce very

sharp interference fringes.

EXAMPLES.

(1) Determine the value of the constant A in Balmer's formula from the

experimental values of the wave-lengths for which n = 4, 6, and 10. Use

your result to calculate all the terms of the series given on p. 272, and compare
the calculated with the observed values.

(2) An observer and a source which emits monochromatic radiation are

moving towards one another with velocities of v and u respectively. What
effect has the relative motion on the wave-length as measured by the ob-

server ?

(3) Would the canal ray effect be visible in a spectroscope with a dispers-

ing system of two large flint prisms ?

(4) Prove that equations (2) represent motion in an ellipse.

(5) If an electron is vibrating under an attraction towards a point pro-

portional to its distance from that point as represented by equations (1),
what effect on the motion has the superposition of a constant electrostatic

field?

(6) Look for the Swan spectrum in a bunsen burner and in an ordinary
gas burner, and make a drawing of it.



CHAPTEE XVII.

THE INFRA-RED AND X RAYS.

IN 1800 Sir William Herschel moved a sensitive thermometer along a

spectrum and found that the temperature reached a maximum at a

point some distance beyond the red end. He thus proved the existence

of heat rays, which did not excite the sensation of light. In 1830
Melloni made the first thermopile. If two wires of dissimilar metals,

say copper and iron, are joined at both ends and a galvanometer is

placed somewhere in the circuit, say in the middle of the copper wire,

and if the one junction is kept at a constant temperature, for example,
the temperature of melting ice, and the temperature of the other

junction is greater than this, a current flows round the circuit. The
(direction of the current in the iron is from the hot to the cold junction,
and the magnitude of the current is proportional to the difference of

temperature between the two junctions, provided that the latter is not

too large. If instead of one iron wire and one copper wire we take

ten pieces of iron wire and ten pieces of copper wire, join them

up alternately in a circuit and arrange them so that every second junc-
tion is in the melting ice and that the other junctions are raised to the

former higher temperature, the electromotive force in the circuit is

multiplied ten times. The different wires are, of course, insulated so

that there is no short circuit anywhere and the current has to run round

the whole circuit. Such an arrangement is called a thermopile. If

every second junction is exposed to the heat rays and the other junc-
tions sheltered from the heat rays and left to take up the temperature
of the air of the room, the current in the circuit is a measure of the

intensity of the heat rays. The magnitude of the electromotive force

varies with the metals used for the wires
;
Melloni employed antimony

and bismuth, because they give a larger effect than copper and iron.

The thermopile is muoh more sensitive than the thermometer, and

Melloni employed it in a number of investigations. He found what

percentage of the incident dark heat rays was transmitted by various

solids. Of all substances investigated rock salt was most transparent

to the heat rays. The percentage transmitted by other substances

varied with the temperature of the source, but in the case of rock salt

it was always the same. Melloni came to the conclusion that the dark

heat rays and the light rays were of exactly the same nature, that light

rays were merely a kind of heat ray that had the property of exciting

295
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the retina. This view is of course the correct one, but it was some
time before it was universally accepted. Many experimenters believed

that the light rays were of quite another nature from the heat rays and
existed in addition to them.

Heat rays, then, can be reflected, refracted and polarised in exactly
the same way as light rays. Their reflection can be shown very easily
to a large audience by means of concave metal mirrors. All metal
mirrors reflect heat rays well even when they appear dull to the eye.
If two concave spherical or preferably parabolic metal mirrors are

placed some distance apart and facing one another and a copper sphere
is heated in a bunsen flame to a dark heat and placed in the focus of

the one mirror, there is a rapid rise of temperature at the focus of the

other mirror. This can be measured with an ordinary thermometer.
It will be noticed that if the thermometer is moved out of the focus

there is no effect. The percentage of energy transmitted by a glass

plate can be found by merely placing it between the two concave
mirrors and noting the change in the reading ;

also the law of reflection

can be verified by reflecting the rays at a metal mirror as shown by
fig. 244.

Of course an ordinary thermometer would not make the effect visible

to a large audience, and so in that case a thermopile and galvanometer
or a differential air thermometer must be used. An air thermometer
consists of two glass bulbs connected by a thin U tube, in which there is

a coloured liquid. Alongside one vertical branch of the tube there is a

The

FIG. 244. FIG. 245.

paper scale. If the glass bulbs were clear some of the heat rays would

pass through ;
the bulbs are therefore blackened in order to absorb

these rays and make all their heat go to raising the temperature of the

air in the bulb. The instrument is placed with one bulb in the focus

of the mirror and the other out of the way of the rays to the side.

When the rays fall on the bulb, the air in it expands, the air in the

other bulb contracts, and the end of the column of the coloured liquid
moves up or down the scale.

In connection with experiments on heat rays perhaps it will not
be superfluous to add a word of caution about error from extraneous
heat sources. The observer must be careful of the effect of the heat of
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his own body, also there must be no glow lamps or rheostats near the

thermopile.
The thermopile as a means of detecting heat rays was greatly im-

proved by Rubens. In his instrument the wires are of iron and con-
stantan and have diameters of from 0*1 mm. to 0'15 mm. Constantan
is an alloy consisting of 60 pe^ cent copper and 40 per cent nickel.

There are 20 junctions for receiving the rays ;
these are soldered with

beads of silver which are flattened into discs of about 1 mm. diameter
so as to present a large surface to the rays. These 20 junctions are

arranged along a straight line on a length of 2 cm., so that, when they
are moved along a spectrum in a direction at right angles to this line,

the radiation falling on them is approximately monochromatic. The
chief improvement introduced by Bubens was in making the wires so

fine ;
he thus diminished the heat capacity and enabled a steady deflec-

tion to be reached in a much shorter time.

In the visible spectrum the thermopile is not nearly so sensitive as

the eye. In the case of the spectrum of a bunsen sodium flame, for

example, the energy in the D lines is quite insufficient to produce a

measurable deflection. Consequently the galvanometer used must be
as sensitive as possible. For modern work two different types of

galvanometer have been used with the thermopile, namely, the Du Bois-

Bubens ironclad galvanometer and the Paschen galvanometer. In the

former the suspension system consists of six very small magnets
arranged parallel and close together with their poles pointing in the

same direction. When the current flows through the coils these

magnets are deflected. Both the coils and magnets are surrounded by
two iron shells and an iron cylinder ;

the magnets are attached to a

mirror by a light rod which passes through a hole in the shells. When
the magnets turn, the mirror rotates and this rotation is read in the

usual way by the movement of a spot of light on a scale. The

purpose of the shells and cylinder is to screen off the earth's field

and all disturbing magnetic fields and make the control field, i.e. the

restoring couple, as small as possible. To prevent vibration of the

laboratory from disturbing the galvanometer, it is usually suspended
in a sling from a bracket on the wall. Such a galvanometer in conjunc-
tion with a good thermopile will in the most favourable circumstances

measure an increase of temperature of '000001 C.

In addition to the thermopile there are three other instruments used

for measuring the energy carried by a radiation. These are the bolo-

meter, the radiomicrometer, and the radiometer. The bolometer

depends on the principle, that if the temperature of a wire is raised,

its resistance increases. The radiation is allowed to fall on a

thin wire, the surface of which is blackened so as to make the reflection

loss as small as possible. The wire forms one of the arms of a Wheat-
stone bridge, and the alteration of its resistance measures the intensity

of the radiation. The bolometer was invented and its sensitiveness

was brought to a very high pitch by Langley. It has been used more
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extensively than the thermopile, but it is not so easy to use as the

latter.

The radiomicrometer, which was introduced by C. V. Boys, is a

combination of galvanometer and thermopile. It uses the principle of

the moving coil galvanometer. A little coil is suspended by a quartz
fibre between the poles of a stationary magnet ;

below the coil and in

the same circuit with it is a thermojunction, the elements of which are

antimony and bismuth. When the rays fall on the junction a current

flows round the coil and it turns in the magnetic field, the rotation

being proportional to the intensity of the rays. A mirror is attached to

the moving system and the magnitude of the rotation measured by the

motion of a spot of light on a scale.

The radiometer as invented by Sir William Crookes consisted of

mica vanes mounted on a central spindle after the manner of the

blades of a paddle wheel. The arrangement was mounted in an

exhausted tube, and when a beam of light fell on the vanes they
rotated. This was due to the pressure of the gas left in the tube. The

rays warmed the surface of the vane on which they fell, and the gas on
that side had its temperature and consequently its pressure raised,

while the temperature and pressure of the gas on the other side

remained constant. Thus there was a resultant thrust on the vane in

the direction of the rays, and as long as the rays fell on the vanes

they kept spinning round. Instead of fixing the vanes to a spindle
E. F. Nichols suspended two by a quartz fibre so that they were free

to turn about a vertical axis, and allowed the beam of light to fall on
one of them. The system consequently rotated until the action of the

rays was balanced by the torsion in the fibre. A mirror was attached

to the system, and the rotation was measured in the usual way by the

excursion of a spot of light on a scale. The rotation was found to be

proportional to the intensity of the rays. The instrument in this form
is thus admirably adapted for the measurement of radiation, and it

has been widely used for this purpose, especially in America.

The spectroscopes used for work in the infra-red have as a rule

only a single prism, and instead of lenses they employ concave

spherical silver mirrors. The material used for the prism is rock salt,

sylvin, or fluorite
;
rock salt is cheaper than fluorite, but like sylvin it is

hygroscopic, and if not looked after carefully requires frequent repolish-

ing. Quartz is better than glass but not so good as the other materials.

Glass transmits approximately to 2'5/x, quartz to 4/x, while fluorite

transmits to ll//, and rock salt and sylvin to 18/>i.* The chief advantage
of mirrors over lenses is that they do not require focussing. It is

practically impossible to focus an infra-red spectrum ; moving the

thermopile through the spectrum tells us only about the position and

intensity of a line but little about its sharpness ;
besides most of the

spectra investigated are continuous ones. But if the mirrors are

* In work in the infra-red wave-lengths are always measured in
/*. I/*

=
10-* cms.
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focussed for the D lines, the spectrum 'will be in focus to the farthest

infra-red. Another advantage of mirrors is their cheapness and the
fact that they can be used into the farthest infra-red, where even fluorite

and rock salt absorb.

A large number of the spectroscopes used in the infra-red are con-

stant deviation ones. The reason for this is, that radiometers and
radiomicrometers must remain stationary ; they cannot be moved along
a spectrum, the different radiations of the spectrum must on the con-

trary be allowed to fall on them in succession. Also the condition of

constant deviation ensures at the same time the condition of minimum
deviation and consequently maximum definition.

This will be made clearer by the description of a spectroscope which
I have made and used in the infra-red, and which can be simply and

inexpensively made by any amateur. This instrument uses a special
case of the Wadsworth mirror-prism combination. The latter consists

of a prism and mirror mounted together on a rotating table with the

plane of the mirror and the plane that bisects the refracting angle of

the prism intersecting in the axis of rotation of the table. It has the

property that the rays which pass through the prism at minimum
deviation and then fall on the mirror suffer a constant deviation.

The special case of the combination used is shown in fig. 246. CDB

is the prism, ED the mirror, and A the point through which the axis of

rotation passes. FGHJK is a ray which passes through the prism at

minimum deviation and is reflected by the mirror at J. The path of

the beam through the prism GH is consequently parallel to the base of

the prism BD and KJ is parallel to FG. From A draw AP, AN, and AM

respectively perpendicular to FG, JH, and KJ. Then AN = AM by

equal triangles and AN = AP by symmetry ; consequently AP = AM.

If the ray FG is white light, the constituent colour that suffers minimum
deviation emerges along JK after passing through the system. If the

system is rotated through an angle about A and the ray FG remains

fixed, AM remains fixed and the position of JK is unaltered. But it is

now a different constituent colour that suffers minimum deviation and

emerges along JK.

Fig. 247 shows how this property is taken advantage of in the
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construction of the spectroscope. S is the slit. The light diverges
from S, falls on the concave mirror M, is then made parallel and

passes through the mirror prism combination. After emerging it falls

on the mirror M' and is brought to a focus at T. If the thermopile is

placed at T and the prism table rotated, the different colours in suc-

cession pass across T and each colour comes into minimum deviation

M

FIG. 247.

as it reaches T. This apparatus can, of course, be used also as a mono-
chromatic illuminator in the visible spectrum. If a slit is placed at

T and the prism system is rotated we have in succession mono-
chromatic light of different wave-lengths emerging from this slit in a

constant direction. Owing to the obliquity of the incidence the dis-

tances of the foci from their respective mirrors are given not by ^r but

by -J-r
cos <, where

<f>
is the angle which the principal ray of the beam

makes with the normal to the mirror.

The mirrors and prism are best mounted in a box with openings
at S and T. This keeps off stray light ;

also if a dehydrating agent
is kept in it and the openings closed when not in use, it helps to

preserve the prism if made of rock salt. Silvered glass surfaces are

used for the mirrors. The outside surface of the silver is used. As
it is somewhat difficult for an amateur to get a good surface on this

side of the mirror, it is better to get the silvering done by an optical
firm.

Diffraction gratings have not been used in the infra-red owing to

the overlapping of their spectra, also owing to the fact that it is im-

portant for the spectra to be as intense as possible and their spectra
are fainter than prism spectra.

Calibration of a Spectroscope in the Infra-Red. The indices of

refraction of rock salt and fluorite are now known for the infra-red, and

consequently the easiest method of obtaining the wave-length corres-

ponding to a given position of the prism is simply by calculation.

Or the scale may be calibrated by the use of known spectra. The

absorption spectrum of water has been very thoroughly investigated

by E. Aschkinass and is suitable for this purpose. It has well-marked

absorption bands at 0'996, 1*500, 1'956, 3*02, 4*70, and 6'09/x. The
band at 0'996/x shows up well when a layer of water 1 cm. thick is

examined
;
the others require much thinner layers, ^V mm. and less.
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A straight Nernst filament is the best source to have as the background
to this absorption spectrum. If a lens is used to project it on the

slit, the image exactly fits the shape ^f the slit, whereas with the

crater of an arc much light is wasted.

These methods were, of course, not available to the pioneer workers
in the field. They used two methods. The first method was similar

to Edser and Butler's method of calibrating the visible spectrum ;
it

consisted in producing interference bands across a continuous spectrum
and mapping their positions in the visible spectrum with the eye, and
in the infra-red with the thermopile or similar instrument. The
visible spectrum was previously calibrated by other means, and con-

sequently the wave-lengths of the positions of the interference bands

in it were known. Thus the path difference and the order of the

bands could be determined, and hence their wave-lengths calculated

for the infra-red. To produce the bands H. Becquerel caused the

light from the source before entering the slit to be reflected by an
"
air plate," i.e. a thin film of air bounded by two plates of transparent

material. The interference took place between the rays which were

reflected from the two faces of the air plate.

The second method was used and developed principally by Langley.
It was first described in 1884. A spectrum of the sun was produced
with a concave grating, and this spectrum was allowed to fall on the

slit of the spectroscope to be calibrated. Suppose the D
2
line of the

third order spectrum fell on the slit. Its wave-length is '589/x, ;
conse-

quently superimposed on it was the wave-length "883/u, of the second

order spectrum and the wave-length 1'767/x, of the first order spectrum.
The telescope which carried the bolometer was then moved round

until the deviations of these lines were found. By taking different

points in the grating spectrum and proceeding in this way the devia-

tions were obtained for other known wave-lengths, and so a calibration

curve could be constructed for the spectroscope.

Fig. 248 is an example of the best kind of results obtained in the

infra-red.* It gives data obtained by W. W. Coblentz and W. C.

Geer, and represents the emission spectrum of the mercury arc. The

ordinates are radiometer deflections, the abscissae are wave-lengths.

The sharp maximum at '54/x is, of course, the bright green line. The

maximum at -58//, is the two yellow lines, which were not resolved.

In the region 0'9/>t to 2'1/x three curves taken with different slit widths

are given and each point on a curve is the mean of several readings.

In the region beyond 4/x, individual readings are given and two slit

widths were worked with. The prism was of rock salt. It will be

noticed that the deflections are very small
;
also the curve gives little

detail. With the same apparatus an acetylene flame gave a deflection

of 50 cm. at tho maximum part of its spectrum.

By bathing ordinary dry plates in solutions of certain dyes it is

*
Phys. Rev. "

16, 1903, p. 281.
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possible to photograph the infra-red as far as 9000 or 10,000 A.U.

By making a special silver bromide emulsion, which was blue by

O.5 I.I 1.3 1.5

WAVE LENGTHS IN

FIG. 248.

transmitted light instead of red *as the ordinary emulsion is, Abney
was able to prepare plates which were sensitive as far as 20,000 A.U.
Such plates of course give far more detail than is obtainable with a

thermopile, but as they are difficult to prepare and soon lose their

sensitiveness they have not been used by succeeding workers.

The infra-red methods possess one advantage over visual observa-

tion and photography, namely, the deflection is proportional to the

intensity of the spectrum. In the visible spectrum we can easily tell

when one line is brighter than another, and we can also easily say
which of two lines on a photographic negative is the stronger, but we
cannot state definitely that the one line contains so many times more

energy than the other. But if both lines fall in succession on a ther-

mopile, and if the receiving surface of the latter is broader than they are,

then the ratio of the deflections is proportional to the ratio of the

energy in the two lines. The receiving surfaces of thermopiles,

bolometers, etc., are always blackened so that the energy of all radia-

tions is equally absorbed and changed into heat, no matter what their

wave-lengths are. Thus the infra-red methods are specially adapted for

measuring the variation with the wave-length of the intensity of a

continuous spectrum, and much important work has been done in this

direction.

Suppose, for example, that the continuous spectrum is received on
a screen and we fix our attention upon that portion of it bounded by
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the wave-lengths X and X + dX. The^ays, the wave-lengths of which
lie between X and X + dX, bring every second a certain amount of

energy to the screen ; let this amount oi energy be denoted by E^dX.
Then EA is a function of X.

In mapping an energy curve, i.e. in determining the function EA, cer-
tain precautions and corrections must be attended to. First of all care
must be taken that no stray or 'diffuse heat gets to the receiving sur-

face. Figs. 249 and 250 illustrate what is meant. In fig. 249 the ther-

FIG. 249. FIG. ^50.

mopile T is mounted at the end of a tube. The full lines represent
the pencil of rays falling on T, the intensity of which is to be measured.
The dotted lines show another pencil of rays which have a different

wave-length and leave the prism in another direction, but are reflected

from the side of the tube and fall also on the thermopile. Now this

second pencil may be much more intense than the first, and even a

dead black surface reflects well at grazing incidence
; consequently

this may be a serious source of error. Fig. 250 shows how by mounting
screens in front of the thermopile the error may be entirely eliminated.

The usual way of taking readings is to have a screen in front of the
slit and set the spectroscope for the required radiation, then the ob-

server watches the spot of light on jbhe scale, and, when it is steady,
removes the screen by pulling a cord or by some other arrangement.
The spot of light at once makes a deflection on the scale and this

deflection is noted. When the deflections have been taken for different

points in the spectrum they may be plotted against the wave-lengths
as abscissae, but the curve obtained is not the energy curve. What is

known as the "
slit width correction

"
must first be made. Owing to

the fact that the dispersion of the prism is not normal, the range of

wave-lengths falling on the thermopile at different points in the spec-

trum, i.e. dX, is not always the same. Since the deflections are propor-
tional to E\dX, in order to obtain the variation of EA we must allow

for the variation of dX. Let s denote the reading on the divided

circle of the spectroscope, and plot s against X, i.e. draw the calibra-

tion curve of the instrument. Determine ,r graphically from this

curve. Then, if for any point on the spectrum the deflection is multi-

plied by the value of 4- for that point, the result is proportional to

EAd*. Consequently, as ds is always the same, as the receiving surface

has always the same width, it is this result that is taken as the or-

dinate of the energy curve. Of course in the region of the spectrum
where the material of the prism absorbs, correction must be made for

loss of energy from this cause.

The first energy curve studied was that of the sun, which Langley



304 A TEEATISE ON LIGHT

investigated several times with bolometers. His papers on the sub-

ject date from 1883 to 1900. He found that the solar spectrum could

be followed to A. = 18/x, although it became faint after 5/x. The solar

spectrum is very much brighter than that of any terrestrial source, and
so he was able to work with an extremely narrow receiving surface

and obtained more detail than has ever been obtained by this method.

In one of his arrangements the rock-salt prism was turned by clock-

work and at the same time the deflections of the galvanometer were
recorded by a moving light spot on photographic paper ;

the photo-

graphic paper was kept in motion by the same clockwork. This

arrangement was sensitive enough to show the nickel line between the

D lines in the solar spectrum. Langley was able to map the positions
of 700 Fraunhofer lines in the infra-red.

Residual Rays. In 1896 B. F. Nichols working in Eubens'

laboratory measured the reflecting power of quartz for various wave-

lengths. The rays from a zircon burner were reflected from a polished

quartz surface and then focussed by a rock-salt lens on the slit of the

spectroscope. The latter had a fluorite prism. At 4/z, where it is

transparent, the quartz was found to reflect 2 per cent of the incident

light. At 8'5/x there was a maximum of reflection, 80 per cent of the

incident light being reflected there.

This work was at once followed up by Eubens and Nichols. The

rays from the heat source were made to suffer five reflections at

polished quartz surfaces and then enter the slit of a grating spectro-

scope. The grating was made by winding wire round a frame. The

spectrum was investigated with a radiometer. It was found that it

consisted of a double maximum with its peaks at 8*5 and 9'62/x and
another maximum at 20'75/x. Quartz has metallic reflection at these

three regions, or, in other words, it reflects these radiations as well as a

polished metal surface reflects visible light. The source contained

radiations of all possible wave-lengths, but the other wave-lengths were
so much weakened at each successive reflection that they produced no
deflection.

The monochromatic radiations produced in this way are called

residual rays, and they have proved of great importance experimentally,
because approximately monochromatic radiations of these wave-

lengths cannot be produced by prisms owing to the material of the prism
either absorbing them or not having a suitable dispersion. Fluorite

has residual rays at 24*0/x and 31'6/x,, rock salt has residual rays at

52'2/x and sylvin at 61-4/u.

Eecently a new and interesting method has been used for the isola-

tion of long heat waves. Eubens had found that quartz was trans-

parent for the longest residual rays previously known and had an
index of refraction of about 2 '2 for these rays. As source of light a

Welsbach incandescent mantle without a glass funnel was taken, the

focal length of a quartz lens was calculated for this index of refraction,
two screens, B and E, with holes in them were placed four times this
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distance apart, and the lens placed midway between them. Conse-
quently the very longest heat rays from tjae source after diverging from
the hole in B were brought to a focus by the lens in the hole in E. The
shorter waves did not converge to the same extent, or in the case 'of the
visible and ultra-violet rays even diverged slightly. Hence they fell
on a wide area of the screen E, and in ordinary circumstances a small

FIG. 251.

proportion of them would get through the hole. To prevent this a
disc D was fastened to the centre of the lens with wax to block out
these central rays. A second lens was used to focus the rays on the
element of a radiomicrometer. It purified the rays further.

The wave-length of the rays isolated in this way has been found to
be 107/t or more than one-tenth of a millimetre.

Phosphorescence. Certain substances, after being exposed to

light, emit light for some time afterwards when placed in a dark room.
This phenomenon is known as phosphorescence. It is the violet and
ultra-violet light that are most active in producing it. The duration of
the emission after exposure to light varies very widely. Balmain's
luminous paint, which is a sulphide of calcium, will shine for hours in

the dark after exposure to bright sunshine, while other substances,

cease to emit in a few seconds. To detect the phosphorescence in. ,

these cases Becquerel has invented an instrument called the phos-
phoroscope, which consists essentially of two discs on the same axle.

These discs are each pierced with the same number of circular holes

arranged on a circle at equal distances the whole way round, but they
are mounted out of step, i.e. the holes on the one wheel are half-way
between the holes on the other. The substance to be investigated is

placed between the two discs, the exciting light comes from the one
side through the holes in the one disc, while the observer looks

through the holes in the other disc. The observer does not see the

substance when the exciting light is falling on it but a short interval

of time after, when it is cut off. How short this interval of time is

depends on the speed at which the discs are rotating. When examined
in this way all solid fluorescent substances are found to be phospho-
rescent.

20
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The phenomenon is quite distinct from the faint greenish-white

luminosity which phosphorus shows when exposed to moist air in the

dark. The latter is due to the slow combustion of the phosphorus.
It is a chemical change which takes place only in the one direction and

is not reversed by exposure to light. In true phosphorescence we
have a reversible change ;

the exciting light throws into the substance

the energy which is radiated away in the dark, and by exposing the

substance to the exciting light it can be made to phosphoresce again
and again.

Effect of Infra-red Rays on Phosphorescence. If a card, which

has been coated with Balmain's luminous paint, is made luminous by
a short exposure to sunlight and then has an infra-red spectrum
focussed on it, the parts on which the infra-red rays fall phosphoresce
more brightly than the rest and then become exhausted, so that if the

card is afterwards removed to a dark room they appear dark while the

rest of the paint is still phosphorescing. Heat has exactly the same
effect on the paint. This property of the rays of affecting phosphor-
escence has been used for mapping infra-red spectra.

Angstrom's Pyrheliometer. The various instruments described on

pp. 297-8, the thermopile, bolometer, radiomicrometer, and radiometer

measure the relative intensities of two radiations but do not give the

intensity of any one radiation in absolute measure, i.e. they do not

give the strength in ergs/sq. cm. sec. Angstrom has found that the

Hefner lamp radiates 2 '15 10~~ 5 calories per square centimetre per
second at a distance of 1 metre in a horizontal direction. Hence by
exposing any of the above instruments to the radiation from a Hefner

lamp their readings can be standardised and converted to absolute

measure.
Instruments called pyrheliometers have been invented for giving

the intensity of any radiation, especially that of
o
the sun, directly in

absolute measure. The most celebrated of these, Angstrom's pyrhelio-

meter, consists essentially of two metal strips blackened on one side

and in every way similar. One of these strips is exposed to the radia-

tion to be measured, while the other, which is screened by a double

wall from this radiation, is heated by an electric current. The

strength of the current is regulated so that the temperature of the two

strips is the same, as read by a thermocouple and galvanometer. Then
the energy expended by the current in the one strip is equal to the

energy radiated into the other. Let q be the intensity of the radiation

in cals./sq. cm. sec., /, b the length and breadth of the strip, r its re-

sistance per unit length, a the fraction of the incident radiation it

absorbs, and i the strength of the compensation current. Then
Iri*

ri
which gives q = 4-2 ab
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The values of the constants a, 6, and Y are determined once for all.

The convection and radiation losses are the same for both strips and
consequently do not require to be corrected for. The role of the

strips is interchangeable. The strips are of platinum foil about O001
to 0'002 mm. thick

; they are about 18 mm. long and 2 mm. wide.

Kathode Rays. If the electrodes of a vacuum tube are connected
to the secondary of an induction coil and the pressure in the tube is

gradually reduced, the appearance of the discharge changes in a marked
manner. At atmospheric pressure the tube either does not conduct or,

if it does, the spark passes as a thin bright line between the electrodes.

As the pressure is decreased, this line appears, if it is not already there,
then widens out and fills the whole tube with a diffuse glow known as

the positive column. The tube at the same time conducts much better

and the discharge becomes smoother. When the pressure reaches 8

or 10 mm. of mercury the kathode is covered with a soft glow, the

negative glow, and between the negative glow and the positive column
a dark space, the Faraday dark space, appears. As the pressure is re-

duced to | mm. of mercury, the conductivity of the tube begins to

diminish, the anode becomes surrounded with a glow, and the positive
column breaks up into a number of bright and dark spaces, strias as

they are called, as shown at E
(fig. 252). At the same time the Fara-

FIG. 252 (from Watson's "Physics").

day dark space D widens, the negative glow C detaches itself from the

kathode, and a new luminosity forms on the surface of the kathode.

Thus the negative glow is divided into two parts which are separated

by a sharply defined dark space B, called the Crookes' dark space or

the kathode dark space.
At higher rarefactions both the positive and negative glows become

less definite and luminous, the resistance of the tube increases, and the

kathode dark space grows in size until finally at a pressure of y^Vo
mm. of mercury it fills the tube. The sides of the tube shine then with

a brilliant fluorescence, which is emerald green in the case of soda

glass and blue in the case of lead glass. This fluorescence is produced

by rays emitted from the kathode impinging on the glass. The rays

proceed in straight lines from the kathode, for if a screen is placed

20*
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between the kathode and the walls of the tube, a sharp shadow of the

screen is produced on the walls. When the tube is placed in a mag-
netic field, the rays are deflected in the same way as a flexible wire

carrying a current from the anode to the kathode would be deflected.

They are also deflected by an electric field in the same way as a

negative charge would be deflected. By a measurement of the mag-
netic and electric deflections it has been shown that the rays consist

of electrons and that their velocities range from 109 to 1010
cms./sec.,

i.e. from one-thirtieth to one-third of the velocity of light. When the

rays strike an obstacle most of their kinetic energy is dissipated as

heat.

X-Eays. It was discovered by Prof. W. K. Eontgen at Wiirzburg
in 1895 that when kathode rays encounter matter, it not only fluoresces

and rises in temperature but also emits an entirely new kind of radia-

tion, Eontgen radiation or X-rays. These rays make many substances

fluoresce, they travel in straight lines, and they have also the striking

property of penetrating media that are opaque to ordinary light. They
pass through paper, cloth, leather, and aluminium, but are stopped by
the more dense metals, especially lead. Flesh is transparent to them
but the bones are opaque, and by their aid we can see the bones

through the flesh. They thus have an important application in

medicine.

Fig. 253 shows diagrammatically a tube used for producing X-rays.

Anode

FIG. 253 (from Kaye's
"
X-Kays").

The kathode is concave and concentrates the kathode rays on the anti-

kathode. The X-rays are radiated out from the anti-kathode and pass

through the glass wall of the bulb undeflected. The fluorescence of

the latter is caused by reflected kathode rays, not by X-rays pass-

ing through it. The anode is not essential to the working of the bulb



THE INFEA-EED AND X EAYS 309

but is supposed to steady the discharge. It is in conducting com-
munication with the anti-kathode. The discharge is also made steadier

by having the leading-in wires for the ^electrodes sheathed in glass
tubes as shown in the figure. The kathode and anode are usually
made of aluminium. The anti-kathode is made of a metal such as

platinum with a high atomic weight and high melting-point. In many
bulbs there is an arrangement for preventing the anti-kathode from be-

coming too hot.

X-rays produce fluorescence when they fall upon a screen of barium

platino-cyanide. They also act on a photographic plate, and on these

two properties their practical application depends. If the object is to

be examined visually it is placed between the bulb and a fluorescent

screen, and the radiograph or shadow picture produced is examined from
the other side. Simple objects used for demonstration purposes are a

purse with coins in it, a wooden box containing a set of brass weights
for a balance, a resistance box, etc. The purse comes out transparent
but the coins in it appear opaque. The sleeve of the arm holding the

purse is transparent but the sleeve-links or buttons are opaque. The
brass weights in the box and the resistance coils are both visible

through their wooden covers. If a permanent record of the radiograph
is desired, a photographic plate is put in the place of the fluorescent

screen. Fig. 254 gives a radiograph of a hand showing rings and

bracelet.

Further Properties of X-Rays. When an X-ray bulb has been

run some time, it is said to become "
hard," that is, its resistance in-

creases and a higher voltage is required to run the bulb. If E is the

potential difference to which the kathode ray owes its velocity v, then

mv2 = Ee,

where e and m are the charge and mass of an electron. If e/m is put
= 1'77 x 107 and E is taken in volts and v in cms./sec., then

E = 2-82 ^2

_10-
16

,

that is,
v = 5-95 ^/E 107

.

Thus as the bulb becomes harder, the velocity of the kathode rays

increases.

At the same time the X-rays become more penetrating. It is

customary to specify the penetrating power of rays by their absorption

in a sheet of aluminium of definite thickness. If I is their intensity

before entering and I their intensity after passing through a plate

of thickness d cms., it is found experimentally that for homogeneous

X-rays
I = I e- xd

,

where X is a constant for the medium. This is the same law as holds

for the absorption of light (cf. p. 328). A is termed the linear absorption

coefficient of the rays. The smaller X is, the more penetrating the ray.

According to Eve and Day the value of X for
" soft

"
rays in air,
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i.e. rays emitted from a soft bulb, is from O'OOIO to O'OOIS, and for
" hard

"
rays is about 0'00029.

It is found that X is not constant for the rays given out by an

ordinary bulb, being greater for thin screens than for thick ones. This
is due to the fact that such rays are not homogeneous but contain
radiations with different values of X, and the radiations with the greater
values are naturally absorbed first.

Only a very small proportion of the energy of the kathode rays re-

appears as X-rays, perhaps about ^IF in the case of a platinum anti-

kathode in a bulb of medium hardness.

When X-rays enter a gas they ionise it, that is, negatively and

positively electrified particles are formed, and the gas becomes able to

conduct electricity. The view generally accepted of the formation of

these ions is that an electron is removed from the molecule, leaving the

latter with a positive charge. Both the electron and charged molecule
then become nuclei of clusters of gas molecules, though at low pres-
sures the electron is able to exist alone.

The intensity of the X-rays can be measured by the number of

ions they produce. One way of doing this is by means of an electro-

scope ; the rays are sent directly into the electroscope, the gold leaf is

charged to a high potential and the degree of ionisation measured by
the rate of leak to the outer case.

Characteristic X-Rays. When X-rays strike a substance, it gives
off in general scattered X-rays, characteristic X-rays, and electrons.

The scattered X-rays are identical with the exciting rays in quality
and may be compared with the ultra-violet light scattered by a grain
of fluorescein. The characteristic rays, on the other hand, are homo-

geneous in quality and may be compared to the fluorescent green light
sent out by the same grain. In order to produce the characteristic

rays, the exciting rays must be harder than they are themselves.

Many elements give out at least two characteristic radiations, and
Barkla has called these the K and L radiations. For each metal the K
radiation is about 300 times more penetrating than the L radiation.

The characteristic rays are also emitted by the antikathode in an

X-ray bulb, especially if the tube is a soft one.

The Diffraction of X-Rays. For a long time there was consider-

able doubt as to the nature of X-rays. They were neither refracted

nor reflected ; also experiments with a V-shaped slit did not give de-

finite proof of their being diffracted. We know now that they are ex-

tremely short light waves, and that the early experiments failed to give
a positive result on account of this shortness.

A surface reflects and refracts light regularly only if the inequalities
in it are small in comparison with the wave-length of the light, and a
diffraction grating forms spectra only if the irregularities in the rulings
are small in comparison with the wave-length of the light. Now if



FIG. 254 (from Watson's "
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FIG. 255 (from Kaye's
"
X-Rays "),

[Toface page 310.
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the wave-length of the light in question is TT^ of the wave-length of
Na light, it will be of the same order of magnitude as the diameter of
the molecules, consequently it will be impossible for us by any means
whatever to prepare an artificial surface smooth enough to reflect and
refract waves of this length, or to construct a grating with the rulings
close enough together to form diffraction images with light of this

wave-length. But according to modern crystallography atoms in a

crystal are regarded as forming a perfectly regular system of points
in space. The systems formed by the different atoms interpenetrate,
the result being to form what is called a "

space-lattice ". It occurred
to M. Laue, that if X-rays were of extremely short wave-length the

regular structure of the crystal itself might act as a diffraction grating ;

thus nature might supply us with a grating with a structure finer than
can be made by artificial means. On Laue's suggestion Friedrich and
Knipping tested this point experimentally. The X-rays from a bulb
were cut down by lead stops so as to form a thin parallel pencil. This

pencil then fell on the crystal, and a photographic plate was placed
behind the latter at a distance of a few centimetres from it.

The result of the experiment was a brilliant verification of Laue's
idea. The photographic plate showed an intense spot formed by the
undeflected rays surrounded by a number of diffraction images as shown
in fig. 255, which is taken from a joint paper by Friedrich and

Knipping and Laue, and shows the system of spots formed by a
zinc-blende crystal. The pattern on the plate was altered by rotating
the crystal. Exposures of some hours were necessary to bring out
all the spots, since much the greater proportion of the rays was
undeviated. The calculation of the positions of the spots is not

simple ;
unlike an ordinary diffraction grating the crystal does not

give a continuous spectrum, even though the rays contain a continuous

range of wave-lengths.

Following on Laue's work W. L. Bragg found that X-rays are

regularly reflected by cleavage planes in crystals ; such planes are rich

in atoms and, of course, the atoms in them are arranged regularly.
Also since the atoms are arranged in a series of planes parallel to the

cleavage plane and equidistant from one another, when the rays fall

on these planes, the crystal acts like a system of equidistant semi-

transparent mirrors. If the phase difference of the beams reflected in

any direction from the successive planes is equal to an even number of

wave-lengths, there is a maximum of reflection in that direction.

An instrument utilising this property and known as the X-ray
spectrometer has been used recently (1913) by both W. H. Bragg and
W. L. Bragg and by Moseley and Darwin. In it the collimator is

replaced by a tube with lead stops. A crystal is mounted on the

spectrometer table to reflect the rays, and the telescope is replaced by
an ionisation chamber or photographic plate. The angle of reflection

of the rays is always equal to the angle of incidence, but if the waves
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reflected by the successive planes reinforce in any direction, there is

a maximum of reflection in that direction. If the strength of the

reflected beam is plotted as a function of the angle of incidence, the

curve has sharp maxima. These correspond obviously to homogeneous
radiations contained in the incident beam. Just as in the case of the

diffraction grating, there are spectra of different order according as the

path difference between the different waves is one or more wave-

lengths. By making assumptions as to the structure of the crystals

employed it has been found possible to determine with certainty the

wave-lengths of the different homogeneous radiations. The greater part
of the radiation from an ordinary X-ray bulb is analogous to white

light and gives a continuous spectrum. Superimposed on this are the

characteristic radiations, which are analogous to spectral lines. The
K and L radiations are now known to be bands in the spectrum
owing to the constant values obtained for their absorption coefficients,

but with the X-ray spectrometer spectra can be mapped in much
greater detail than by absorption methods. The wave-lengths of the

homogeneous X-rays already determined vary from more than 3 10~8

to less than 1 10~8 cms. The hardness or penetrating power of an X-

ray depends on its wave-length, the ray being harder the shorter the

wave-length.
The y rays of radium are of the same nature as X-rays. Their

wave-length is possibly about 10~9 cms.
The discovery of the nature of X-rays has thus carried our know-

ledge of spectra an enormous distance into the ultra-violet. To show
what a range of radiations we now have power over, all the. different

kinds with the exception of the longer waves used in wireless telegraphy
have been plotted logarithmically against their wave-lengths on the

opposite page.

EXAMPLES.

(1) Make an experimental determination of the fraction of the incident
heat radiation transmitted by glass plates, mica plates, glass cells filled with

water, etc.
, by letting the radiation fall upon a thermopile and then placing

the substance to be investigated in its path. (The experimental details will

depend on the resources of the laboratory, but it should be noted that a

Nernst lamp with a single filament is much the best source for work of this

kind.)

(2) A thermopile is placed in front of a Nernst filament and a wooden
screen with a black surface placed between. 'VJhen

the screen is removed the

galvanometer is deflected. The deflection is due not to the radiation from
the filament but to the difference of the radiations from the filament and
from the screen. How great is the error involved in ignoring the radiation
from the screen ? Assume that the thermopile is in an enclosure with black
walls which are at a temperature of 15 0.

,
and that the radiation enters through

an aperture which subtends a solid angle of J at the thermopile, that the

filament subtends a solid angle of ~~~ at the thermopile, that the screen
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is at 15 C., that behind the filament there is a black wall at 15 C., and that
the radiation emitted from 1 sq. mm. of filament is 2500 times the radiation

emitted from 1 sq. mm. of black surface at 15 C. (The solid angle sub-

tended by a surface at a point is numerically equal to the area intercepted on
a sphere of unit radius with the point as centre by the infinite number of

lines which can be drawn from the point to the edge of the surface.)



CHAPTER XVIII.

PHOTOMETRY AND SPECTBOPHOTOMETRY.

A POINT source of light radiates equally in all directions. Conse-

quently if a sphere is drawn with the source as centre, the quantity of

energy received per unit area is the same all over the surface of this

sphere. The quantity of energy radiated through the surface of the

sphere is always the same no matter what the area of the surface is. The

quantity received per unit area must therefore vary inversely as the area

of the surface, 4:rr2
, or, in other words, the illumination of a surface varies

inversely as the square of its distance from the source. This relation,

which is known as the inverse square law, enables us to compare the

intensities of different sources, and thus forms the basis of photometry.
We shall now proceed to describe some of the principal photometers.

The Eumford or Shadow Photometer. This consists of a rod of the

shape of a lead pencil, which is mounted vertically before a screen.

Fig. 256 represents a plan of the arrangement ;
R is the rod, AC the

screen, and L
x
and L

2
the two sources the intensities of which are to be

compared. BC is the shadow of the rod formed by L
x
and AB the

FIG. 256.

shadow of the rod formed by L
2
on the screen. The distances of Lj and

L
2
from the screen are adjusted so as to make these shadows equally

dark, and at the same time R is placed so that the shadows just touch at B.

If they overlap, or if there is a bright space between them, the com-

parison of their intensities cannot be made so accurately.
All parts of the screen outside the regions AB and BC are illumin-

ated by both sources. The region AB being in the shadow of L
2

is

illuminated solely by L
lf
and the region BC being in the shadow of L

x
is

illuminated solely by L
2. Consequently if the shadows are equally

intense, the illuminations produced by the two sources at B are equally
great, and the intensities of the two sources are simply as the squares
of their distances from B.

315
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The screen should have a rough unglazed surface so that nothing
of the nature of regular reflection takes place ;

it may be made of white

drawing paper or tissue paper or ground glass. In the former case it

is observed from the front, i.e. from the side on which the light sources

are situated. In the latter case it is observed from the back.

One great advantage of the shadow photometer is that the accuracy
of its results is not affected much by the presence of another source of

light in the room. For this third source produces a shadow of its own
on the screen, which can easily be recognised, and it is only necessary
to take care that the edge of this third shadow does not fall on B.

The Bunsen or Grease Spot Photometer. This consists of a piece
of white unglazed paper in the middle of which a small portion has
been rendered translucent by a drop of grease. It is placed between
the two sources and in the same straight line with them. It possesses
the advantage of simplicity, but it is difficult to make a grease spot
with a very sharp boundary, and, of course, it is impossible to detect

slight inequalities in the illumination when the areas are not sharply
divided. As a substitute for the grease spot a disc of tissue paper
may be used. The latter is made by placing two sheets of paper on
the top of one another and with a sharp knife cutting a star-shaped

opening in both of them at the same time. The tissue paper is placed
between them, and they are then stuck together with the stars accurately

superimposed.
The theory of the grease spot photometer is usually given as

follows : When unit quantity of light falls on the grease spot, let the

fraction b be diffusely reflected and let the fraction 1 - b be transmitted ;

when unit quantity of light falls on the white paper, let the fraction

a be diffusely reflected and let the fraction 1 - a be transmitted. Let
us suppose now that the distances of the sources have been

adjusted so that they produce equal illuminations at the photometer.
Then, if we look at the grease spot, the amount of light coming through
it is proportional to 1 6, the amount of light reflected by it is pro-

portional to b, and the total amount of light received from it pro-

portional to 1 6 + 6 = 1. Similarly the amount of light reflected by
the white paper will be proportional to 1 + = 1. Consequently
the grease spot will appear the same brightness as the surrounding
paper. Thus to use the photometer we should adjust the distances

until the grease spot disappears ;
then thei intensities of the sources

should be as the squares of their distances from the photometer.
In practice, however, it is found that the grease spot seldom dis-

appears for the one position, when viewed in succession from both
sides of the screen. This is partly due to the fact that the grease spot
and white paper do not usually absorb the same fraction of the incident

light, and absorption is entirely neglected in the preceding theory, but
it is caused principally by the light reflected by the white paper being
scattered more than the light transmitted by the grease spot. The
relative intensity of the two surfaces depends thus on the angle at
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which they are viewed. The more 'obliquely they are viewed, the
darker appears the grease spot.

Thus in general in working with the grease spot we set it so as to

obtain the same relative intensity of the two areas when viewed from
both sides, or in other words, we adjust, not for disappearance, but for

the same contrast effect. For^ this purpose it is an advantage to be
able to see both sides at once, not one after the other, and so two
mirrors AM and AN are often used as

shown in fig. 257 ;
G is the grease

spot and the dotted line gives the

direction of the two sources to be

compared. The eye E observes from
the side, and the distances are ad-

justed until the images of the grease

spot seen in the two mirrors show
the same contrast against their re-

spective backgrounds.

Stray light seriously affects the

accuracy of the grease spot photo- FlG 257

meter, making the source on the side

from which it falls appear too intense. This error can be eliminated

by interchanging the positions of the two sources, the correction being

analogous to the correction for unequal length of the arms of a balance

by double-weighing.

The Wedge Photometer. The use of this photometer, which is some-

times called the Ritchie wedge, is shown in the adjoining fig. 258. Sj

and S
2

are the sources. The A
wedge is arranged so that its

*\~7
faces make equal angles with the S|-

'

Vf
line joining SjSg. The faces are

rough and reflect the incident w^
light diffusely. The observer

looks at the edge of the wedge
from the side at E, and adjusts the distances of the sources so that the

two faces appear equally bright. The intensities of the sources are then

as the squares of their distances from the edge.

A scraped surface of plaster of Paris forms the best diffusing surface,

but instead of this a wooden wedge may be used and a sharply folded

piece of unglazed paper placed over it and fastened at the back A with

a drawing pin.' The sharper the fold, the more accurately can the

setting be made. I have also found it an advantage to have a sighting

arrangement attached to the wedge so as to make sure that the edge

is viewed at right angles to the axis of the bench,

Joly's Diffusion Photometer. This consists of a rectangular block

of paraffin wax cut into two equal blocks, which are then placed to-

gether again with a sheet of tinfoil between. The light from the
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sources enters into the blocks and is scattered inside them. Conse-

quently they appear luminous when viewed by an eye situated on the
same side as E. The positions of the sources are adjusted until both

3,0 CU o s2

E
FIG. 259.

halves of the block appear equally luminous. Then their intensities

are as the squares of their distances from the photometer.

The Lummer-Brodhun Photometer. This instrument employs the

same principle as the grease spot photometer but in a much more re-

fined form. Fig. 260 is a plan of the arrangement. A is a diffusing
screen which is placed between the two

sources, the direction of the latter being
indicated by the dotted line. B and C
are mirrors. P and Q are totally reflecting

prisms, and E is an eyepiece which
focusses on their hypotenuse surfaces.

The hypotenuse surface of Q is plane
and that of P is curved. Consequently
they are in contact only over a small area.

This area is in focus in the centre of the

field of the eyepiece, and is illuminated

FIG. 260. ky l*&kt diffused from the left-hand side

of A and then reflected by B
;
the rest of

the hypotenuse surface of Q is illuminated by light which is totally
reflected on that surface and which comes from the right-hand side of

A and is reflected at C. The area in contact is thus analogous to the

grease spot, but unlike the latter it transmits all the light that falls on
it and reflects none, while the surrounding part of the hypotenuse
surface is analogous to the white paper surrounding the grease spot,
but unlike the latter it reflects perfectly and does not transmit or absorb
at all. Since a very thin air layer is sufficient to cause total reflection

the area in contact is very sharply defined. As the two sources are

moved along the dotted line to and from A, the relative intensity of the

central spot and surrounding area alters, and, when the illumination of

both sides of A is the same, the central spot disappears. The intensities

of the two sources are then in the ratio of the squares of their distances

from A.

This photometer although usually accredited to Lummer and
Brodhun was nevertheless invented very much earlier by Swan. But
as there was no need for accurate photometry in his time, it was for-

gotten, and not brought into use until invented independently by
Lummer and Brodhun.

In addition to the disappearance photometer Lummer and Brodhun
have also invented a contrast photometer which is the most sensitive
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of all photometers. Fig. 261 shows the appearance in the field. The
latter consists of two parts, each with a darker patch in its centre, and
the distances of the two sources are adjusted until the two halves A and
B have the same intensity and at the same time the patches a and b
stand out in equal contrast to their backgrounds. Fig. 262 shows how

FIG. 262.

this result is attained. Instead of making contact at one spot the

prisms make contact in the manner shown. The half A of the field and
the patch a are illuminated by light from the one source, only the light
from the patch a goes through a glass plate D before reaching the prisms.
This has the effect of diminishing its intensity by about 8 per cent.

The half B of the field and the patch b are illuminated by light, from
the other source, the light from the patch b being similarly weakened

by passing through a glass plate before reaching the prisms. Thus,
when balance is attained, the dividing line between A and B disappears
and at the same time the two patches appear 8 per cent darker than
their surroundings. The intensities of the sources are as the ratio of

the squares of the distances from the diffusion screen just as in the

case of the other Lummer-Brodhun photometer.

Photometry. Any of the photometers described in the preceding
sections may be placed together with the light sources on the top of a

table and the distances between them simply measured with metre

sticks. But the results obtained in this way would not be accurate.

The photometer and light sources are usually mounted on pieces which
slide along a bar about 3 metres long. This bar carries a scale on
which the distances between the pieces can be read. The bar and the

sliding pieces should be blackened to prevent their reflecting light to

the photometer. The ceiling of the rooms and the walls, particularly
the parts behind the light sources, should also be blackened. If this

is not possible, the error due to stray light can be eliminated by mount-

ing diaphragms with dead-black surfaces on the photometer bar in such

positions that they transmit all the direct rays from the source to the

photometer but stop light reflected from the walls of the room.

The inverse square law holds rigorously only for point sources,

hence care must be taken that the distance between source and photo-
meter is always large in comparison with the linear dimensions of the

source.
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*
Generally speaking, in photometry an accuracy of 1 per cent in the

final result is very good, but under the most favourable circumstances

j
3
^ per cent can be attained. But in fitting up a photometer and taking

readings for the first time the accuracy attained is always very much
less than this. Some of the readings diverge widely from the mean,
and I have found that the temptation to students to throw these away
and use only the "

good readings
"

is a very strong one. This should

never be done. The " bad" readings keep the average straight. If a

setting is made carelessly, the numbers should not be read, but once

they are read and noted down on paper they should contribute their

share to the final result, unless, of course, there is something obviously

wrong about them.
A photometer bench can be used to measure the fraction of light

transmitted by a glass plate. In order to do this two lamps are balanced

against one another. Let the distance from the photometer of one of

these lamps be d
lm

Place the glass plate in the path of the rays from
this lamp ; owing to the loss due to absorption in the plate and reflec-

tion at its surfaces the lamp must be moved nearer the photometer in

order to restore balance. Let d
2
be its distance from the latter when

balance is restored. Then the fraction of the incident light transmitted

by the plate is obviously

The Standard Candle. This is the historical unit of intensity of

a light source. It has always been customary to express the intensity
of a light source in candle-power. The British standard candle is a

spermaceti candle, |-
inch in diameter, weighing six to the pound, and

burning at the rate of 120 grains per hour, but the brightness of a

candle flame varies with the length and shape of the wick. It is thus

very unsatisfactory as a standard, and consequently in modern British

practice the unit of intensity is taken as one-tenth part of the intensity
of the Vernon Harcourt 10 candle-power pentane lamp, burning at a

pressure of 760 mms. mercury in an atmosphere containing 8 parts in

1000 by volume of water vapour. This lamp burns an inflammable gas
formed of the mixture of pentane vapour and air. Pentane is a volatile

hydrocarbon (C5
H

12).
The mixture is formed in a carburetter and is

supplied to an Argand burner. The flame is fed with preheated air.

Violle suggested as a standard the light emitted normally by one

square centimetre of a platinum surface that had been heated to its

melting-point, but his suggestion has not been taken up.

The Hefner Lamp. In Germany and some other continental countries

the unit of light intensity is the Hefner lamp, which burns amyl acetate

and the intensity of which is exactly -090 of the intensity of the Vernon
Harcourt 10 candle-power pentane lamp. The intensity of the lamp
is thus rather small for practical purposes, and the colour of the flame
is redder than that of most light sources, but on account of its simplicity
and cheapness and the fact that it can be bought certificated by the
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It is represented in

FIG. 263.

Reichsanstalt the lamp has found a wide use

fig. 263.

In using the lamp the wick is cut
*'

level with the top of the tube. Then
after the lamp is lit the height of the
flame is adjusted by screwing up the

wick. It should extend exactly '40 mm.
above the top of the tube.* The sighting

arrangement on the top of the lamp to

the right is for getting this height right ;

it consists of a horizontal tube with a

horizontal diametral steel plate. To an
observer looking through the sighting

arrangement the bright core of the flame

should appear just to touch the lower
surface of this plate, and the faint

luminous sheath of the flame should
almost reach \ mm. above the upper
surface of the plate.

It is necessary to wait at least 10 minutes after lighting the lamp
before making measurements. An error of 1 mm. in the height of the

flame means an error of 3 per cent in the intensity.

The lamp is provided with a cap for the wick tube when it

is not in use and a gauge for checking the difference in level be-

tween the top of the tube and the sighting arrangement.

Definition of Solid Angle. Let S be a surface which is not necessarily

plane. In order to measure the solid angle subtended by S at a point P

draw a sphere of unit radius with its centre at P. Let straight lines be
drawn from P to every point on the boundary of S. Then these straight
lines from a cone and this cone intercepts a certain area on the surface of the

sphere. The solid angle subtended by S at P is numerically equal to the

area intercepted by the cone on the sphere. Thus if S is a closed surface

and P is inside it, the solid angle is 4tir.

An Object Appears Equally Bright at All Distances. Let s be the

area of a small plane surface which is at right angles to the line joining it

to the eye. Let d be its distance from the eye, and let a be the area of the

pupil of the eye. Let s be emitting light normally at such a rate, that if the

emission were uniform in all directions the quantity of light emitted per
second would be equal to L. Then the quantity of light entering the pupil
of the eye per second is

at

Hence

The solid angle subtended by the object at the eye is

5s

and the size of the retinal image is proportional to this solid angle,

the brightness of the object as seen by the eye is proportional to

* The National Illumination Committee of Great Britain has proposed to ob-

tain the British Standard candle from the Hefner lamp by increasing the height

of the flame
; according to a determination made at Glasgow the height for this

intensity is 44'37 mm.
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a\- I s a\-

and is independent of d. An object consequently appears equally bright
at all distances from the eye.

This is, however, only true if the object is an extended one. If it is so

small that its image on the retina falls wholly on one cone,* it is a point
source as far as. the eye is concerned and its apparent brightness varies in-

versely as the square of its distance from the eye.

Star Magnitudes. Stars are point sources of this kind, and the word
magnitude in connection with stars has nothing to do with their size but
refers solely to their brightness. The stars visible to the naked eye were
divided by Hipparchus and Ptolemy into six magnitudes, the sixth magni-
tude containing the faintest and the first the brightest stars. Owing to the
invention of the telescope a vast number of additional stars has been rendered
visible

; the classification has been extended to take these in and has been
refined

;
we say now, for example, that a star is of the magnitude 3' 4.

When there is a difference of unity in the magnitudes of two stars, the one
emits 2 '5 times as much light as the other

; thus a star of the first magnitude
emits (2-5)

5 times or approximately 100 times as much light as a star of the
sixth magnitude. There are special photometers for measuring the magni-
tude of stars ;

these depend either on visual observation or photography.
In one of the visual instruments, the Zolluer photometer, the star is com-

pared with an artificial star, the intensity of which is varied by means of a

rotating nicol.

The brightness of the sky is not increased by a telescope but the bright-
ness of the stars is. Hence by using a telescope bright stars can be made
visible at daytime.

Brightness of Image Formed by a Lens. Suppose that a lens is

used to form an image of the small plane surface mentioned in the second
last section, and that this image lies on the straight line joining the small

plane surface and the eye, and has an area of Sj. Then by the reasoning of

the same section the brightness of this image is given by

where Lj would be the light emitted per second by the image, if its emission
were the same in all directions as it is in the direction of the eye. Let u, v,

and I be the object distance, image distance, and radius of the lens. Then

Si V2

s

=
u*

The lens subtends at the object a solid angle proportional to 2
/it

2
,
and at the

image a solid angle proportional to 2
/v

2
. The light falling on the lens is

proportional to (l/u^L., and the light falling on the image and issuing from
it on the other side is proportional to (?/v)

2L
1

. Neglect the absorption and
reflection losses caused by the lens and equate these two expressions.
Then

Thus the expression for the brightness of the image

47TSj 47T6'
'

which was the expression for the brightness of the object. This result has,

*
Of. p. 333.
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however, been obtained on the assumption that no light was lost either by
reflection at the surfaces of the lens or "by absorption in its material. In
practice the brightness of the image is consequently less than the brightness
of the object. The same may be shown to be true with regard to the imageformed by a mirror. Hence an image of an extended object formed by a lens
or a mirror can never appear brighter than the object itself.

Spectrophotometry. So far'nothing has been said about the colour
of the light. If the 'difference in colour between two sources is slight
they can be compared with an ordinary photometer. If the difference
in colour is pronounced, the comparison must be made by means of

auxiliary sources of intermediate tints, the one source being compared
with a second, this with another, and so on, the colour of these inter-
mediate sources being gradually altered until finally it is not much
different from the colour of the other source under comparison. Con-
sistent results are obtained in this way, provided that the observers
have normal colour vision. Sources of widely different colour can also
be compared directly by means of the nicker photometer which is

described on p, 348.

The most satisfactory way of comparing the intensities of two
differently coloured light sources is to resolve their light into spectra
and measure the relative intensities of these spectra wave-length by
wave-length. The instruments used for this purpose are called

spectrophotometers ; a great number of different types of spectro-
photometer have been made, although few of them have been much
used. They differ among themselves chiefly in the means used to

vary the intensities of the two spectra. This may be done by pro-
ducing the two spectra from separate slits and altering the widths of

these slits, or by the use of rotating sectors or wedges of neutral tinted

glass, or finally by the use of polarised light. The difficulty in the way
of regulating the brightness of a spectrum by altering the width of- the
slit is, that not only the intensity but also the purity of the spectrum
is being altered, and, if the slit is opened very wide, we obtain a dis-

tinct change of colour. Also, when the slit width is small, owing to

diffraction effects the intensity is not strictly proportional to the width
of the slit.

In the rotating sector method an opaque disc cutting the path of

the one beam of light at right angles is rotated at a high speed by means
of a motor. The disc consists of sectors which can be pushed one
behind the other, and consequently an open sector of variable angle
formed. The disc is rotated so fast that no impression of flicker is

produced, and the intensity in the field is perfectly steady and is pro-

portional to the angle of the open sector. The disadvantages of this

method are that it cannot produce very small diminutions of intensity,
because there must always be a sector of appreciable angle left to

shove the others in behind, also the motor is a complication.

Wedges of neutral tinted glass are always of small angle, and are

cemented to wedges of equal angle made of transparent glass of equal
index of refraction, so a to form a plane parallel plate. This plate is

' ^ 21*
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placed in front of the slit with the edges of the wedges parallel to the

latter, and the intensity of the beam diminished by moving it at right

angles to the slit, so as to bring a greater thickness of absorbing glass
and a smaller thickness of transparent glass in front of the slit. The

plate does not deviate the rays in any way ;
it only absorbs them.

The disadvantages of this method are that it is not easy to get a per-

fectly neutral tinted glass, i.e. one that absorbs all the colours of the

spectrum in the same degree, also that it is not an absolute method
;

the wedge has to be calibrated by other methods.

Much the most popular method of comparing the intensities of the

beams has been by plane polarising them at right angles to one another

and then altering their relative intensity by the rotation of a nicol. I

have had considerable experience in the use of spectrophotometers
and have designed and made one that employs this principle. This

instrument wastes no light, gives as great accuracy as other instru-

ments, and has in addition the advantage of great simplicity.
The only points in which it differs from an ordinary spectrometer

are (1) that there is a nicol mounted in the eyepiece, which rotates

together with the eyepiece about the axis of the telescope and the

position of which can be read on a divided circle, and (2) that there is

a prism of peculiar construction in front of the slit. This prism is

FIG. 264.

represented in fig. 264. The part ABC is made of glass for which

^D = 1526, the sides AB, BC, CA being each 2 cm. long. It is cemented
to a prism of Iceland spar, BDEC, cut with its axis perpendicular to the

plane of the paper. The angle D is 127 12', E is 115 49', and BCE is

64 11'.

The action of the prism may be better understood by supposing
the beams of light to go in the reverse direction from the object glass
of the collimator to the slit. The beam qr is broken into two by the

Iceland spar prism, cd being the ordinary beam and ab the extraordin-

ary. The beam pq is broken into two, but only the extraordinary ef

emerges, the ordinary being totally reflected at the surface CE. The
beams ef,

cd meet 15 cm. out in an elliptical spot of light measuring
2*0 cm. by 2*4 cm. the long axis being vertical. The beam ab is quite
2 cm. clear.

If, now, we have as source of light an incandescent mantle behind

a screen with an aperture at the proper place not much larger than
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2*0 cm. by 2*4 cm., and if we look into the eyepiece, we see two spectra,
one above the other, polarised at right -angles to one another. The

ordinary component of the lower beam misses the slit entirely, while
the extraordinary component of the upper beam misses the object

glass of the collimator. The relative intensity of the two spectra is

altered by the rotation of the ni6ol eyepiece.
In order to measure the fraction of light transmitted through a

piece of coloured glass or a glass cell containing a solution, it is placed
in the path of the upper beam and the intensities of the spectra
matched in two adjacent quadrants. Let the difference of the readings
on the divided circle be 2a. It is then placed in the path of the lower

beam and the intensities again matched in the same two quadrants.
Let the difference of the readings on the divided circle be in this case

2/?, Then the fraction of the light transmitted is either

tan q tan 8
/; or >

tan p tan a

whichever is smaller than unity.
To prove this suppose the piece of glass is taken away, let OA and

OB be the directions of vibration in the two halves of the field, and let

a and b be respectively the amplitudes of the upper and lower beams
before they fall on the eyepiece nicol. a is not equal to

b, because, although the light emitted by the source is

not polarised in any way, yet the two beams suffer

different reflection losses in traversing the instrument.

Let the piece of glass now be placed in the path
of the upper beam. It diminishes the amplitude OA
to OF. Let OF =

fa. If the nicol is set to make
the intensities equal, the direction of vibration after

emerging from the eyepiece must be OP or OPP
where ^-POP

l
= 2a. OP and OP

1
are respectively per-

pendicular to FB and FB
1
and OB

l
= OB. Consequently

af
OP = b sin a = af cos a or tan a = -

B

B,

FIG. 265.

When the piece of glass is placed in the path of the lower beam,

OB and OB
1
are diminished to OG and OGj, where C

and when the nicol eyepiece is set to match the inten-

sities, the direction of vibration of the light after

OQ and OQ,, where

bf,

emerging from it is given by
2/?. Consequently

OQ = bf sin ft
= a cos ft or tan /

Combining (4) and (5) we obtain

tan q _ of bf _
tanyS b a

~ J '

of course, the fraction of the

(5)

f2
is, of course, the fraction of the incident light

transmitted by the piece of glass, i.e. the ratio of the

intensity after transmission to the intensity before incidence

FIG. 266.

fis the
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ratio of the amplitude after transmission to the amplitude before

incidence.

After/
2 has been determined for one point in the spectrum, the

position of the telescope is shifted and/2 determined in succession for

other points. The results can be shown in a curve giving f1 as a

function of A. There are screens in the focal plane of the eyepiece
for pushing in from the sides so that only a narrow strip of the spec-
trum remains visible

;
these screens are very useful when f^ varies

rapidly with A.

To compare the distribution of intensity in the spectra of two
sources with this spectrophotometer one of the sources is made to

illuminate a piece of ground glass measuring 2 cm. by 2*4 cm.,
which is placed 15 cm. out, while the lower beam from this piece of

ground glass is stopped by a screen and replaced by a beam from a

second piece of ground glass, this second piece being illuminated from
the side by the second source.

A Simple Means of Spectrophotometry. Most laboratories do not

possess a spectrophotometer, and the object of this section is to de-

scribe how rough Spectrophotometry may be done with the simplest

apparatus. All that is required is a spectroscope with a total reflection

prism in front of the slit, one of these prisms which are used to ob-

serve two spectra, say the solar spectrum and the Na spectrum, at the

same time
; with such a prism the solar spectrum is viewed direct and

occupies one-half of the field, while the rays from the sodium flame come
in from the side at right angles and are totally reflected into the slit, and
the sodium spectrum occupies the other half of the field.

Fig. 267 shows how this apparatus is arranged for Spectrophoto-

metry. S is the collimator slit, Gj and G
2
two exactly similar ground

glass plates, and U and L
2
the two sources of light under comparison.

The total reflection prism is shown in position immediately in

FIG. 267.

front of the slit. The rays from the ground glass G
1 pass to the

slit either over or under the prism. The rays from the ground
glass G

2 pass to the slit by reflection in the prism. The intensities are

matched simply by the inverse square law. If for a certain colour the
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intensities of the two spectra are equal, >then the ratio of the intensities,
as far as light of this colour is concerned^ is given by the ratio of the

squares of the distances from their respective ground glasses, after a
correction has been made for the reflection loss (8 per cent.) suffered

by L
2
in the prism. This reflection loss can be checked by inter-

changing the positions of the sources. The distance of each source
from its ground glass is measured by a metre stick not shown in the

diagram.
If the fraction of light transmitted by a coloured glass plate is to be

determined, the best way of proceeding is to place it in the position
shown by the one dotted plate (fig. 267) and determine the ratio of the

distances of the two sources, then place it in the position shown by
the other dotted plate and again determine the ratio of the distances.

The smaller ratio divided by the larger one gives the fraction of the

light transmitted.

For letf be the ratio of the amplitude of the light transmitted by
the plate to the amplitude of the light incident on it. Let \

l
and I

2

denote the intensities of the sources L
x
and L

2 ,
and let ra and pa denote

their distances when the plate is in the position A, and rb and pb their

distances when the plate is in the position B. Then when the plate
is in the position A

r

and when it is in the position B

Dividing the first of these equations by the second we obtain

'i/
2

/'i '2 /' 2/
2

~ * / r 2 _ 2
* / r6 Pa

/2~ 2 2

which gives, on extracting the square root,

fZ = .M.

The chief source of error in using this simple apparatus is stray

light. Each ground glass must be illuminated by its own source and

by nothing else, and to ensure this it is necessary to mount a number

of dead-black screens. The positions of these screens will depend on

the apparatus employed, the lighting of the room, etc., and must be

left to the skill of the experimenter. It is possible to obtain results

right to 2 per cent, but this degree of accuracy requires much skill and

experience. Indeed there is hardly a better test of experimental

ability than to measure the fraction of light transmitted by a piece of

coloured glass throughout the spectrum by this method. The appa-

ratus is of the simplest and the fitting up and arrangement can be
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done by any amateur, but, although the knowledge required does not

go beyond the elementary principles of optics, still there are numerous
sources of error to be explored.

Spectrophotometric Results. Suppose that an aqueous solution of

salt of concentration c measured in gram molecules per litre is placed
in a parallel-sided glass cell of internal thickness d, and the quantity

f'
2 is measured for this cell, then it includes (1) the loss due to

reflection at both of the glass-air surfaces
;
also (2) the loss due to

reflection at the glass-water surfaces ; (3) loss due to possible absorp-
tion of light in the glass ;

and finally (4) loss due to'absorption of light

by the solution. If, however, when we place the glass cell with the

solution in the path of the one beam, we place a similar glass cell

filled with water in the path of the other beam, the first three

losses are approximately the same for both

cells, and consequently the quantityf2
repre-

P Q sents only the ratio of the intensity on the

plane Q to the intensity on the plane P. The

planes P and Q are inside the solution but as

close to the surface as possible. It is found

experimentally that in this case f* can be re-

presented by
FIG. 268. iQ-Acd m t < (6)

where c is the concentration of the solution as already specified, d is

the distance between the two planes, and A is a constant which varies

with the wave-length. This fact is sometimes referred to as Lam-
bert's law. A is called the molecular extinction coefficient of the

dissolved substance.

If we increase c? by a small increment 8, then the fraction trans-

mitted is

10 -Ac(d+S) or IQ-Acd 10 -AcS.

The additional thickness 8 transmits the same fraction 10
~AcS no

matter what the value of c? is.

If in (6) we double c and half d, or treble c and decrease d to one-
third of its value, then their product remains constant, and according
to a law known as Beer's law the fraction transmitted should remain
the same. This law is not always true, for in certain cases A varies

with c, and consequently in these cases the product bed does not
remain constant, even if the product cd does.

The curves *
represented in figs. 269 and 270 give A as a function of

A for the bromides, chlorides, nitrates, and sulphates of cobalt and
nickel. The values for the visible spectrum were taken with the

spectrophotometer described on p. 324 and the values for the infra-red

were taken with a linear thermopile. It is impossible to go further

into the infra-red with aqueous solutions because the water itself

* The curves represented in figs. 269, 270 and 271 are from a series of papers
in the Proc. Roy. Soc. Edin., 191Q-13, by John S. Anderson, Alex. R. Brown,
Chas. Cochrane, Alex. H. Gray, and the author.
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Co a2

A =

CoErz

\~703p.ft

absorbs very much more in that region than the dissolved substance
does. It is comparatively easy to determinef1 with a thermopile ;

it is

necessary only to take the ratio of the galvanometer deflections when
cells filled with the solution and with water are placed in succession in
front of the slit. The values for the ultra-violet were obtained with an
apparatus depending on the inverse square law, in which equal intensity
of light was measured by equal blackening in the same time of two
neighbouring areas on a photographic plate.

It will be noticed that the values of A for the salts shown can be
obtained approximately by adding the parts due to the base and to the
acid radical. The cobalt salts have all the same band at '510ft and
the nickel salts have all the same bands at '405/v "690ft, and 1'21/x,
while the nitrates have a band at '302ft and the bromides a band at

'285ft. Absorption spectra of salts are however not always so
additive.

The nitric esters, i.e. salts of nitric acid with organic bases, do not
show the band at

'302ft, and Ostwald and other physical chemists

maintained vigorously that the ad-

ditive property of the absorption

spectra of inorganic salts could be

explained, where it occurred, by the

assumptions that in dilute solutions

the salts were resolved into ions, and
the spectrum of the solution was the

superposition of the spectra of the ions.

In dilute solutions the colour was due

solely to the colour of the ions. This
statement is still to be found in certain

standard books on physical chemistry.
It is impossible here to go into the

evidence on the subject, but it should
be stated emphatically that Ostwald 's

statements were based on hasty and
inaccurate work. In some cases, e.g.

salts of the rare earths, the spectra do
not become additive even at the

greatest dilutions. In cases where
the spectra are additive at great dilu-

tion they are still approximately
additive when the solutions are con-

centrated and consequently not ionised.

In the case of the curves shown on

p. 329 the solutions were too con-

centrated for the similarity to be ex-

~2 C plained by ionisation.

.p Aqueous solutions of the chlorides

and bromides of cobalt and copper
change colour when they are diluted, i.e. the value of A changes

CuBr2

Fe2 Er6
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with dilution, and this change in A has,been attributed to the molecules
ionising. There is, however, no doubt that it is due to dehydration
of the molecules as the solution becomes'more concentrated. Similar
changes occur in the case of ferric chloride and bromide and nickel
chloride and bromide, although this is not generally known, and in

fig. 271 all these changes are represented in each case for the wave-
length for which they are most pronounced. The abscissse give
concentrations in gram molecules per litre, and the ordinates represent
A. The last point on each curve was for a saturated or nearly saturated
solution. In the case of ferric chloride the absorption increases for
dilute solutions owing to the formation of colloid hydroxide, but in

every other case it is constant for dilute solutions, showing that the

change has nothing to do with ionisation. For example, in the case of
cobalt chloride the molecular conductivity for c = 2 is less than half the
value for infinite dilution, but for both these concentrations the values
of A are practically the same.

The theory of electrolytic dissociation has been of no use in the

interpretation of absorption spectra, although of course it has been of

great value in other fields.

Another source of error that has retarded knowledge almost as
much as the theory of the colour of the ions has been the statement
known as Kundt's law. Kundt in 1874 dissolved substances that

produced absorption bands, using different solvents, and found that
the position of the band varied with the solvent. He came to the con-
clusion that the greater the refraction and dispersion of the solvent,
the further was the band displaced towards the red. This statement
is not true

; the band moves as often the one way as the other, and

generally there is a marked change in intensity and shape, in com-
parison with which the shift in position can be neglected.

EXAMPLES.

(1) The distance between two incandescent lamps of 8 and 16 candle-

power is 6 feet. Show that there are two positions on the line joining the

lamps in which a screen may be placed so as to receive equal illumination
from each of them, and determine these positions.

(2) If the light of the full moon is found to produce the same degree of

illumination as a standard candle does at a distance of 4 feet, what is the

equivalent in candle-power of the moon's light ? The moon is distant 60
times the earth's radius.

(3) Two stars of the fourth magnitude are so close together that they
appear as one. What is the magnitude of the two stars combined ?

(4) If the naked eye can just see a sixth magnitude star and the diameter
of the pupil of the eye is 3 mm., what is the magnitude of a star which is just
visible with the Yerkes' telescope, the diameter of the object glass of which
is 40 inches ?

(5) The star Algol undergoes a periodical partial eclipse, during which
its intensity sinks to ^ of its usual value. The eclipse lasts altogether about
8 hours from start to finish, and the time that elapses between two successive
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eclipses is 2 days 21 hours. The phenomenon has been explained as due to
a small dark star rotating round a bright one (two bright ones rotating round
one another would give two minima). Calculate the ratio of the radius of

the dark star to the radius of the light one. Assume that they are both

spherical, and that the disc of the bright one is uniformly bright. As the

intensity remains constant for about 20 minutes at the minimum, it may be
assumed that the one disc falls wholly inside the other one at the minimum.



CHAPTER XIX.

THE"EYE AND COLOUR VISION.

The Eye. The eye consists practically of a spherical chamber with
a circular opening in the front

; by means of a system of lenses the

light entering this opening forms an image on the back of the chamber
just as in the case of a photographic camera.

Fig. 272 represents a section of the human eye. It is surrounded

by a coating S called the sclerotic. The
front portion of this coating, C, is trans-

parent and is called the cornea. L is

the crystalline lens, which is attached to

the walls of the eye by the ciliary muscle.
In front of the lens is a diaphragm, I,

called the iris, which is coloured
;

it is

the colour of the iris that is meant when
the colour of an eye is referred to. In
the centre of this diaphragm there is a

,

circular aperture called the pupil. The
space A between the lens and cornea, i.e.

FlG - 272 (
from Watson's

the anterior chamber, is filled with a Physics"),

watery liquid containing a little salt in solution, which is called the

aqueous humour. The space V behind the lens, i.e. the posterior

chamber, is filled with a transparent gelatinous substance termed the

vitreous humour.
After passing through the cornea, aqueous humour, lens and vitreous

humour the rays fall on the retina R. The retina consists principally
of a network of nerve fibres connected with the brain by the optic
nsrve O. In the retina there are two kinds of vision cells termed rods

and cones. In the retina directly behind the pupil is the yellow spot

Y, or macula lutea, which has a depression in the centre called the

fovea centralis
;
here vision is most distinct. There are no rods in the

fovea centralis. The point in the retina at which the optic nerve

enters is not sensitive to light and is called the blind spot.

Usually when the eye is at rest it is adjusted so that the image of

a distant object is in focus on the retina. If then it is turned to a

nearer object, i its pose must be altered, it must be accommodated to the

nearer object in order that the latter may be clearly seen. This is

done by a forward motion of the lens and an increase in curvature of

333



334 A TEEATISE ON LIGHT

both its surfaces. The range of accommodation of the eye is limited.

The normal eye sees small objects best when they are at a distance of

25 or 30 cms. This distance is called the distance of distinct vision

because, if the object is nearer, an exertion is required to focus it, and
if it is further away, although quite as sharp, it is smaller and the

detail cannot be seen so well. Helmholtz found that when the focus

of the eye was changed from infinity to the distance of distinct vision,
the radius of curvature of the front surface of the lens changed from
10 mm. to 6 mm., and the radius of curvature of the back surface from
6 mm. to 5*5 mm.

The crystalline lens is biconvex and colourless, and consists of

many layers of different density. The outmost layer is soft, the inmost
one harder. The index of refraction of the outmost layer is 1*405, of

the middle layer about 1*429, and of the inmost layer 1*454. The
indices of refraction of the aqueous and vitreous humours have about
the same value, 1*34. When the cornea is adjusted for distant vision

its radius of curvature is about 7*8 mms.
The index of refraction of the cornea is nearly the same as that

of the aqueous humour. Consequently rays entering the eye suffer

refraction mainly at three surfaces, the outer surface of the cornea and
the two surfaces of the lens. There is in addition to this the con-

tinuous refraction experienced in passing from layer to layer of the

lens. The eye thus consists of a system of coaxal spherical refracting
surfaces and the theory of Chapter III can be applied to it. As the initial

medium is air and the final medium vitreous humour, the nodal points
do not coincide with the principal points. The positions of the cardinal

points for the average eye focussed for parallel light are, according to

Listing, as follows : The first principal point is 1*7 mm. behind the

front surface of the cornea, and the second principal point is 2*1 mm.
behind the same surface. They are thus both situated in the anterior

chamber of the eye. The first principal focus is 13*7 mm. in front of

the cornea, and the second principal focus is on the retina 22*8 mm.
behind the cornea. The first nodal point is situated in the lens *2 mm.
in front of its back surface, and the second nodal point is situated in

the posterior chamber *12 mm. behind the back surface of the lens.

The optical axis of the system does not pass through the centre of the

yellow spot.
The ophthalmometer is an instrument used for measuring the

curvature of the cornea. The principle it employs is that described

on p. 71 for obtaining the radius of curvature of a convex mirror.

The formula in that case was

where L was the length of an object placed in front of the mirror, D
was the distance of the object from the mirror, and / the length of the

image formed in the mirror. In measuring the curvature of the cornea
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/ is always much smaller than L, and hence can be neglected in com-
parison with the latter. The formula therefore becomes simply

2ZDr._:

The image in the eye is regarded through a double-image prism and
is thus seen double. The length L is altered until the two images just
touch

;
/ is then known from the construction of the instrument and

D can be measured.
For an object to be seen clearly its image must fall on the middle

of the yellow spot. Then two points can be distinguished when they
subtend an angle of 1' at the eye, that is, when their images are -005

mm. apart on the retina. Bays falling on the peripheral regions of

the retina form blurred images, and the objects emitting them cannot
be seen distinctly.

The image formed on the retina is, of course, an inverted one, but

this causes no confusion since the impression it produces is always
associated mentally with the upright position of things.

The normal eye suffers both from spherical aberration and chro-

matic aberration. The presence of the former can easily be shown.
If a piece of cardboard is pierced with a pinhole and this pinhole held

close up to the eye and a page of printing looked at through it, it is

found that the printing can be read easily when closer to the eye than

the near point. The focal length is thus less for the axial rays than

for the marginal rays, the opposite to what happens in the case of the

single convex lens, or, in other words, the eye is over-corrected for

spherical aberration.

When the eye is adjusted for parallel light the focus of the violet

rays lies 0'43 mm. nearer the lens than the focus of the red rays does.

This difference of focus can be shown very well with certain kinds of

cobalt glass which let through only the blue and violet and the extreme

red end of the spectrum. If we look through such a piece of glass
at the filament of an electric glow lamp we see two images superim-

posed, a red one and a blue-violet one. If the filament is at a great

distance, the eye foeusses involuntarily on the red
% image which

consequently appears surrounded by a blue-violet haze. If the fila-

ment is so near that the eye cannot focus on the reel, the blue-violet

image is seen surrounded by a red haze.

Defects of Vision. There are four defects of the eye of frequent

occurrence, which are remedied by the use of spectacles. These are

(1) Myopia, or Short Sight ; (2) Hypermetropia, or Long Sight ; (3)

Presbyopia ; (4) Astigmatism.
In myopia, or short sight, the focal length of the eye is too small and

parallel rays are brought to a focus in front of the retina. Conse-

quently distant objects cannot be seen distinctly. Near objects can be

seen quite well, and the distance of distinct visiop is less than in the case
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of the normal or emmetropic eye. The defect is corrected by the use of a

concave spectacle lens.

In hypermetropia, or long sight, the focal length of the eye is too

great, and, when the eye is relaxed, parallel rays are brought to a focus

behind the retina. By an act of accommodation the focus can be

brought on to the retina in the case of distant objects and consequently

they can be seen clearly. But, even when the lens is curved as much
as possible, the images of near objects still fall behind the retina and

appear blurred. In the hypermetropic eye the distance of distinct

vision is greater than for the normal eye. Hypermetropia is corrected

by the use of a convex spectacle lens.

If d is the distance of distinct vision for the hypermetropic eye, and
D for the normal eye, then the focal length of the correcting lens is

given by 111
/
"

d
~

D'

for its function is to change a real object situated at a distance D to a

virtual object at a distance d on the same side of the lens, and it is this

virtual object that is viewed by the eye. The same formula gives the

focal length of the spectacle lens to be used with a myopic eye ; in

that case the sign comes out different.

Presbyopia is a loss of accommodating power occurring in the case

of elderly people owing to the stiffening of the muscle that alters the

curvature of the crystalline lens. People afflicted with it can see

distant objects clearly but not near objects. Sometimes the accom-
modation almost entirely disappears. Convex spectacle lenses, usually

powerful ones, must be used for reading and writing with and less

powerful ones for getting about with.

In astigmatism the focal length of the eye is different in two planes
at right angles to one another, that is, if on a card two sets of lines are

ruled parallel and at right angles to one another and the card is rotated so

that the directions of the lines correspond with the above two planes,

only the one set of lines can be seen distinctly at once. If the other

set is to be seen distinctly, the accommodation of the eye must be
altered and the first set put out of focus. Astigmatism is due to the

surfaces of the lens and the cornea, principally the surface of the

cornea, not being symmetrical about their axis. It is corrected by the

use of cylindrical, sphero-cylindrical, and toric lenses. A sphero-

cylindrical lens is one, one surface of which is spherical and the other

surface of which is cylindrical. A toric or toroidal or more strictly a

plano-toric lens has one surface plane and the other with different

curvatures in its two principal meridians.

The power of spectacle lenses is always measured in diopters. The

power of a lens in diopters is obtained by dividing 40 by its focal

length in inches or, more accurately, by dividing 100 by its focal length
in cms. A + is prefixed to the result if the lens is convex, and a - if it

is concave. Spectacle lenses are mostly biconvex or biconcave and
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made of glass of index of refraction 1*52, hence the focal length can
be determined from the radius of curvature of one side. There is an
instrument for this purpose, the Geneva lens tester, something like the

spherometer, which rests on the surface of the lens and in which a
central point is pressed down to make contact. When contact is made,
the power of the lens can be read off on a scale directly in diopters.

When the ciliary muscle is quite relaxed, the eye is focussed on its far

point or punctum remotum. In normal vision the far point is at infinity.
When the ciliary muscle has contracted as much as it can, the eye is focussed
on its near point or punctum proximum. The near point is, of course,
closer to the eye than the distance of distinct vision. The near point can be
determined by noting the shortest distance at which very small type is legible.
The distance between the near point and far point of an eye is called its

range of accommodation.
When the eye is adapted for the far point, the change in power necessary

to accommodate it to the near point is called its amplitude of accommodation.
Or, in other words, the amplitude of accommodation is the power of a lens
which enables a perfectly relaxed eye to see an object situated at its near

point. With the advance of age the elasticity of the eye lens and the ampli-
tude of accommodation dimmish, as is shown by the following table :

Average Value of the

Age. Amplitude of Accommodation
in Diopters.

10 years 14
15

20
30
40
50
60
75

12
10
7

4-5

2-5

1-0

0-0

Binocular Vision. When we look at a near object, the lines of

vision of the two eyes have to converge towards it and an act of

muscular accommodation has to be made. The magnitude of the slight
exertion involved in this act helps to give us an idea of the distance of

the object. But our estimation of distance is principally made in

another way altogether. The image formed on the fovea of the one

eye is not exactly the same as the image formed on the fovea of the

other, because the object is regarded by the two eyes from different

standpoints. The difference is, of course, easily noticed when we
look through a window and close first one eye and then the other

;
the

window frame appears to move relatively to the background. This

difference in the two images we associate with solidity ; if the two

images are exactly the same, as is the case when we look at a picture,
the images on the retinas of the two eyes fuse together perfectly, and give
a sensation of flatness, and the objects in the picture do not stand out

in relief.

The Stereoscope and the Stereo-Micrometer. The stereoscope is an
instrument used for looking at photographs with, which gives them a

22
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wonderful sense of relief and solidity. The photographs must be taken
in pairs, each pair of the same object but from slightly different

standpoints. Fig. 273 illustrates the principle of the instrument, ah

A ^ > B
and ab' are the two photographs. ab is

looked at by the one eye through the half

lens M, and ab' by the other eye through
the half lens N

,
which is of the same power

-^ >
,)>

'

f
> as M. Each of these lenses produces a

c
virtual enlarged image but acts also as a

prism and deviates the rays. The two

images thus appear at AB on the top of one
another and, as owing to the photographs
being taken from different points the images

M ^J do not superimpose perfectly, the observer
sees one picture which seems to stand out

FIG. 273. in reiief>

Photographs for the stereoscope might be taken with an ordinary
camera by placing it first in the one position and then in the other,

provided of course that the object did not move. They are, however,

usually taken simultaneously by means of special cameras with two

equal lenses mounted a short distance from each other side by side.

The stereoscope has developed recently into an important scientific

instrument, the stereo-micrometer. If two similar pointers are placed
at c and c

(fig. 273) in the plane of the photographs so that their images
superimpose, they will appear to the observer as one. If the one pointer
is displaced to the side, the degree of superposition of the two images will

alter, and consequently the distance of the pointer from the observer will

appear to alter. If the displacements of the one pointer to the side are

read on a scale, it can be used to measure the distances from the observer
of different objects in the photograph, for the image of the pointer can
in succession be made to appear as far away as these different objects,
and the scale calibrated with a photograph the distances of the objects
in which are known.

This is the principle of the stereo-micrometer, which has been used

amongst other purposes for determining the heights of the mountains
of the moon and the depths of their craters. Two photographs of the

surface of the moon were taken from different angles
* and inserted in

the instrument. They gave the sensation of relief, and, by bringing the

mark first to the same distance as the bottom of the crater and then to

the same distance as the top of its walls and reading the scale both

times, the depth of the crater was obtained.

Stereoscopy has also been used for the detection of planetoids. If

two photographs are taken of the same portion of the heavens on
successive nights and are compared, the planetoids or small planets can
be detected by the fact that they have moved relatively to the stars,

* While on the whole the moon keeps the same face towards the earth, yet it

oscillates slightly about this stationary position. Hence it is seen from different

angles at the same point on the earth's surface on successive nights.
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which all remain fixed with regard to one another. The old way of

detecting them was therefore to measure the position of every object
on the plate in turn an extremely tedious process. But if the two

photographs are placed in the stereoscope, the planetoids at once

stand out in relief from the background of stars, and their detection is

easy.

Optical Illusions. Figs. 274, 275, 276, 277, and 278 represent some

optical illusions. In fig. 274 the white square upon the black ground

FIG. 274.

looks larger than the black square upon the white ground, although, as

may be tested by actual measurement, it is really slightly smaller.

Fia. 275.

This is due to what is called irradiation. Owing to the imperfections

of the eye the image of a luminous point on the retina is a circle.

Hence the images of luminous points on the edges of the white square

invade the black border, and similarly the white border appears to extend

into the black square.
In fig. 275 the horizontal lines are parallel although they appear in

the first case closer together at the middle and in the second case

farther apart at the middle. In fig. 276 the vertical lines are parallel,

although they appear slanted alternately in different directions. The

22*
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divergence appears greater if the diagram is turned through 45. The

$
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similar to an ordinary spectroscope. As source of light an arc lamp is
used at E. An image of the crater is fecussed by the lens L

x
on the

FIG. 279 (from Watson's
BIT

Physics").

slit of the collimator at S. After emerging from the object glass of the

collimator the light passes through two prisms P
1
and P

2 ,
is received by

a lens L
2 ,

and formed into a spectrum on a screen VR. V gives the

violet end and R the red end of this spectrum. Suppose the screen

VR removed and a lens L
3
inserted so as to form a sharp image of the

second face of the second prism on the screen BC. Then, since all the

colours of the spectrum fall on l_
3 ,
the colour of this image or patch, as

it is called, will be white.

If in the position VR we place a screen with a slit in it and move
this slit along the spectrum, then the position and shape of the patch
at BC remain unaltered, but its colour varies according to the part of

the spectrum in which the slit is situated. Its intensity varies accord-

ing to the width of the slit.

The rays R reflected from the first surface of the first prism are

reflected by a mirror, and focussed by a lens so as to fall on the screen

at C, and form a white patch there side by side with the coloured patch.
Since both these patches come from the same source, if the intensity

of the latter fluctuates a little, the relative intensity of the two patches
remains unaltered. A rotating sector is placed at D so as to alter the

intensity of the white patch.

By moving a slit along the spectrum and comparing in succession
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the intensities of the coloured patches thus produced with the intensity
of the white patch, Abney was able to measure the luminosity of the

different parts of the spectrum. His results are shown in fig. 280.
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of their

FIG. 281.
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only the colour that is absorbed by. neither, not the sum
colours.

If, however, instead of mixing the pigments we
take a disc, divide its surface into two sectors, paint
one sector red and the other green, and rotate the
disc at a high speed, the two colours merge owing
to the rotation, and, if the angles of the sectors
have been chosen properly, the disc appears yellow.
That is, the rotating disc gives the same result as
the colour patch apparatus. It is, however, not so

satisfactory a method of mixing colours, because it

is difficult to get pigments that are spectrally pure.

Complementary Colours. If part of the spectrum at VR
(fig. 279)

is blocked out with a screen, and then this part allowed to pass and the
rest blocked out, the two colours which form in succession on the patch
BC would obviously give white if superimposed on one another. They
are said to be complementary colours, and they are composite, each con-

taining a great range of wave-lengths.
But two monochromatic colours can also be complementary. It

can be shown by having a screen at VR with two slits in it and allowing
two monochromatic colours to fall on the patch, that in many cases
these also give white when combined. Thus, according to Helmholtz,
the following colours are complementary :

Wave length
4921 A U.
4397
4854
4821
4645
4618
4330

The complementary colour to green is purple, which of course is not

monochromatic, containing, as it does, both red and blue. Two colours

in the spectrum, which lie closer together than complementary colours,

give, when combined, one of the colours that lie between them, and
this resulting colour is more saturated, i.e. contains less white in it, the

closer the original colours are together.

The Young-Helmholtz Theory of Colour Vision. The table of

complementary colours above shows that each different wave-length
does not produce an independent sensation, otherwise the different

pairs of wave-lengths would not give the same sensation of white. In
this respect light waves are quite unlike sound waves. When two
musical notes are superimposed, they each produce their own sensa-

tion, and the ear can detect the presence of both. But light waves
seem only to affect the same common sensations though to different

extents.

According to the theory of colour vision prevalent at present, the

Red
Orange
Yellow
Yellow
Yellow
Yellow

Greenish-yellow
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three-colour theory first given by Young and afterwards revived by
Helmholtz, there are three kinds of nerve fibres in the eye. The ex-

citation of the first of these produces the sensation of red, that of the

second green, and that of the third violet. Monochromatic light falling
on the retina excites usually all three sets of nerves but to different

extents. If all three sensations are excited to the same extent a sensa-

tion of white is produced. Fig. 282, which was calculated by Koenig

FIG. 282 (from Abney's
" Colour Vision ").

from colour mixture experiments, illustrates this. If light of the red

hydrogen line C falls on the retina it excites only the red sensation.

The sodium line excites both red and green, but the red to a greater
extent. The blue excites all three sensations. If now we take any
two complementary colours from the table on p. 343 and adjust their

intensities until they give white, then it will be found from fig. 282
that together they always produce the three sensations to the same ex-

tent. Of course, it will be noticed that the primary green sensation

cannot be stimulated without stimulating at least one of the other two.

The fact that red, green, and violet are the primary colour sensations

can also be shown with a rotating disc, for by painting three sectors

with these colours and varying the angles of the sectors all the natural

colours can be represented.
Artists are accustomed to regard red, blue, and yellow as primary

colours, but, as has been mentioned above, when pigments are mixed
we do not get the sum of their colours but only the colour that is ab-

sorbed by none of them. If pigments were spectrally pure, when
mixed they would always give black. Of course, not all the natural

colours can be reproduced by mixing red, blue, and yellow pigments.
If we look at a bright red light for some time, until the nerves

affected by red become fatigued, and then fix the eye on a white sur-
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face, the red fibres being fatigued are npt affected by the red rays con-
tained in the white, while the green and violet fibres are excited in the
usual way. Hence we obtain a complementary image of the red

light.

A small white object on a coloured ground appears to have the

colour complementary to the ground. Thus white on a blue ground
appears pink. The effect is heightened by putting a thin sheet of tissue

paper over the object, but disappears if the object is surrounded by a

black border. Also two complementary colours placed side by side

appear heightened in intensity. According to Helmholtz, in these cases

the effects are psychological, not physiological ;
it is our judgment not

our sensation that is at fault.

Although the Young-Helmholtz theory is the prevalent one at pre-

sent, it is not regarded as perfectly satisfactory, but only as the best

we have got. Another theory formerly advocated was that of Hering,

according to which there are three molecular processes occurring in the

retina, each of which has an anabolic or constructive direction and a

katabolic or destructive direction. The pair of colours black and
white is associated with the one process, the pair yellow and blue with

another process, and the pair red and green with the third process,

black, blue, and green being associated with the constructive change,
and white, yellow, and red with the destructive.

Colour Blindness. The Young-Helmholtz theory is supported by
the phenomena of colour blindness. A colour-blind person is one in

whom one or, in very rare cases, two of the sets of nerves are insensitive.

The most common defect is insensibility to the red, or Daltonism, as it

is called, after the famous chemist Dalton, who was afflicted with it ;

blindness to green and violet is rare. About four out of every hundred

men suffer from colour blindness in some form, but only about four in

every thousand women. To a red-blind person red objects appear
black. Colour blindness is usually hereditary.

We can see how objects appear to a red-blind person by looking at

them in the light of a mercury vapour lamp or through an aqueous solu-

tion of copper sulphate. The mercury vapour lamp emits practically no

red rays, so its light cannot affect the red sensation, and copper sulphate

absorbs the rays that affect the red sensation, so that the colour matches

which are made under these conditions are the same as those made by
a person lacking the red sensation.

Colour-blind people name the colours wrong, but the defect cannot

safely be detected in this way. The usual method is by the Holm-

green wool test, introduced by Holmgreen, a Swedish physician. This

consists in giving the man under examination a great number of

differently coloured skeins of wool and asking him to match certain

colours. The advantage of having the colour on wool is that it has

then no sheen. The colour-blind man makes wrong matches. If he

is shown a spectrum and is red blind, he sees it too short at the red
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end. If he is violet blind, he sees it too short at the violet end. If

he is green blind, he sees a white part in the middle.

Many people have colour vision differing from the normal without

being colour blind. The part in the spectrum where yellow changes
to green often reveals this fact. What the normal call greenish-yellow,
they call yellowish-green. This shows a slight deficiency in the red
sensation.

At present the subject of colour vision is in an unsatisfactory state.

There is no anatomical evidence for the existence of three kinds of nerve
fibres in the eye, and there is no doubt that the popularity of the three
colour theory is partly due to a predisposition to believe in primary colours,

owing to the experiments in mixing pigments which we are all familiar with
from childhood.

The Holmgreen wool test has been strongly attacked, and, though the
Board of Trade use it, the Admiralty employ instead the Edridge-Green
lantern and spectrometer tests. The spectrometer test consists in finding
the number of monochromatic patches into which the candidate divides a

spectrum. Dr. Edridge-Green has put forward a theory of colour vision

according to which colour blindness is due to the colour perceiving centre in

the brain not being sufficiently developed, but his theory suffers from the
want of a clear mental picture of this colour perceiving centre.

Colour Photography. The Lippmann process of colour photography
has already been mentioned on p. 151, and it has been stated that on account
of its difficulty it has found little application. A picture of the spectrum
taken by the Lippmann process reproduces every colour in the exact wave-

length in which it was taken. Several processes of colour photography have
been founded on the three-colour theory of vision and are in wide use. They
do not seek to reproduce every spectral colour in light of its own wave-length,
but only as a combination of the three fundamental colours, which would

produce the same colour sensation in the eye. They all employ three colour
niters or screens, a red one, a green one, and a blue one.

In one process three separate negatives are taken of the object to be

photographed, one through each screen. A red object appears only on the

negative taken through the red screen, and a green object only on the negative
taken through the green screen. Yellow is partly absorbed and partly trans-

mitted by both the red and green screens, so a yellow object comes out on
the negatives taken through each of these screens. The colouring matter of

the filters is selected so that the ratio of the effects on the two negatives is

as nearly as possible the same as the ratio of the effects on the red and

green nerves, when the colour falls directly on the eye. It is impossible to

get colour filters which are theoretically accurate, and the filters in use are

only a compromise ;
this is why blue is used for the third filter instead of

the theoretically more accurate violet.

Three separate negatives are obtained, then, corresponding to the three
fundamental colour sensations. From each of these negatives a positive is

produced, and by combining each positive with the filter through which the

corresponding negative was taken and projecting them simultaneously on a

screen, so that they superimpose exactly, a picture is obtained on the screen
of the original object in its natural colours. This requires what is known
as a triple lantern, one with three condensers and three projecting lenses.

The Kinemacolor process of cinematography uses this principle. When
the object is cinematographed, two colour filters, a red and a bluish-green
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one, pass in succession in front of the lens so that the exposures are made
alternately through the red and green one. The negative film is then de-

veloped and the positive film made. When' the positive film is projected,
a red and green filter pass in succession through the beam of light, so that
each positive is projected through the filter through which the corresponding
negative was made. We thus have on the screen red and green pictures in
such rapid succession that the colours fuse together, and all the various
combination tints of the original object are produced. The method is a

very ingenious one. A more accurate colour rendering would be obtained if

three colour filters were used instead of two, but it is not yet possible to
take and project the pictures fast enough to permit of this. Even as it is,

when the rapidly moving spokes of a wheel are shown, or the legs of a

galloping horse, the successive pictures are appreciably displaced so that the

spokes and legs appear fringed alternately with red and green, which is very
trying to the eyes.

When the three pictures in the fundamental colours are superimposed
by the triple lantern, the picture is produced by what is known as the
additive process. In commercial three-colour half-tone work what is known
as the subtractive process is used. In this process the negatives are taken
in the same way as in the additive process through the red, green, and blue

filters, but they are printed directly on paper on the top of one another,
each in the colour complementary to that of the filter through which it is

taken. For example, the red parts of the object come out black in the red

filter negative, and all the light parts of the negative are printed greenish-
blue. The green parts of the object come out black in the green filter

negative, and all the light parts of the negative are printed in magenta.
Where the magenta and greenish-blue pigments superimpose, we obtain the

colour that is absorbed by neither pigment, i.e. blue. Thus the parts of the

object which come out light in the red filter and green filter negatives come
out blue in the print, which is as it should be. The difficulty of the sub-

tractive process lies in the selection of the inks.

In using the additive process it is possible to take the three separate

negatives on the same plate. This method, which was first used by Prof.

Joly, has been put on the market in two different modifications, the Lumiere
Autochrome plate and the Paget colour plate. The Lumiere plate is an

ordinary colour sensitive plate covered with a layer of flattened starch

grains. These grains are coloured red, green, and blue, and are well mixed

over the whole surface of the plate. The negative is taken through the

grains, which act the part of filters. After exposure and development the

image in the emulsion is reversed so that it is converted into a positive.

The object can then be seen in its natural colours on holding the plate up to

the light. The grains can be seen on examining the plate with a micro-

scope.
In the Paget process the colour screen consists of a glass plate on which

red, green, and blue rectangles are arranged according to a geometrical

pattern. The rectangles are too small to be seen by the eye, so that when

the screen is held up to the light it appears of a neutral colour. The

rectangles are much larger than the grains on the Lumiere plate and can be

seen with a magnifying glass. The screen is placed with its colour side m
contact with the emulsion of an ordinary colour sensitive plate and an ex-

posure made. The screen is then removed, the negative developed, and a

glass positive made. The positive appears like an ordinary positive except

for the fact that, when examined with a magnifying glass, there is a geo-

metrical pattern superimposed on the picture. But when the positive i

placed in contact with the colour screen, so tha.t each rectangle on it is in
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front of the colour through which it was taken, then the picture appears in

its natural colours.

The Purkinje Effect. The maximum of the luminosity curve shown
in fig. 280 is in the yellow near the D lines. If, however, as we look

at a spectrum, the width of the slit is gradually decreased, the maxi-
mum of brightness gradually shifts from the yellow, and, when the

spectrum has become very faint, it has reached the green. The dis-

tribution of the energy in the spectrum remains always the same, but

when the light is faint the eye becomes more sensitive to green and
blue than it is to yellow. This phenomenon is known as the Purkinje
effect. The change takes place within the range of luminosity 150 to

*03 metre-candles. The luminosity of the spectrum is one metre-

candle when the radiation from the surface which receives the spec-
trum is as intense as the radiation from a candle at one metre distance.

If the luminosity of the spectrum is increased above the one limit or

below the other, there is no further shift in the point of maximum
brightness.

According to Von Kries, the Purkinje effect can be explained by
assuming that the rods in the retina are chiefly responsible for vision

at low intensities and the cones for vision at high intensities. The
cones are sensitive to colour and have a maximum of sensitiveness in

the yellow ;
the rods are not sensitive to colour but have a maximum

of sensitiveness at a wave-length corresponding to the green. The
rods are supposed to be a survival of a more elementary form of visual

apparatus. The Purkinje effect explains entirely the greenish-blue

appearance of objects in the moonlight ; moonlight appears cold

merely because it is faint.

The Purkinje effect can be shown by connecting up an incan-

descent electric lamp with a rheostat and gradually increasing the

resistance until the light goes out. The lamp should be covered with

something so as to give a large diffuse light a piece of white cloth

placed over the top of an upturned beaker for example, if the lamp
happens to be lying on the table. The experiment requires a very
dark room. As the current is decreased the light becomes redder and

fainter, but just before it goes out it turns grey.

The Flicker Photometer. s
x
and S

2
are two light sources. AB is

F

VE
FIG. 283.

a screen in the form of a Maltese cross, shown in elevation at G, which
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rotates about the axis C. It is painted white, and the arms of the
cross and the intervals are of equal width. It is illuminated by rays
from Sj, which make an angle of 30 wi% its surface. DF is a white
stationary screen and is illuminated by the rays from 8

2 ,
which like-

wise make an angle of 30 with its surface. The eye of the observer
at E looks down a blackened tube and sees either the surface of the

stationary screen or of the rotating cross, according as an open space
or an arm of the latter comes into the line of view. Consequently if the
illuminations of the two surfaces are unequal the observer experiences
a sensation of flicker. If the distances of the sources are adjusted so as
to make the illuminations equal, then the sensation of flicker disappears,
and the ratio of the intensities of the sources can be obtained by the
inverse square law.

The importance of the flicker photometer lies in the fact, that if

the illuminations have different colours as well as different intensities,
the cross can be rotated at such a speed that the colours fuse, resulting
in a field of uniform hue, but yet the intensities do not, and so the sense
of flicker remains. The instrument is thus admirably adapted for

heterochromatic photometry, and there are one or two different types
of it on the market. The rotation is usually done by clockwork.

The flicker photometer does not give the same results as the other

methods at low intensities, when the comparison is influenced by the

Purkinje effect.

The Relative Sensitiveness of the Eye to Light of Different Colours.
The luminosity curve shown on p. 342 was for an electric arc, and

gives the relative brightness of the different colours in its spectrum.

Unfortunately the distribution of energy in the spectrum of that arc is

not known, so that Abney's results do not inform us as to the relative

sensitiveness of the eye to the different colours of the spectrum. This

information has been obtained in a very thorough manner by a recent

investigation due to H. E. Ives.

The apparatus is represented in fig. 284. It consisted of a modified

Hilger constant deviation spectroscope, and employed the principle of

the flicker photometer. As source of light a tungsten lamp was used

at S
x
with a frosted glass between it and the slit. F was a rotating

sector which took the place of the Maltese cross in fig. 283. Its surface

was illuminated by a carbon lamp S
2
which could be moved to and fro

along a scale. The eyepiece of the telescope was removed, and in its

place a diaphragm with a circular aperture in its centre was placed in

the focal plane of the object glass. The eye of the observer looking

in at this aperture saw either the surface of the prism P, which ap-

peared illuminated by whatever colour of the spectrum happened to

fall on E, or instead of this he saw the surface of the disc F which was

illuminated by white light. S
2
was kept fixed and the brightness of

the part of the spectrum in question measured by altering the width

of the slit until the sensation of flicker disappeared. The brightness

was inversely proportional to the width of the slit. Thus a luminosity
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curve of the whole spectrum was obtained. The distribution of the

energy in the spectrum of the lamp 8]^
was known from previous

FIG. 284.

experiments, and by dividing the number that represented the energy
at any wave-length into the number that represented the luminosity
the curve shown in fig. 285 was obtained. It gives the mean of the

results for eighteen observers, and is for an illumination of 25 metre-

candles. The curve represents the sensitiveness of the eye for light

10

\
\

4-00/6/i 480 560

FIG. 285.

64O 72O

of different wave-lengths. We learn from it, for example, that if the

same quantities of energy are in succession changed into light of the

wave-lengths 6400 A.U., 6000 A.U., and 5600 A.U., the effect on
the retina will be in the ratio of the numbers !?, 6*4, and 9 -

8.

The curve has a smooth symmetrical shape. Indeed I find it hard to
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believe that such a curve is due to the superposition of the effects of

three independent sets of nerves.

The advantages of Ives' method over ttte colour patch apparatus are
that a tungsten lamp forms a steadier and more satisfactory source of

light than an electric arc, and that at the intensities used the flicker

photometer gives much more consistent results than are obtained by
merely placing a white surface and a coloured surface side by side and

matching their brightness. The colour patch apparatus requires a very

bright source of light and could not be used with a tungsten glow
lamp.

Haidinger's Brushes. If we look at a bright cloud through a nicol,

and revolve the latter round its axis, so as to rotate the plane of

polarisation, faint blue and yellow brushes appear at the point in the

sky towards which the gaze is directed, and rotate with the nicol.

They disappear gradually if the rotation stops, but become visible if

the nicol is again rotated. They are known as Haidinger's brushes.

Helmholtz explained them by assuming that the yellow spot in the

eye is double refracting, and that in the case of blue light the extra-

ordinary ray is absorbed more strongly than the ordinary ray.

EXAMPLES.

(1) Why can near objects not be seen distinctly when the eye is immersed
in water ?

(2) Determine the near and far points of your own eyes, and calculate

their amplitude of accommodation. Compare the result with that given by
the table on p. 337.

(3) Rule two parallel black lines close together on a piece of white card-

board and measure the distance at which you can just see them separate.
Hence calculate the angle which they subtend at the eye, and compare your
result with the value given for the normal eye, namely 1'.

(4) The far point of a certain shortsighted person is situated at a dis-

tance of 30 cms. from the eye. Calculate in diopters the power of a spectacle
lens which will enable him to see objects at a distance.



CHAPTER XX.*

LAMPS AND ILLUMINATION.

Flames. Flames are the simplest and historically the first means
of producing light. As different stages in their development we have
the primitive pine torch, the oil lamp of the ancients, the rush-light
of the middle ages, the different kinds of candle from the tallow dip to

the modern paraffin candle, the burning whale, seal, or bear fat of the

Esquimaux, the Argand lamp, ordinary coal gas and acetylene gas.
The action in all these cases is fundamentally the same hydrocarbons
are burned in air and the spectrum is in every case the continuous

spectrum of the incandescent carbon particles with the discontinuous

spectra of water vapour and carbon dioxide and other gaseous products
of combustion superimposed upon it.

As typical of the various flame illuminants we may consider the

case of the ordinary paraffin candle. In the candle the flame melts the

wax at the foot of the wick forming a cup there. The melted wax is

sucked up the wick by capillary attraction and vaporised and burned
as a vapour in the flame. The upward draught of air to the flame

keeps the sides of the candle cool and prevents the edge from melting.
The wax of course prevents the flame from burning too far down the

wick. The top of the wick bends over into the edge of the flame and
is consumed there.

The transparent region of the candle flame which surrounds the

wick consists of unburnt vapour. Below this the flame has a blue

edge. This blue edge gives the Swan spectrum, and it is not known

yet whether the latter is due to carbon dioxide or monoxide. Above
and surrounding the transparent region is an opaque luminous sheath

which gives by far the greater part of the light of the flame. Its light
is due to incandescent solid carbon particles which are formed by the

decomposition of the vapour and have not yet combined with the

oxygen of the atmosphere to form carbon dioxide. In the bunsen
flame the oxygen combines with the carbon before it has time to

radiate
;

if there is not enough oxygen to combine with the carbon the

flame smokes. The bright opaque luminous sheath that gives the chief

light of the flame is surrounded by a faint luminous mantle, which is

difficult to see.

The chief thing that concerns us about a source of light is its effici-

* Much of the matter of this chapter is taken from the author's " Studies in

Light Production" (" The Electrician" Co.).
352
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ency. Suppose R is the total quantity of energy radiated by the
source this includes infra-red, visible and ultra-violet and that L is

the total quantity of light radiated per second. For this purpose we
can define light simply as radiant energy, the wave-length of which lies

between 4000 A.U. and 7600 A.U. Then L/R is defined as the radiant

efficiency of the source. Besides the loss due to radiation the source

also loses energy by conduction and convection. If we take this loss

into consideration and let Q denote the total quantity of energy
consumed by the source per second, then L/Q is defined as the luminous

efficiency of the source. Since Q includes R, the luminous efficiency is

always less than the radiant efficiency.
The old way of determining the radiant efficiency of a light source

was to let the rays fall upon a thermopile and note the galvanometer
deflection. The latter was proportional to R. Then a glass cell con-

taining an aqueous solution of alum was placed in the path of the rays
and the deflection again noted. The energy of the ultra-violet radia-

tions was supposed to be negligible, which is nearly always the case,

and the alum solution was supposed to absorb all the infra-red rays
but let the light rays pass. Hence, when a correction was made for

the loss of light by reflection, the second deflection should be propor-
tional to L, and thus the ratio L/R could be determined.

The disadvantage of this method is, that a solution of alum lets a

considerable proportion of the infra-red rays pass. The result thus

always appears too high. An aqueous solution of ferrous ammonium

sulphate is a better filter for keeping out the dark heat rays than

alum. Despite a widespread impression to the contrary, a solution of

alum is no better for this purpose than water itself.

A more satisfactory way is to employ a spectroscope equipped with a

thermopile, and determine the distribution of the energy in the spectrum
of the light after it comes through a water filter. Suppose fig. 286

represents the galvanometer deflections

plotted against the wave-length, and the

dotted line gives the end of the visible

spectrum. Then the area of the whole
curve is proportional to the radiation that

comes through the filter, and the area of

the part to the left of the line to the frac-

tion of that radiation that is light. Hence *// -76//

the light can be separated from the dark pIG> 286.

heat completely.
The radiant efficiency of the acetylene flame is 0'039. The value

for a candle flame will be practically the same as the value for the

Hefner lamp, which has been found to be 0-0096.

We can calculate the luminous efficiency of the Hefner lamp in the

following way : The total radiation from a Hefner lamp as determined

by Angstrom with his pyrheliometer is 2*15 10" 5 cals. per sq. cm. per

sec. at a distance of a metre. Hence in a second the flame radiates

23
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47r x 104 x 2-15 10~ 5 = 2-7 cals. The quantity of amyl acetate

consumed by the Hefner lamp in 1 sec. is 0'002678 gms., and the heat

given out by the combustion of 1 gm. is 7971'2 cals., consequently the

heat given out by the lamp per sec. is 7971/2 x O002678 = 21-35 cals.

The ratio of energy radiated to energy consumed is therefore only

2-7/21-35 = "126, the greater part of the energy consumed being
lost by convection and conduction. Hence since the radiant efficiency
of the Hefner lamp is 0'0096, its luminous efficiency must be

0096 x -126 = -0012. The efficiency of the Hefner lamp as an energy
transformer is consequently not much better than ^ per cent. No
flame has a luminous efficiency much greater than this.

The Welsbach Mantle. The principle of this light is that a mantle

of organic material is impregnated with a mixture of thorium oxide

and cerium oxide in the proportion of about 1 part of the latter to

99 parts of the former. As soon as the mantle is fixed in position the

organic material is burned off. The oxides remain and give out a bright

light when they are heated in the colourless bunsen flame. The pro-

portions of the oxides must be nearly right, otherwise the light is much
dimmer. The inventor, Auer von Welsbach, did not come upon the

discovery of the mantle suddenly but as a result of systematic experi-
ments with different substances.

There was some doubt at first as to why the Welsbach mixture gave
such a bright light, but, when the matter was fully investigated, it was
found to be due solely to the energy spectrum of the mixture itself.

The mantle is in a state of thermal equilibrium. It gains heat from
the flame and loses it by conduction, convection, and radiation. Now
the respective values of these losses are approximately the same, no
matter what the mantle is impregnated with, but the proportion of the

radiation loss falling in the visible spectrum differs from substance to

substance. The Welsbach mixture is distinguished by the fact, that

it possesses what is known as selective radiation, that a very large

proportion of its radiation falls in the visible spectrum in the green and

yellow. The radiant efficiency of the mantle is only 2 per cent, but

our definition of radiant efficiency does not take account of what part
of the visible spectrum the energy falls in.

Carbon Glow Lamps. The carbon glow lamp has been in use for

more than thirty years. Its invention was due principally to the labours

of Thomas Alva Edison and J. W. Swan. It consists of a carbon
filament inside an exhausted glass bulb. The filament is heated to in-

candescence by the passage of an electric current. A platinum wire

was tried at first instead of the filament but was not a success, for the

platinum had to be raised nearly to its melting-point in order to give

light economically, and an accidental variation of the current was then

sufficient to cause the wire to burn through.
The bulb of the glow lamp is exhausted for two reasons, first

to prevent chemical action between the filament and the air> and second



LAMPS AW ILLUMINATION 355

to prevent loss of heat by conduction and convection from the filament
to the bulb and consequently to the outer atmosphere. If the lamp is

filled with hydrogen or nitrogen, gases which do not react with the
filament, much more energy must be supplied to the lamp in order
that it may give the same amount of light.

Carbon filaments are prepared by squirting a viscous solution of
cellulose through a fine hole, so 'as to form it into a thread, and then

carbonising this thread. The carbonised thread is then subjected to a

process called flashing, which consists in raising it to incandescence in
an atmosphere of hydrocarbon vapour ; the heated filament decomposes
the gas, and a hard lustrous coating of graphite is deposited on the sur-
face of the filament. Flashing improves the durability of the filament
and renders its cross-section and conductivity uniform. Carbon

possesses two advantages as a material for filaments, namely, its ability
to stand high temperatures and its high specific resistance. It pos-
sesses the disadvantage, that after a time a black deposit forms on the
inside of the bulb due to the evaporisation of carbon from the filament,
and this black deposit diminishes the candle-power of the lamp. When
the latter has diminished to about 80 per cent of its initial value, it is

cheaper to replace the bulb by a new' one. The time required for this

diminution is said to constitute the useful life of the lamp and is roughly
about 800 hours.

A 16 candle-power carbon lamp on a 250 volt circuit takes about
2 amps. It requires therefore 250 x -2 = 50 watts, that is about

50/16 = 3*1 watts per candle. This is how practical men are ac-

customed to specify the performance of a lamp, in watts per candle,
and the value given for carbon glow lamps is from 3 to 3'5.

Metal Filament Lamps. If the voltage on a carbon glow lamp is

increased much above its proper value, the temperature of the filament

is increased, and the lamp gives much more light for the same energy,
but is soon burnt through. This led to a search for a filament that

would stand a higher temperature than carbon without burning through,
and in 1902 a lamp employing osmium as a material for the filament

and using 1% watts per candle was put successfully on the market.

It was succeeded by the tantalum filament lamp in 1905, and the latter

was immediately followed by the tungsten filament lamp, which latter

under the various names of Osram, Mazda, etc., at present holds the

field. The osmium lamp is no longer made, as it is less efficient than

the tungsten lamp.
The tungsten filaments were at first made from a paste by squirting

the latter through a small hole in a diamond under high pressure, and

were then very easily broken. They are now, like the tantalum fila-

ments, wire-drawn and consequently much stronger. The specific

resistance of tantalum and tungsten is very much less than the specific

resistance of carbon, consequently the filaments have to be much thinner,

the diameter having, for example, the value -03 mm. There is also

another difference
;
the resistance of tantalum and tungsten increases

23 *
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with the temperature, while the resistance of carbon possesses a negative

temperature coefficient and decreases with rise of temperature and
increase of current. Tungsten lamps are recognised as requiring 1 or

1J watts per candle. Their superiority over the carbon lamp is due

partly to their higher temperature and partly to selective radiation, to

the fact that they radiate a smaller proportion of infra-red dark heat.

The following table gives some figures for different lamps obtained

by G. Leimbach. The first column gives the name of the lamp, the

second the number of watts required per British candle, the third the

ratio of total energy radiated to total energy supplied, the fourth the

radiant efficiency, and the fifth the luminous efficiency. The last two

lamps on the list are tungsten lamps. The numbers in the second
column are higher than the usually accepted values :

1
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70 candles. Owing to the burner getting in the way little light goes
in an upward direction. Of course it may happen that the distribution

FIG. 287.

of light is different in different vertical planes, in which case, unless

specially designated, the distribution curve is taken to represent the
mean of all the distribution curves in the different vertical planes.

There is a widespread impression that the area of the distribution

curve is proportional to the total quantity of light emitted by the

source. This is not the case, but if the distribution curve is rotated

about its axis, then it is easy to see that the volume of the solid thus

formed is proportional to the total quantity of light emitted by the

source. The true measure of the performance of a source is not its

intensity in any particular direction but its mean spherical candle-

power, that is, the intensity which it would have if the light it actually
does radiate were radiated equally in all directions.

Determination of Mean Spherical Candle-power from Distribution
Curve. As the distribution curve has never an exact mathematical

form, this has to be done approximately.
Let I be the intensity in a direction 0, 6 being measured from the

horizontal. Divide the whole surface formed by rotating the distribu-

tion curve into n horizontal zones of angular width TT/W, and suppose
that the value of I is constant throughout each zone. The solid angle
subtended by a zone is equal to the area which the radii from the

origin to the edges of the zone intercept on a sphere of radius unity.

The area intercepted on the sphere is equal to the length of the arc

multiplied by the mean circumference, or

7T
- 2?r COS 0,n

where gives the position of the mean circumference. The

radiation through the zone multiplied by the solid angle subtended by
the zone is consequently

27T2 ! cos 6
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Calculate this expression for each of the n zones, take the sum and
divide by 4?r, the solid angle subtended by all the zones. The
result

1 .27T2 I COS $ 7T .

^~^T or 5 loos *

is the mean spherical candle-power.
The calculation is much facilitated by always using the same zones

and working in tabular form.

A distribution curve can be obtained step by step on an ordinary

photometric bench by gradually inclining the lamp and so getting the

intensity at different angles. There are, however, instruments called

integrating photometers, which by means of reflectors placed round
the source give the mean spherical candle-power at one operation.

Subsidiary Standards. In the photometry of artificial illuminants

it is not usual to compare them directly with primary standards such
as the pentane or Hefner lamps, as these latter are not convenient for

rapid operation, but we employ instead intermediate standards which
have been calibrated in terms of a primary standard. Carbon or

tungsten glow lamps are used as such intermediate standards, but they
have first to be seasoned by running them for 100 hours, as in this

first period of their use the intensity varies irregularly. Also when
they have been used as standards for 100 hours or thereabouts

they ought to be checked with a primary standard. A 5 per cent

variation from the normal voltage means 28 per cent variation in the

candle-power in the case of a carbon glow lamp and 18 per cent varia-

tion in the case of a tungsten lamp. As the voltage of a city light-

ing circuit varies considerably about its normal value, glow lamps
when used as standards should be run off a storage battery.

The Arc Lamp. The arc is the oldest electrical illuminant.

Formerly only the arc passing between carbon electrodes was used
for lighting purposes. These electrodes are made from a mixture of

powdered coke and pitch, which is moulded under heavy pressure and
then baked at a high temperature to drive off volatile matter and
harden them. To start the arc it is

"
struck," i.e. the two electrodes

or carbons which are at a difference of potential of 70 or 80 volts are

suddenly brought into contact and then pulled apart. This causes an
electric discharge characterised by intense light to pass between them.

After the discharge has passed some time, the end of the positive
carbon or anode becomes hollowed out and the end of the negative
carbon or kathode becomes pointed. Both the carbons are consumed

by the arc, the positive one twice as fast as the negative one. There
is a luminous vapour between the electrodes, and the ends of both
carbons give off a bright light, 85 per cent of the total light coming
from the hollow or crater on the positive carbon. If the current is too

large, the crater becomes too large to occupy the end of the carbon and
the lamp begins to hiss. The carbons of the arc lamps used for street
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illumination strike and feed together ^automatically, but in the arcs

used for projection work this is usually dpne by hand.
In recent years the arc has been improved in different directions.

It has been enclosed in a tightly fitting glass globe so as to restrict the

supply of air and lengthen the life of the carbons. Then, instead of

mounting the carbons coaxialty, they have been inclined to one
another with the anode pointing downward ;

the crater can then
radiate freely without being obscured by the negative carbon. Also

the electrodes have been impregnated with salts of strontium, calcium,

barium, and titanium. This has the effect of making the luminous

vapour between the electrodes develop into a brilliant flame, yellow in

the case of calcium salts, red in the case of strontium salts, and white

in the case of barium and titanium salts
; this flame gives the greater

portion of the light. The flame arc is the most efficient of all illumi-

nants, requiring only watt per candle.

Future Progress. The development of illumination within the

past thirty years has been to some extent a duel between gas and

electricity. The gas flame was giving place to the carbon glow lamp,
when the situation was changed by the invention of the Welsbach

mantle. The glow lamp had the advantage over the first incandescent

mantles that it shed its rays down instead of up, but the invention of

the inverted mantle made both illuminants equal in this respect. The

development of flame arc lamp lighting was met by high pressure gas

lighting, i.e. the use of very large mantles, which are heated to higher

temperatures than the ordinary mantle by having the gas at a higher

pressure.
It is customary to classify sources of light under two headings,

namely, temperature radiation and luminescence. In cases of tempera-

ture radiation the light is emitted solely as a result of the body being

heated, the electrons which emit the light waves being caused to vibrate

as a result of the motion of the molecule as a whole. In cases of

luminescence electric energy or chemical energy is changed directly

into the energy of light waves without passing through the intermedi-

ate stage of heat
;
the electrons are set vibrating without kinetic

energy being given to the molecules as a whole.

All flames, the carbon and metal filament lamps, the incandescent

mantle and the carbon arc are cases of temperature radiation. The

metal filament lamps and particularly the incandescent mantle are

distinguished by selective radiation, i.e. an unusually large proportion

of their radiation falls within the visible spectrum, but the advance ot

each of the above sources over its predecessors lies chiefly in the

employment of a higher temperature. As the temperature is increased

selective radiation tends to become less, also the highest attainable

temperatures are practically reached, so that not much further progre

is to be expected from temperature radiation.

The only case of luminescence mentioned in this chapter has been

the flame arc, although other cases, the vacuum tube and the mercury
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arc, have been described in Chapter XIV. Both the latter have been

used commercially as methods of illumination. McFarlan Moore

employed vacuum tubes 40 to 220 feet long and about 2 in. in

diameter with a voltage of about 10,000 to 12,000 produced by a

transformer. The gas used was nitrogen and the current in the tube

was 0*3 ampere. Advantages of the Moore vacuum tube are its low
intrinsic brightness, it gives a soft light and there are no brilliant

filaments or electrodes to hurt the eye. Also, owing to its length, it

gives a very uniform illumination ;
there are no sharply defined

shadows such as are produced by point sources. With vacuum tubes

the colour of daylight can also be imitated very accurately. The

efficiency of the Moore tube, according to tests by different authorities,

is 1*78 or 1*53 watts per candle. It seems, however, that if the gas

employed is neon, the consumption of watts per candle is less than

this. The objection to the Moore tube is that it is revolutionary.
The most successful mercury arc, the Cooper-Hewitt tube, has

been described on p. 250. Its efficiency is roughly -J watt per candle,
and its disadvantage is the strong green colour of its rays, which give
the colours of the objects they illuminate a false value ; thus they
make yellow hair appear green and reds a bluish-brown. If the

Cooper-Hewitt tube is used together with carbon glow lamps or a red

fluorescent reflector, the colour is improved, but at the same time the

efficiency is diminished. The best results have been attained with

quartz tubes, which stand a higher current than glass. The higher
current increases the pressure, gives the spectrum a continuous back-

ground, and so improves the colour of the lamp ;
at the same time it

increases its efficiency to J watt per candle.

Luminescence is not nearly so well understood as temperature
radiation, and the vacuum tube has not been very thoroughly studied

from the point of view of an illuminant. By putting a bolometer

inside a vacuum tube K. W. Wood showed that the temperature was
about 30 or 40 C. In the case of the vacuum tube we are therefore

dealing with something quite different from temperature radiation.

If any very great progress is to be made in the future, it will be made
from the side of luminescence.

Diffusing Globes. Through the experience of ages the eye has
become accustomed to light coming obliquely from above. Intense

light coming from any other direction, for example, sunshine on snow,
produces irritation and discomfort. When the eye is exposed to a

bright light the diameter of the pupil contracts automatically, but this

power of accommodation is limited. The intrinsic brilliancy of the

crater of the arc is 200,000 candles/sq. inch and of a tungsten
lamp filament 1000 candles / sq. inch

;
an incandescent gas mantle

gives 20 or 25 candles/sq. inch. These values are all too high for

comfort, so these sources must all be used with diffusing globes so as

to bring the intrinsic brilliancy down. The frosted incandescent lamp
has an intrinsic brilliancy of approximately 3 or 4 candles per square
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inch. Diffusing globes act either by haying their surfaces sand-blasted
or etched, or owing to fine particles held in suspension in the glass, or

owing to their surfaces being ribbed, so tnat they refract the rays like

prisms of variable angle. Diffusing glasses do not scatter the trans-

mitted light equally in all directions but principally in the direction of

the incident light. Since the light sources are always placed above
the heads of the people in a room, it is necessary that the globes
should be constructed so as to send the greater proportion of light
down. Instead of using globes and reflectors the same end can be
attained by having naked lights and the ceiling and upper portions of

the walls white, and screening the lights so that their direct rays do
not reach the eyes ;

then the white walls and ceiling act as a reflector.

Diffuse Reflection. The degree of illumination of a room depends
not only on the light sources but on the colour of the walls. All walls

reflect the incident light diffusely.
Let MS be a section of a wall, and let i be the angle which the

incident light makes with PN, the

normal at P. Let I be the intensity
of the incident light, i.e. the quantity > ,

of energy received per sq. cm. per sec. /
Then if a straight line PQ be drawn
of length r, making an ang]e e with

PN and not necessarily in the plane ^j p
NPM, and an area dS be isolated on
the surface of the wall at P, the in-

tensity of the radiation from this area received at Q is

cldS cos i cos e

-jar-
where c is a constant. This expression is known as Lambert's cosine

law of diffuse reflection.

Let us find the total quantity of light radiated out by the area dS

in unit time. Suppose the angle e increases by de and the point Q con-

sequently moves to Q'
;
then QQ' = rde. Suppose now that QQ' is

rotated round PN as axis. The area swept out is

2?rNQ x QQ' = 2?rr2 sin e de.

The total light received by this area is

ckte cos i cose
g

.

x 2 gm g cog e de
r1

= TrCldS cos i sin 2 e de.

The total light radiated out by dS in unit time is consequently
7T

TrcldS cos
*'j

sin 2 e de = irdds cos i,

and the light received by dS is Ids cos i. The ratio of the light radiated

to the light received, or the albedo, as it is called in astronomy, is con-

sequently
7TC.
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Some values of this quantity for ordinary daylight are given in the

following table :-

White cartridge paper -80

Ordinary foolscap
Yellow wallpaper
Emerald green paper
Black cloth

Black velvet

70
40
18
012
004

It is obvious from the table that gas and electricity can be saved by

choosing a light wallpaper.
Lambert's cosine law is obeyed very well by a scraped surface of

plaster of Paris, but with varying degrees of approximation in the case

of other surfaces. The usual case is to have some regular reflection

and diffuse reflection occurring simultaneously such as, for example,
in the case of glazed paper.

According to Lambert's law the quantity of light received at Q, per
unit of area at right angles to PQ, is

cos i cos e

Owing to its being seen obliquely the surface dS appears at Q to have

the area dS cos e. The surface dS has thus the apparent brightness

cl cos i

-jr->
which is consequently independent of the angle e. This is the physical
basis on which Lambert's law rests. If the eye is moved round the

dotted circle in fig. 288, dS appears always equally bright.
A luminous sphere, for example, a red-hot copper sphere heated by

holding it in tongs over a bunsen flame, appears as a disc of uniform

brightness. The apparent brightness of the different elements on its

surface is the same, no matter what angle the normal to the element

makes with the straight line joining the latter to the eye. The radia-

tion from an element of the surface in a direction making an angle e

with the normal to that element must consequently be proportional to

cos e.

Illumination Photometry. The photometers described in Chapter
XVIII are used for measuring the intensity of a light source in the

laboratory. It is often necessary to measure in foot-candles or metre-

candles the degree of illumination of a surface in a room or in the

street, and for this purpose instruments called illuminometers have been

devised. The foot-candle is the illumination received on a surface

facing a light of 1 candle-power at a distance of 1 foot, and the metre-

candle the illumination received on a surface facing a light of 1 candle-

power at a distance of 1 metre. Illuminometers usually contain a

small electric lamp which is run off accumulators. This lamp illumin-

ates a matt surface inside a dark chamber, and the brilliancy of this

matt surface can be regulated by means of an adjustable diaphragm or

otherwise. The eye looking into the instrument sees through a hole
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close beside this comparison surface the surface whose illumination is
to be measured, and the comparison surface is adjusted to the same
degree of illumination by means of the adjustable diaphragm or by the
insertion of smoke glasses. The instrument is calibrated by the use of
surfaces of known illumination. The degree of accuracy aimed at in
the use of such instruments is not high.

The illumination of an object in ordinary daylight is roughly 1000
foot-candles. From 1 to 4 foot-candles is sufficient for office desks,
schoolrooms, etc., and probably O'l foot-candle would be the average
illumination in a well-lighted street at night. Of course in illuminating
a street it is a mathematical problem in itself to choose the distance

apart of the lamps and their height above the ground, so as to combine
uniformity of illumination with brilliancy. If the lamps are too high,
the illumination on the reference plane, which is usually taken as 4
feet above the level of the street, will be uniform but weak

;
if they are

too low it will be very unequal.

EXAMPLES.

(1) Determine the distribution curve of a carbon glow lamp on an
ordinary photometer bench. The lamp can be held in a clamp and its in-

clination measured with protractors.

(2) Calculate the mean spherical candle-power of the same lamp by the
method given on p. 357.

(3) Calculate the mean hemispherical candle-power of the same lamp.
(Proceed as in example immediately above, but use only the zones on the

hemisphere which does not contain the holder.)

(4) Measure experimentally the amount of light reflected diffusely in

different directions by a square of white cardboard of 2 inches side. (Use
the squar^ of white cardboard in place of one of the lamps on the ordinary
photometer bench and balance it against a weak source. Illuminate it by a
beam from an arc lamp used for projection ;

remove the projecting lens and
have the cardboard beyond the image of the crater formed by the condenser,
and far enough into the diverging cone to prevent the illumination changing
owing to the arc wandering. Stray light must be very carefully guarded
against and readings taken rapidly and often.)

(5) Measure in foot-candles the illumination in a room on a plane 2
feet above the floor. Improvise an illuminometer for the purpose, using as

comparison source a four volt lamp.
(6) Determine the candle-power and calculate the intrinsic brilliancy in

candles per sq. inch for different light sources with and without diffusing

globes.

(7) Invert a carbon glow lamp, dip it into a glass beaker containing
clean water and note the rise of temperature in live minutes. Repeat the

experiment but mix ink with the water so that the lamp cannot be seen

through it. In the first case the water is heated by all the heat emitted

except the visible and near infra-red radiation ;
in the second case these are

absorbed also. Hence the difference of the rises divided by the larger rise

gives a rough measure of the luminous efficiency. (The experiment does not

give definite results unless very carefully carried out. Criticise it from the

point of view of the light internally reflected in the beaker.)
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CHAPTEE XXI.

THE NATURE OF LIGHT.*

PREVIOUS to Newton's experiments it was thought that the prism made
the spectrum. According to Newton, however, it merely separated the
different colours out, and white light consisted of the different colours

'

superimposed. Both of these statements are, in a sense, true, but their

full meaning is not easily grasped. The simplest way of making the
matter clear is to study first a similar problem in hydrodynamics which
lends itself more easily to treatment. Then the optical problem can
be solved by analogy.

Hydrodynamical Analogue. Let us consider a sheet of water of

unlimited depth. Take the Ox axis in its undisturbed surface, measure
the Oy axis vertically downwards, and let the coordinates x, y refer to

points on the surface of the water. Let the surface of the water be

given initially by
cos

-|
tan" 1

(x/h)

(a? + ft
2
)
5 /4

This curve is represented in fig. 289. It has a depression at x = given

On both sides of this depression it ascends rapidly to a point above
the x axis and then descends again towards the axis, at first rapidly but
then more slowly, and finally reaches it at x = CD . When x is

greater than 10/ the curve practically coincides with Ox. Let us sup-

pose that the depression is the same for all the points for which x is

the same. The initial form of the surface could thus be produced by
waiting until it was perfectly plane and then laying a very long properly
curved rod down upon it.

* The matter of this chapter *is not usually given a prominent position in

books on light, but it seems to deserve it owing to the interest taken at present
in the quantum theory. Many writers on Radiation seem unaware that the
orthodox theory permits of light being propagated in pulses, and of the dispersion
and interference of such pulses.

The mode of treatment here follows closely two papers by the Author,
" Proc.

Roy. Soc.," A 89, p. 399 (1913), and A 90, p. 288 (1914). From the nature of the

subject the chapter is a difficult one; it may be omitted without prejudice to

those that follow.

367
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What happens if the rod is raised very rapidly ? This problem has
received a rigorous solution. It is found that two waves travel out

with equal velocities from the initial depression, one in the direction of

+ x and the other in the direction of -
x, and that, as these waves

progress, their form alters. From being single waves they gradually

develop into groups. When the two waves are still close to the origin
their shape has a somewhat complicated mathematical expression ;

when they get far out, this expression becomes extremely simple. It

is then given by

X912 4:CX

I is measured from the time of the initial disturbance
;

c is a constant

depending on gravity. The expression has also a constant coefficient

which has been omitted here in the interests of simplicity.
Let us graph the above solution as a function of x for definite

values of /, c, and k. Take, for example, P/c = 540 and h = ^. Then
the expression becomes, on omitting the constant coefficient,

The first factor, gis,
is infinite when x is 0, and when x is infinite

;x
the second factor, <?~ 9/a;2

,
is when x = 0, and 1 when x is infinite.

The product is for x infinite and at first indeterminate for x = 0, but on

investigation it is found to be zero for this limit also
;
it is represented

by the dotted line in fig. 290. For reasons which will be obvious

5 cms,

FIG. 290.

immediately the dotted line has been drawn on both sides of the axis.

It has not been drawn for the region to 1, because, as has been

mentioned above, the solution is not accurate near the origin.
Let us now consider the last factor cos 135/x. It is equal to 1
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when 135jx = Ztnr, n being a positive integer. The values of x
between 1 and 5 which satisfy this equation are T02, T07, 113, 1'19,

1-26, 1-34, 1-43, 1-54, 1-66, 1-79, 1-95;' 2-15, 2'39, 2-68, 3-06,3-58,
4-29, Consequently at these points the cosine factor does not affect

the value of the product of the first two factors and the curve repre-

senting the complete expression touches the upper dotted line. At

points between these values it touches the lower dotted line. Hence
the complete expression is represented by the full line.

The full line represents a group of waves in which the wave-length

gradually decreases from the front to the rear of the group.

Let us go back now to the general expression and no longer restrict

ourselves to a single value of t. The dotted curve is given by

v - e-t*hHca?y ~
3,9/2

e

If we regard it as a function of x its maximum is given by '

which gives x =
? "

The maximum therefore moves forward with a uniform velocity
=

*Jh/9c. We can refer to this expression as the "
group velocity ".

On substituting it for xjt the value of the maximum becomes

and consequently diminishes inversely as the root of x, as the group
moves out.

Consider two points in the group exactly a wave-length apart ;
let

x be the coordinate of one and x + X be the coordinate of the other.

The phase /
2
/(4or) must increase by 2?r in moving from the one point

to the other. Consequently

-t * ^
4cx c(x + X)

l
i.e.

o=

4:C\x x +
t
2

A-

&x(x + Xj

and this gives, on neglecting X in comparison with x,

x =
8

-^
2

, .,..,,.. . (i)

For a given time the wave-length increases from the rear to the front

of the group ;
for a given point it decreases with time.

24
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Let us fix our attention on a given point and suppose that the

phase increases by 2 rr during the interval of time between t and / -f- r.

Then r denotes the period and is given by
t + r) t*-

A
~~

A

4:CX 4:CX

2fr

te
-

or T =
4:TTCX

(2),
.

if T be neglected in comparison with t. On eliminating x/t between

(1) and (2) we obtain

A / r \ T*
o =

~A or A = ~ .

STTC \47TC/ 27TC

But \/T is the velocity of the individual wave at the point and time in

question. Hence the wave velocity is given by r/(27rc)*.

We shall now find the manner in which the energy is distributed

over the different wave-lengths for a given value of t. We shall make
the usual assumption that the energy is proportional to the square of

the amplitude. Then if A is the amplitude at x, the energy contained

in the part of the group between x and x + dx is proportional to tfdx
;

we assume here that dx contains a large number of wave-lengths.
The change of wave-length in the distance dx is given by

The energy per wave-length therefore varies as

A2
dX

=
a?

e
~ L

5 1

Substitute P/x
z = STTC/\ ;

then the energy per wave-length varies as

2 \*

The energy belonging to the range of wave-lengths included between
X and A + d\ is consequently always the same.

We had for the maximum of the group x = t *Jh/9c. The wave-

length is given by X = Svrca?
2
/^

2
. Eliminate x/t between these two equa-

tions and X =
-f-
irh. The result is independent of x and t and gives

the wave-length at the maximum. This wave-length, which always
rides at the top of the group, we shall refer to as the " dominant wave-

length ".

If we consider now the initial expression, it can be written in the

following form :

cos | tan" 1
(x/h) 1

I}
5 /4

~ F7

"

2
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It is obvious from the form of this expression that if h is halved in

value, all the ordinates are increased in,<the ratio 1 to 25
/
2 and moved

in half way to the origin. The curve becomes narrower and sharper.
We thus obtain the result, that the narrower and sharper the initial

disturbance is, the shorter is the dominant wave-length.
We have considered the initial disturbance to be a depression, but

can, of course, obtain the case of an elevation simply by changing the

signs.
The reasoning on the preceding pages is somewhat close and

so should be followed carefully step by step. If graphs are drawn
wherever possible, the difficulties will disappear. The general results

may be stated as follows :

If on the surface of deep water an initial disturbance is applied

along a straight line, then disturbances travel out in opposite directions

on both sides of this straight line. These develop into groups of

waves ;
as each group proceeds, the number of waves in it increases

indefinitely and its shape alters. The velocity of the maximum of

the group is constant. The range of wave-lengths included between

A and A + d\ has always the same velocity and carries always the

same quantity of energy.

Another Way of Regarding the same Problem. We have by a well-

known result (cf. Williamson's "Integral Calculus/' 124)

cos | tan- 1
(x/h) =

4 r _ha 3/2

The expression on the left gives the initial disturbance. The ex-

pression on the right is obtained by superimposing on one another an

infinite number of cosine curves, the phases of which agree at the

origin and the wave-lengths of which vary from oo to ;
the amplitudes

of these curves are given by
4

, Q ha. a3/2

where a = STT/A. It is more convenient here to express results in

terms of a instead of A. We shall refer to a as the parameter of the

wave. If we consider the expression
Q
- ha a3/2

?

we find it has a maximum given by

3^
or a ~

2/z>

'

On both sides of this maximum its value descends to 0, for at a = it

becomes 0, and at a = oo it takes at first the indeterminate form x oo
,

which, on applying the usual rule, becomes also. The narrower the

initial disturbance, the smaller is h and consequently the shorter the

wave-length with the maximum amplitude.
24*

e 'ha a3/3 = _ fa -ha a3/2 + e -A|al/2 = Q,
da



372 A TEEATISE ON LIGHT

The expression on the left-hand side of equation (3) has an

appreciable value only in the neighbourhood of the origin, whereas

each of the cosines on the right-hand side has the same value to

infinity. Only at the origin, though, do their phases agree. In the

neighbourhood of the origin they interfere partially. Elsewhere the

interference is complete and hence the integral has the value zero.

It was shown on p. 370 that a wave with the period T has the

velocity r/(27rc) and consequently the wave-length r2
/(27rc). Hence

a = 27T/A
= 2;r x 27rc/r

2
. This gives ,T

= 2?r fjc/a. Consequently a

wave with the parameter a has the velocity

-i- = *L a = _L .

&7rC ZkTrO ^ ft /Q,C

If we consider each cosine curve on the right of (3) to move with

its own velocity and disregard the constant coefficient, then after time

/ the right-hand side has become

!*

/ t \
e -ha CQS a / x _ ^ \ a3/2 fa

o fJB/
The phases of all the cosines no longer agree at the one point because

their velocities are different.

The wave for which the parameter is a + da has at the point x at

the time I the phase
/ t \ t

(a + da) (x T - ) + ct
gf-j<MU

This differs from the phase of the wave with the parameter a by

(x JL
+

27/^5)
da r

(
X ~

2T/S)
d "

Hence if x = =, the waves for which the parameter is included be-
2 Jac

tween a and a + da have the same phase and reinforce one another. Thus

the wave with parameter a is in evidence at that point but nowhere

else. Owing to their different velocities the different waves separate

and each shows at the point where it is reinforced by its neighbours,

that is, where

a =
to:2

or ^ =
fl

This is in accordance with the former result.

The cosine waves are not contained in the original disturbance in

any physical sense. They are mathematical fictions used as a means
of obtaining results. Each becomes real for the small fraction of its

range in which it is reinforced by its neighbours.

Application to Light. It is the dispersive power of the medium
that makes the different waves separate out in the preceding case, and,
of course, in that case the dispersive power is a very great one. The

velocity of a wave is r/(27rc) and consequently can vary from to GO .
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The velocity of light in interstellar, space is constant and indepen-
dent of the wave-length. If a light puisne comes from the sun, during
its passage through interstellar space it~ preserves its form unaltered.
As soon as it enters a dispersive medium such as the atmosphere or a

plate of flint glass the form alters, the different wave-lengths separate
out and the pulse tends to develop into a group. Since in air and

glass the longer waves travel faster, just as in the preceding case of

deep sea waves, so in air and glass the longer waves are in the front of

the group. But in the preceding problem the dispersive power is much
greater than that of air or glass ;

in the case of a group which has its

dominant wave-length in the yellow it is roughly 14 times as great as

the dispersive power of glass and 105 times as great as that of air.

It is easy to estimate the amount of dispersion that takes place when
a pulse passes through a glass plate. If, for example, the plate is 1 cm.
thick and the index of refraction is 1*6165 for the red hydrogen line

and 1-6642 for the violet hydrogen line, typical values for dense flint

glass, when the red hydrogen wave has reached the other side of the
1 *A1 A\

plate, the violet hydrogen component has travelled only .ccAn cm -

and has consequently a distance of -
i -fifi49

or ^ cm> s^ ^

go. The length of the train between these two points is consequently
029 cm. This is 500 times the wave-length of sodium light, so that

ths passage through the slab changes the single pulse into a group of

about 500 visible waves. After emerging into the air, owing to the low

dispersion of the latter the form of the group changes extremely slowly.

Just as in the case of the water waves, the waves into which the

incident light pulse can be resolved are not contained in that incident

pulse in any physical sense. They are mathematical fictions and

become real, each only for its own short range, after passing through
the plate.

We shall next show how a single pulse is changed into a spectrum,

first for the case of the diffraction grating and second for the case of

the prism. The former is the easier of the two cases.

Action of a Diffraction Grating on a Light Pulse. Let a plane

light pulse fall normally on a transmission grating. It falls on each

transparent space simultaneously. By Huygens' principle each point

on a transparent space can be regarded as a secondary source, but as

the transparent spaces are small we can take all the points on each

space together and represent them by an equivalent source at the centre

of the space. Let A,* B, C, and D be such equivalent sources. When

the plane pulse falls on the grating, then secondary waves start out

from A B, C, and D. These secondary waves are represented in the

diagram.

'

They are of course still pulses ;
each consists of but a single

maximum.
The four secondary waves superimpose approximately at E

the distance AD is small compared with the radius of the circles. Hence
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the telescope when placed in the position shown by the dotted lines at

E receives a single pulse very similar to the original pulse, and this

gives a white light image of the

slit. If the telescope is placed
at F it receives four separate
waves. In the diagram the

fronts of these waves have an

appreciable curvature and they
are not parallel. In the case of

an actual grating with its many
thousand lines ruled much closer

together, the wave-fronts would
be very nearly parallel. Draw AH
and DK parallel to the axis of the

FIG. 291. telescope. The difference in the

optical distances of H and K from
the focal plane of the telescope is obviously equal to DG. DG = AD sin

DAG = AD sin 0, where is the angle of diffraction of the rays DK and
AH. Let e be the distance between two successive rulings. Then AD =
3e and DG = 3e sin 0. The difference in the optical distances of H and
K from the focal plane of the telescope is -equal to three complete wave-

lengths. Thus 3A = 3e sin 6, or A. = e sin 0, and the result obtained

by considering the incident light as a single pulse agrees with the

ordinary theory.
It is obvious that a single pulse will in this way produce a whole

spectrum, whereas, if the incident light is regarded as consisting of a

superposition of real cosine waves with different periods, we require a

very great number of such waves to produce a continuous spectrum.
Each cosine wave taken by itself produces only a single line. A single

pulse may be produced by the collision of two atoms while the super-

position of a great number of real cosine waves requires as source an
elaborate vibrating system. Hence in comparing the two explanations
the advantage of simplicity lies on the side of the pulse theory.

In explaining the second and third order grating spectra on the

pulse theory we require to take into account the dispersion in the lenses

of the instrument and in the air. In the case of the echelon we re-

quire to consider the dispersion in the glass.
The action of a grating on a light pulse is in some measure

analogous to the action of the siren on an air-blast. The siren is an in-

strument which can change an irregular air-blast into a periodic air-

blast of constant frequency.- We assume, of course, that the disc is

driven otherwise than by the air-blast itself. It thus makes a regular
wave out of an irregular one. So does the grating.

Action of a Prism on a Light Pulse. Let the pulse be incident

normally on the face OA of the prism AOB (fig. 292), and let there be a
screen on the other face restricting the length OB that can be used.

Let b be the greatest thickness of the prism used. After emergence
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from the prism the light is received by a lens, which makes it con-
verge to a point. The diameter of the lens is so large that it receives
all the rays that pass through the aperture
OB ;

the latter causes the diffraction, not
the rim of the lens. We shall ignore re-

flection and absorption losses both in the

prism and the lens. It is assumed for

simplicity that the refracting angle of the

prism is 30.
Let the incident light pulse be repre-

sented by

Jo
COS a(l

-
vt) a3 /2 da,

i.e. it has the same analytical form as the

depression of the surface in the hydro-
dynamical problem ;

/ is distance from OA
measured positive from left to right. The FlG - 292 -

dispersion of the atmosphere is neglected ; hence v is independent of a
and the velocity of each of the components, into which the pulse can be

resolved, remains the same as long as the pulse %
is in air.

The treatment depends on the principle of the superposition of

small vibrations. Let us suppose we have a series of infinitely long
trains of cosine waves incident on the prism and that the amplitude of

each train is given in terms of its parameter by e
~ ha a3 /2

. These waves
will be diffracted in all directions from the other face of the prism.
Their phases after emergence are known since the index of refraction

of the prism is known. Then, since the pulse is equivalent to the

superimposed cosine trains before incidence, it must be equivalent to

them after emergence.
The whole action of the prism depends on diffraction. Each point

on the face OB must be considered as emitting rays of all possible

wave-lengths in every direction. Take a definite direction OE, which
is specified by the angle <, which it makes with ON, the normal to the

face OB. To this direction there corresponds a point P in the focal

plane of the lens. Let the optical distance of P from O, measured

along the ray, be s.

Let us consider the disturbance at P due to rays of parameter
a. We have to sum an infinite number of rays of equal intensity and

period but uniformly increasing phase. Let 2/; be the difference of

phase in radian measure between the first and last of them. Then, as

is shown on p. 172, the amplitude of the resultant varies as

sin p
~P~

If BE is drawn perpendicular to OE and /x
denotes the index of

refraction of the prism, OE = OB sin 4 = 26 sin <, since the angle of

the prismjs 30, and consequently
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2p =
-T-O/tfc

- 26 sin
</>)

=
a6(/x

- 2 sin <).A

The phase of the resultant is the phase of the mean ray. Consequently
the disturbance at P is given by

sin p-- COS {a(s
-

Vt) + p}.

To get the whole disturbance at P we have to multiply the above

expression by e
~ haa? /2 in order to take account of the shape of the

initial pulse and then integrate with respect to a. The result is

cos
Jo P

p is, of course, a function of a. For the expression to be integrable we
are restricted to one function, g -

fa. We shall assume this value.

It will be shown further down that this assumption does not really re-

strict the generality of the results in any way. Meantime it should be

noted that/and g are constants of the prism and independent of the

shape of the incident pulse.

The variation of the factor --~ with p has already been studied on

p. 173, and it has been shown that it has a maximum at p = 0, and de-

creases on both sides of this, becoming at p = TT and then oscillat-

ing about the axis, the amplitude of each successive oscillation being
less than that of the one before it. Much the most important part of

the curve is contained between the limits p =
?r, i.e. between the

limits g -
fa = TT. Now we have

p = ab - sin
c/>

= g
-

fa,

hence = sin * -
{
+ ,

!->.*- f*.4- ; |
This gives ^ =

-^
.

;
. . . . (5 )

In the case of crown glass in the neighbourhood of the D lines da/dX
has the value 500. Let us suppose that /; has the value 2 cm Then
g = 1000 TT.

In the equation for the limits between which the principal variation

of takes place, namely g - fa TT, g is 1000 times as great as

TT
;
hence while -- varies from to its maximum and back to

again, the value of a alters only by 0'2 per cent. Thus e~ha a3/2
practi-

cally remains stationary in the integral (4) while - ^
varies, and can

consequently be taken outside the integral sign. We have left then
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sin (q
-

fa)

o Uf-/J
Write a- g/f = p and gr//

=
04. Then /?

= a -
ai and the integralbecomes

f^ sin fp
fir-

cos {P(s
- vt -

f) -4- ai (s
-

vt)}dj3
J a-l J /*

= {"
sm \P(S

~ 0Q + a-i(s
-

vt)}
- sin \P(s

- vt -
2/) + a^s-vt)}

j -i -4/p

f

s
sin y8(s

-
1?0 cos 04(5

-
?jQ + sin a^s -

vt) cos P(s -
vt)

-.r
i eoB^-*) r

J -i
* - - W

dft

sn?/ f( T*_tfl sin?/ 7
1=

07
cos a

x
s - v ^dy - -^^

-V LJ- 1(,.K) y J-a^-^e-2/) y
1 .

,
r

f*>(-vi) cos V-, f(s-^-2/) cos ?y, 1
+ =- sm ai (s

-
f?Q JLdy

-
\ -dy\.LJ-a^-^) y j -a^s-vt-z.f) y

The integrals in the brackets are known as the sine integral and
cosine integral, and their values have been calculated for all values of

y by J. W. L. Glaisher.*

The first bracket can be rewritten

{-^(s-i-t-2/)

sin y r*(,-vt) sin -
~~^dy + -

"

dy.
-a^a-vt) y J(--v) y

Let us consider the second term first. It will be shown farther

down that 2 /is positive and much smaller than s. When t = both
limits are -f oo

; when t =
(,v

-
2)/w the lower limit changes to - oo

,

and when t = s/v the upper limit changes to - oo . The value of the

integral between the limits oo is, of course, TT. Hence from
t = (s

-
2f)/v to / = s/v the integral is TT ; before and after this it

equals zero.

Next consider the other term. When /. = it is zero. As t ap-

proaches (s
-

2/)/y it suddenly approaches ^TT, then as the upper limit

changes sign and becomes positive, it increases to TT. It will be shown
farther down that the upper limit practically reaches + oo long before

the lower limit changes sign. As the lower limit becomes zero and

then positive the integral decreases again to zero. The changes are

the same as for the second term, only they take place continuously.

The second bracket can be written

f-
ai(8-Vt-2f) C0g y rx(s-Vt) C0g y

?-dy + dy,
-a^s-vt) y j>(s-vt-<2f) y

but this integral, though very great near the origin, diminishes rapidly

to a small quantity, is zero at infinity, and so can be neglected in com-

parison with the other one.

* "Phil. Trans.," vol. 160, pp. 367-387 (1870).
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Our final result, therefore, for the disturbance at P, when the term
left outside the integral sign is included, is

~ e-hai a
^3i2 cos a^s -

vt)

between the times t = (s 2/
%

)/u and t = s/v. Outside these limits

there is no disturbance.

We hadg = lOOOTr. If a
x
has the value for the D lines, 1'066 105

,

f = g/dj
= 0'0293 and is consequently small in comparison with ,v.

Also 2/aj
= 6 '28 103

. Hence as the sine integral differs only by 1

per cent from its value for infinity for y = 75, both assumptions made
above are justified.

The number of complete wave-lengths in the train received at P is

-~ = ^~ = ~ = b
^ Eayleigh's expression for the resolving power.

Its numerical value in this case is 1000.

The value assumed for p, namely, g -
fa, leads to the result

AJL = g_

d\ Ti-6'

i.e. that the dispersion is constant throughout the spectrum. We
used the assumption, however, only for the short range during which

rose from to its maximum value and fell back to zero again,

and this range is so short, that for all the ordinary materials used for

prisms the dispersion can be considered constant throughout it. Hence
the generality of the result is in no way invalidated by the special ex-

pression assumed for p. It is obvious, too, that the proof is independent
of the special angle assumed for the prism, and that it is not necessary
for the pulse to be incident on the prism normally.

Also, if we determine that g fa is to represent p only within this

range, it follows that

even if the dispersion is not constant throughout the spectrum, so

that at every point in the spectrum and for all prism materials the

number of waves in the train is equal to Eayleigh's expression for the

resolving power.
In case some readers may have had difficulty in following all the

above mathematics we shall sum up its results in words : If a single

pulse is incident on the slit of a spectroscope, it gives rise to a continu-

ous spectrum. If any one particular point of the spectrum is considered,
the light arriving at that point consists of a train of cosine waves, the

number of waves in the train being equal to Kayleigh's expression for

the resolving power at that point in the spectrum.
It may be shown from Glaisher's tables that the train starts and

stops quite suddenly. For example, in the case considered, the

spectrum formed by a crown glass prism of 2 cm. base at a point near
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the D lines, where there are 1000 waves in the train, 97 per cent of
the growth of the amplitude takes place

1

within two wave-lengths, and
the train ends equally suddenly.

Talbot's Bands. The fact that a succession of perfectly irregular
impulses produces a continuous spectrum was established by Gouy in
1886 and independently by Rayleigh in 1889. It has also been de-

veloped by Schuster. Previous to that time the different monochromatic
waves were held to have a real existence in the incident light. Ray-
leigh investigated the type of pulse that would have the same energy
distribution as ordinary white light and found that the disturbance

represented by
y = e-c2*2

fulfilled the requirements to a considerable extent. This expression*
however, neither represents the experimental results as well as the ex-

pression already used in this chapter, nor is it so convenient analytically.
The pulse theory of white light as compared with the old theory has,

as already mentioned, the advantage that it requires simpler conditions

in the source. There is also an experiment which seems to point de-

finitely in its favour, namely Talbot's bands.

Talbot's bands are produced if, when viewing a continuous spectrum
with a spectroscope, we insert a thin piece of glass such as a microscope
cover glass between the eye and the eyepiece, so as to cover one half of

the pupil. The bands are parallel to the Fraunhofer lines and are most
distinct for a special thickness of the glass. Also it is essential that

the glass be inserted from the side at which the blue of the spectrum
appears. The glass may also be placed between the prism and tele-

scope object glass instead of between the eyepiece and eye. In this

case it must be inserted on the side of the thin edge of the prism.
The bands are clearly due to interference between the rays which

pass through the thin glass plate and the rays which miss it, but on
the old theory it is not easy to explain why they are visible only when
the plate is inserted on the one side. The difficulty disappears if we

regard the spectrum as produced from a single pulse.

According to the result proved on pp. 374-379 the pulse produces
at every point in the spectrum a train containing b dp/dX wave-lengths.
The first of these arrives at the time / = s/v, where s is measured from

O and t from the instant at which the pulse is

incident on OA
; f is negative in all actual

cases. Let us suppose that the screen at B is

moved down to C. The effective value of b is

halved and consequently the number of waves

in the train is halved, but the first wave arrives

at the same time as before. Hence the second

half of the original train must be due to the light

from the part BC.
293

If a glass plate is inserted from the side E it

retards the first half train, so that the two arrive superimposed and in
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a condition to interfere. If the retardation is %b dp/dX wave-lengths
the superposition is perfect. Consequently in this case the interference

bands are very black, and this gives the most favourable thickness of

plate to insert. But if the glass plate is inserted from the other side

it retards the second half of the train, a gap appears between the two

halves, and interference is quite impossible.
The beams from the two halves of the prism face cross each other

in the focal plane of the telescope. That is why, when the plate is

inserted between eye and eyepiece, it must be put in from the other

side.

The two trains interfere in the focal plane as if they came from m
and n

;
if we move along the focal plane from a minimum to a maxi-

mum, the difference of the distances from m and n increases by A/2.

Hence the difference of the distances from A and O increases by X.

But when monochromatic light is used and the slit is made as narrow
as possible, in moving from the central maximum to the first diffrac-

tion minimum on either side, the difference of the distances from A and
O increases by X (cf. p. 181). Thus the angular distance between two

adjacent Talbot's bands is equal to twice the angular distance between
the central maximum and first diffraction minimum when monochro-
matic light is used.

Monochromatic Radiation. So far we have been dealing with con-

tinuous spectra, such as the spectra of an electric glow lamp or of the

crater of the arc, and it has been shown that in these cases the light
before it enters the spectroscope consists probably of irregular pulses.
How is it with monochromatic radiations such as, for example, the

thallium green line ?

In this case the wave is a periodic one before it enters the slit and
can be represented approximately then by a sine or cosine curve. But
there are differences. A sine wave goes on to infinity ;

it is limited

neither in time nor space. But the thallium train falling on the

spectroscope slit is a limited one. The amplitude of its oscillations

increases from zero to a finite value, keeps near this value for a certain

distance, and then decreases to zero again. Just as in the case of the

single pulse, the thallium train can be regarded as due to the super-

position of a number of fictitious cosine waves
; only in the case of the

thallium train the wave-lengths of these cosine waves vary only

slightly from the wave-length of the thallium line, whereas in the case

of the white light pulse they have all possible values.

Fizeau and Foucault used a Fresnel's mirror apparatus, illuminat-

ing the slit with sunlight, and placed the slit of a spectroscope to re-

ceive the light reflected by the two mirrors. The spectrum was
crossed with dark bands parallel to the Fraunhofer lines showing that

some of the colours were destroyed by interference. One of the

mirrors was screwed forward parallel to itself
;
this caused the bands

to move along the spectrum and to come closer together. The bands
could still be detected in the neighbourhood of the F line when there
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was a difference of 1737 wave-lengths between the two paths ; then
they had come very close together in the spectrum. It was held
formerly that this showed that white lighi< consisted of regular trains,
the vibrations of which took place without sensible change of phase
for 1737 wave-lengths. On the pulse theory the two pulses which
arrive by the different paths are each changed into a train by the

spectroscope, and it is probable^-a description of the spectroscope is

not given that these trains had distinctly more than 1737 waves in

them. Hence even with this retardation they would overlap and
interfere. The path difference is not a measure of the regularity of the

components of the white light but a measure only of the resolving
power of the spectroscope.

Quite otherwise is it with experiments in which there is no spectral
resolution. Fizeau observed Newton's rings with an alcohol flame
coloured with sodium as source of light and the usual method of con-
vex surface on glass plate, only he had an arrangement by which the
convex surface could be slowly raised above the plate. This made the

rings move into the centre one after the other and disappear there.

The rings were counted as they passed one particular point. Owing
to the two sodium lines each producing its own system, the fringes
became gradually fainter until, when 490 had passed, the bright rings
of the one system fell on the dark rings of the other and the field had
one uniform brightness. As the distance of the plates was increased,
the fringes reappeared again and attained their former sharpness when
980 had passed. They disappeared again when 1470 had passed, and
so on. Fizeau was able to count 52 groups of 980 rings before they

disappeared finally, or about 50,000 altogether. This showed clearly
that the sodium line trains from an alcohol flame contained 50,000

wave-lengths.

Similarly with his interferometer Michelson was able to obtain

interference with the green line of mercury when there was a path
difference of 540,000 wave-lengths. This shows that the source emits

waves for 540,000 periods without a change of phase. A single prism
was used to purify the light before it entered the interferometer, but its

resolving power was insignificant compared to this number.

Action of a Prism on a Regular Train. We have already con-

sidered the action of a prism on a single pulse. It is interesting to

consider its action on a regular train.

Suppose that the incident light is represented by
cos j3(x-vt),

but the wave starts suddenly, continues for N complete wave-lengths,

and then stops suddenly. To find the effect of the prism on this train

it is necessary first to reverse the ordinary procedure, and instead of

analysing a pulse into waves, analyse the wave into pulses. Suppose
the wave built up of a number of rectangular pulses, all of the same

base length but having different heights. Then each of these pulses

is dispersed by the prism into a system of wave trains; the wave
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trains for the different pulses differ among themselves in amplitude
and phase. If we fix our attention on the point of the spectrum
specified by a, in the limit when the pulses are made infinitely thin,
the superposition of the wave trains gives at this point

cos ftvt cos a(x
- v {t

- t
Q})

dtQ . . (5)

t = t gives the time at which the elementary pulse reaches the prism
and cos ftvtQ its height.

Let the resolving power at the wave-length in question be R, and
let 2;rR/a, the length of the train into which a pulse is dispersed, be

greater than 2?rN/y8, the whole length of the incident train. Then for

a length 27r(R/a
-

N//3) all the wave trains overlap completely; on
each side of this there is a length 27rN//?, in which the overlapping
takes place echelonwise, at one end of which we have only a single
train due to the first or last elementary pulse of the original train, and
as we progress through which the trains due to the other elementary
pulses are gradually added, until at the other end we have all the

trains due to the initial wave. For the middle region the integral

(5) is to be taken over a range 27rN/(^) ;
for the end regions, as

we move outwards from the middle, the range gradually diminishes

from this value to zero.

Let us suppose that ft =}=
a ;

then

cos ftvt cos a(x
-

v\t
- t })dt

=

(a
~

ft)}-
2(a

-

If a =
ft the integral becomes

~
sin{ft(x

-
vt) + 2ftvtQ } + | cos ft(x

-
vt).

When the limits are substituted, it is obvious that it is only the

second term of the second case that becomes important. Within the

middle region it has a value

cos ft(x

in the end regions the. amplitude diminishes uniformly from TT

to zero.

As was to be expected therefore the limited harmonic train has been
refracted to one particular point in the spectrum. There it produces
a train with N + R waves, during the first N of which the amplitude

steadily increases, for the next R - N of which it is constant, and for the

last N of which it decreases. In the train there are no irregular

changes of phase.
But when ft=a the integral does not vanish. Consequently the

other regions of the spectrum are not absolutely dark. With a bright
line spectrum there must always be associated a faint background due

simply to the fact that the harmonic trains producing the bright lines
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are limited. Theoretically it should be possible from a comparison of
the intensities of the line and background to obtain a lower limit to
the number of periods in the initial train."'

Group Velocity. Let us suppose that two sine waves of equal
amplitude but different wave-lengths X

x
and A

2 and different velocities

v
1
and t>

2
are superimposed on one another. Then the resultant wave

is given by

AJ
sin -~(x

-
vj) + sin ~(x - v<

2 t)
j-

r,
* a -

-ft
* 8)-(& -a -

-ft
-
;-;}>

Assume now that X
:
is almost equal to A

2 ,
and v

l
almost equal to v

2

'

write A!
= X, v

1
=

v, A
2
= X + dk and v%

= v + dv. Then, since d\ and
dv are small

1_ _ !_ _
1

_
1 _ dA

AJ

~
A2

~
A
~

A + dA
~

A*'

i?! v
2

v v + dv vd\ Xdv
and r- - r- = 7 -

x
-

-^r
=-TO

-
.

A
x

A
2

A A + a-A A^

On substituting these values in the expression for the wave we obtain

%TT . / d\ . vd\ - \dv\
2A sm (x

-
vt) cos TT ( x

-p
- t -

p
--

J.

The wave-length of the cosine is, according to our assumption, much

greater than the wave-length of the sine. Consequently the resultant

wave is represented by something like the full curve in fig. 294.

FIG. 294.

The dotted curve gives the cosine.

The individual waves move towards the right with a velocity r,

the ordinary wave velocity. The dotted curve moves towards the right

with a velocity given by
vd\ - Xdv .dv .

This expression is called the group velocity. It is usually denoted

*
If we return to the hydrodynamical problem studied on pp. 367-

372 we find that the wave velocity was r/(2*c),
This gives

VT A
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Hence on applying (6) we obtain

The dominant wave-length was fTT/J. If we substitute this for A. we
obtain

which agrees with the group velocity as defined on p. 369. The defini-

tion here is wider. Every point in a group has its own group velocity.
The group velocity is as much a characteristic of the wave-length
and the medium as the wave velocity is. The wave velocity gives
the rate of progression of the sine waves into which a group can be
resolved

;
the group velocity gives the velocity of the point of rein-

forcement of two such waves of adjacent wave-length, i.e. the velocity
of the characteristic features of the group.

The distinction between group velocity and wave velocity can be
observed when a train of waves of approximately the same wave-length
is advancing over the surface of deep water. The single waves are

seen to advance through the group and die out as they approach the

front, while their places are taken by fresh waves which appear at the

rear.

Of course it is an exceptional case for groups to have the form

represented in fig. 294, but the same formula can be derived for the

general case by considering the velocity of the point of reinforcement
of two neighbouring waves much in the same way as was done
on p. 372.

In the case of interstellar space dvjd\ = 0. Hence it is v that is

measured by Eomer's method of determining the velocity of light. The
terrestrial methods give U, but when the medium is air, the dv/d\ term
can be ignored. But in the case of Michelson's determination for carbon

bisulphide by the rotating mirror method (p. 124), the correction has

to be taken into account. He found the velocity in air 1'76 times the

velocity in carbon bisulphide, whereas the index of refraction would give

only the ratio 1*64. When the group velocity instead of the wave

velocity in the carbon bisulphide is taken, the ratio comes out right.

EXAMPLES.

(1) Graph the expression

* _ g cos

'for <
2
/c
= 300 and h = TV

(2) A single light pulse falls perpendicularly on a crown glass plate
] cm. thick. How many waves of visible light will there be approximately in

the group formed by its passage through the plate ?
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(3) Show that the pulse initially represented by
cos f tan

~ l

(xjh)

(x
2 + W) ' 4

'"'*

has an energy distribution given by

A*

where c lt
c

,
and T are constants. (Wien's radiation formula, cf. Chapter

XXV.)
(4) Show that the pulse initially represented by the series

cos 4 tan
- l

(ac/fe) cos $ tan - l

(x/2h) cos f tan
- 1

(ae/3fe)

(x
2 + /l

2
)

5/4
(x

2 + {2/i}
2
)

5 '4
(x

2 + {3/i}
2
)

5/4

has an energy distribution given by
- C2/AT _ 2t!2/AT _ 3c2/AT

+e

where c
lt c,, and T are constants. (Planck's radiation formula, cf. Chapter

XXV.)

25



CHAPTEE XXII.

THE ELECTROMAGNETIC THEORY OF LIGHT.

THE electromagnetic theory of light is based on Clerk Maxwell's

equations of the electromagnetic field. The latter can be stated as

follows :

K dX _ <>y _
<

X +
c !>t

~
ty

K ^Y c)a <_ Y i _ _ = __ _~
G C ^t ?)Z ~&X

lira- K^Z _ ^ft _ ^a
c G Dt

~
~tix ^)

H
j

(8)

a-, K, and
//,

are the electric conductivity, specific inductive capacity, and

magnetic permeability of the medium at the point under consideration,
c is the velocity of light in vacuo, X, Y, Z are the components of E, the

electric intensity at the point, and a, /?, y are the components of H, the

magnetic intensity at the point, a-, K, and X, Y, Z are measured in electro-

static units, and p, and a, ft, y in electromagnetic units.

mu * u- u *y *P ^a ^y *P ^a
The vector, the components of which are ^ - f. ^ ~, -

~<r >

ty T)z' ^2 ^x l)x cy
is said to be the curl of the vector whose components are a, ft, y.

Hence
the equations (7) and (8) can be contracted into

47TO- K ^E- E + -
S7 = curl H

c c ot

IM c)H
and c = _ cur} E.

c <M

Before proceeding to give an account of the proof of these equations
it will be necessary to prove a theorem used in the proof.

Stokes' Theorem. The line integral of the tangential component
of a vector taken round any closed curve is equal to the surface integral

386
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of the normal component of the curl of the same vector taken over
any surface bounded by the curve, or

D

A
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Kdy DP\ /da Dy\

-1) + Ks -
3 +

where A is the area of ABC. Hence we infer that the equation holds
for any small area whatever.

FIG. 296. FIG. 297.

Take any surface and divide it up into elementary triangles. The
line integral round the surface is equal to the sum of the line integrals
round the individual triangles, because, as may be seen from fig. 297,

every side of a triangle not at the same time on the bounding edge
of the surface is traversed twice during the integration in different

directions, and so contributes nothing to the total. Hence the line

integral round the surface is equal to

r-
- sr i 5

-- -

I
-

by da/ Vft W Vita

which proves the theorem.

The above proof of Stokes' theorem, although satisfactory from the

physical standpoint, has nevertheless two gaps in it, somewhat irritat-

ing to a mathematician. Hence the following proof may be substituted ;

it is more logical though physically less instructive.

f|Y Da 3a\, fpa , ffda , fPjj fPa , ,

ll m s n^- )ds = \\^ mdS - L nds =11^- dzdx - U- dxdy
JJV De DyJ jjDa Jfry JJ^ JJ^f

= (3
~

2 )
dx ~

(
a
i
- a

2) dx =
|(,

- a
x) dx.

As may be seen from a diagram, a
x
and a

3
are the values of a for the

points in which a plane parallel to YZ cuts the curve, and a2 is the
value for the point in which the lines through these two points intersect.

Now

(a3
-

ttj)
dx = I adx

when regard is paid to the sign of dx at the two points on the curve.

By treating the other terms in the surface integral in the same way
the theorem follows.

Derivation of the First Three Equations. When an electric current
flows along a wire it produces a magnetic field in the neighbourhood
of that wire. This was discovered by Oersted in 1820 ; he found, when
a straight wire was held horizontal in the meridian above a magnet
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which was free to turn about a verbal axis, that the magnet was
deflected when a current passed along the wire. There was a force

on the north pole due to the current tending to move it in a circle

round the wire in one direction, and there was a force on the south

pole tending to move it round the wire in the other direction. It has
been found as a result of experiment, that if it were possible for the
force due to the current to carry the north pole right round the wire
to its original position, then the work done by the current on the pole
would be 4:7rim/c, where t is the strength of the current in electrostatic

units and m is the strength of the pole. If, on the contrary, the pole
were moved round the current against the magnetic field of the latter,

then this quantity of work would be done against the current. The
result holfls true no matter how irregular the path pursued by the pole
is. It is necessary only that the latter should be brought back to its

starting-point and that it should go round the wire only once. The
wire carrying the current does not require to be straight ;

indeed it is

not necessary for the current to be carried by a wire at all. Suppose
we have a mass of metal through every point of which a current is

flowing and we draw in imagination a circuit inside this mass, then

if a pole of strength m were carried round this imaginary circuit, the

work done would be given by the same theorem. This theorem is

known as the first circuital theorem. There will, of course, be a

definite magnetic intensity at every point inside the mass of metal.

Let us put the first circuital theorem into a more general form.

Let all space be filled with a conducting medium, not necessarily homo-

geneous, and let there be electric currents everywhere. At the point

x, y, 2 let the components of H be a, /?, y, and let the components of

current per unit area be u, v, w. That is, if we set up an area of 1 sq.

cm. at right angles to the x axis, u gives the quantity of electricity

measured in electrostatic units which flows through it in one second.

Draw any closed circuit in this medium. Then, by Stokes' theorem,

The expression on the right of (9) is the surface integral of the

normal component of the curl of H taken over any surface bounded by
the circuit. The expression on the left is the line integral of the

tangential component of H taken round the circuit. This may easily

be seen, for, if we consider the element ds, its direction cosines are dx/ds,

dyjds, and dzjds; similarly the direction cosines of H are a/H, /H, and

y/H. The tangential component of H multiplied by the length of the

element is

H cos ds,

where is the angle between H and ds. But

a dx fi dy y dz
COS e =

H ds
+

H Ts +
H ds

Hence H cos ds = adx + /3dy + ydz.
'
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By the first circuital theorem

(adx + (3dy + ydz) = ~\\
(lu + mv + nw)ds.

The surface integral on the right gives the total current through the
circuit. Combining this equation with (9) we obtain

The above equation is true, no matter what the boundaries and
shape of the surface are. It holds true for every element of it, no
matter what values /, m, n may have

;
we may therefore equate the two

integrands. Thus the equation decomposes into the following three :

&TTU _^7 _ ^fi ^Try _ <)a c)y TTW <)/? da

~c~
~
ty

"
Tz' ~c~

=
^z

"
da;' ~c~

=
^x

~ V *
'

'

which hold for every point in the medium. They are equations which
enable us to determine the current when the magnetic intensity is

known.

The Displacement Current. The first circuital theorem was stated

originally for steady currents. Now, according to the modern theory,
an electric current in a wire consists of a procession of electrons along
the wire. Electrons are small particles which have all the same mass
m and carry the same negative charge e. Fig. 298 represents some-

"|\
/

(

\ /,\ /,\ /,

FIG. 298. EIG. 299.

what crudely a procession of electrons going through a circuit. The
lines of force are shown diverging from each electron. If N electrons

pass through the circuit per second, the current strength is Ne and
the work done in carrying unit pole round the circuit is numerically

equal to 4:7rNe/c.

The first circuital theorem was stated at first only for the case of

currents in wires, when a large number of electrons passes through the

circuit per second. What happens when the electron itself does not

pass through the circuit but only a portion of its field does ? The
second diagram above will make this question clear. Suppose that a

single electron comes from the left along the dotted line, reaches the

position shown in fig. 299 but stops there and goes no farther. It

does not go through the circuit itself but part of its field does. Will

there be a magnetic intensity round the circuit ?

From an electron there issue kire lines of electric intensity or lines

of force.* When the electron is at a distance from the plane of the

* The lines of force represent the electric intensity both in direction and

magnitude. Their direction gives the direction of the intensity, and the number
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circuit, the number of its lines of force through the circuit is zero. As
it approaches the plane of the circuit this number increases, and,
when it reaches the plane, the number is Qire. As it travels to infinity

on the other side, the number increases to 47re, so that altogether
there is a change of 4?re lines. When N electrons pass through the

circuit per second there is a change of 47rNe lines per second. The

work done in carrying unit magnetic pole round the circuit is in this

case 4?rNe/c, i.e. it is equal to the rate of change in the number of

lines divided by c. We can therefore regard the magnetic field as

due to the rate of change in the number of the lines instead of to the.

passage of the electrostatic charges. Both methods of regarding the

phenomenon lead to the same result when we are dealing with conduc-

tion currents in wires.

But in the case represented in fig. 299 they lead to different

results. For in this case there is a change in the number of lines

through the circuit but no charge goes through it. Which method

leads to the correct result in this case ?

It is the fundamental feature of Clerk Maxwell's theory that he

regarded the magnetic field as due to the change in the number of

lines per second.* If there is an increase in the number of lines

through a circuit due to certain electrons, while the electrons themselves

do not go through the circuit, then, according to his theory, there is a

displacement current through the circuit measured by the rate of

change of the number of lines of force divided by 47r, i.e. measured by

l/(47r) times the rate of change of the surface integral of electric

intensity taken over the surface bounded by the circuit. The resultant

current, the current which is to be substituted in equations (10),

is the sum of the displacement and conduction currents.

If we have a point charge e situated in a medium of specific induc-

tive capacity K, the electric intensity E at a point distant r from it is

given by
&

E =K^
The number of lines of electric intensity issuing from the charge in this

medium is 4;re/K. If N point charges pass per second through a circi

in this medium, the work done in carrying unit magnetic pole round

the circuit is still ^Ue/c. But the rate of change of the number of

nl 4^NeK. Hence the work done
lines of intensity is in this case only 4^Ne/K. Hence the wor one

in this case is K/c times the rate of change of the number of

intersecting unit of area gives the component of the intensity, in the direction at

** way of arriving at the^^^
students find it easier and it is certainly more in accordance with modern

thought. Maxwell regarded the conduction current"^
in kind from the displacement current, while here there i

tion. It is merely an accident that the charge goes throu va
one case. The theory of displacement currents was given^
while the idea of regarding the conduction current as due to the

electrons dates only from 1898.
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intensity, and the displacement current through a circuit is K/(4?r) times

the rate of change of the surface integral of electric intensity taken over

the surface bounded by the circuit.

The conduction current per unit area in the direction of Ox is

equal to <rX. This may be seen by considering a cube of unit side
;

1/cr is the resistance of this cube, and X is numerically equal to the

electromotive force between two opposite faces. To obtain the dis-

placement current per unit area in the direction of Ox consider a face

of this cube perpendicular to the x axis. The number of lines of

intensity through it is X. Consequently the required displacement
current per unit area is

If we substitute the sum of these expressions for u in equations (10)
and at the same time make the corresponding substitutions for v and w
we obtain

47TQ- K <)X _ ^y _ 5/?

c c ~bt

~
t>?/

"
~bz'

47TO- l< cW a (V

47TQ- K dZ

C ~bt

<)/?

the first three equations of the electromagnetic field.

Example on the First Circuital Theorem. A point charge of elec-

tricity is situated in air on the axis of a circle of radius
6 at a distance a from the plane of the circle. Let P

(fig. 300) be the position of the point charge, and let AB
be the trace of the circle. With P as centre draw the

sphere ADB. Then the area of the cap ADB is equal to

the area intercepted on the enveloping cylinder by the

planes AB and DF, i.e. 2?r DF x CD. CD = PD - PC =
PA - PC =

(a
2 + &2

)*
- a. Thus the area of the cap

is

+ 62
)*

-
a}.

FIG. 300.

The electric intensity at D is

a2 + &2
'

Hence the displacement current through the circle is

/ '> . 7 Q\ I I I -.9 7 <>\ 1 6

6s

2 dt

d dt

e da
(a

2 + (a
2 + V3/2

2 dt (a* + 62
)
3 /2
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Let H denote the tangential component ot the magnetic field round the
circle. Then, by the first circuital thedrem,

c 2 dt (a
2 + &2

)
3 /2

eb da
~

c(a
2 + 62

)
3 /2 dr

daldt is the velocity of the point charge away from the circle. If we
write AP =

r, /-APC = and -
dajdt = v, then this result may be

written

_ ev sin

Thus the magnetic intensity increases from zero as the point charge
approaches ;

it reaches a maximum when the charge passes, and then

finally diminishes to zero again.

Derivation of the Second Three Equations of the Electromagnetic
Field. If a coil of wire is connected in circuit with a galvanometer
and the pole of a magnet is thrust into the coil, a current is set

up through the galvanometer. This current endures as long .as the

magnet is moving, and ceases whenever the magnet comes to rest. If,

again, instead of thrusting the magnet into the coil a current is started

or stopped in a neighbouring circuit, a transient current is set up in

the first circuit. This transient current lasts only as long as the

value of the current in the neighbouring circuit is altering, and ceases

whenever the latter attains a steady value. Such currents are called

induced currents and their laws were determined experimentally by
Faraday.

In both the above cases the magnitude of the induced current de-

pends on the resistance of the circuit, i.e. on the material of which the

wire is composed. The induced electromotive force, that is, the resist-

ance of the circuit multiplied by the current, is the same no matter

what the material of the circuit is. We shall now proceed to give the

mathematical expression for the induced electromotive force.

Suppose we take any surface bounded by the circuit and divide

this surface up into elements of area which are so small that they can

be regarded as plane. Let dS be the area of one of these elements, let

a, ft, y be the components of the magnetic intensity on its surface, and let

/, m, n be the direction cosines of its normal. Then la + mft + ny is

the component of the magnetic intensity normal to the surface,

(la + mft + ny)dS
gives the number of lines of magnetic intensity through the element,

and

\\(la + mft + ny)ds

gives the number of lines of magnetic intensity through the whole

circuit.

Then if the circuit is situated in air,
- 1 fc.

times the time rate of
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change of the above integral gives the induced electromotive force round
it. If the circuit is situated in an isotropic medium, not air, then the
induced electromotive force round it is given by

where ^ is a constant termed the magnetic permeability. This theorem,
which embodies all Faraday's results, is sometimes called the second
circuital equation. If the medium is not homogeneous /x may vary
from place to place, i.e. it is a function of S. For air

/x
is unity.

*

If in a certain region we have a changing magnetic field, brought
about either by the motion of a magnetic pole or by making and break-

ing a current in a neighbouring circuit, and if we place a circuit

anywhere in this region, there is always an induced current and

consequently an induced electromotive force round the circuit. The
electromotive force is the line integral of the electric intensity round
the circuit. Now the circuit may be placed in an infinite number of

positions ; consequently we are led to the conclusion that as a result

of the changing magnetic field there is an electric intensity with a

definite magnitude and direction at every point in the region.
Let ds be an element of length of the circuit and let be the angle

which it makes with the direction of E, then the second circuital

equation can be written

G\ E cos ds = - ^ L
(la. + mfi + ny)ds . . (11)

The minus sign means that if the surface integral of normal induction

is increasing, the direction of the increase is connected with the line

integral of electric intensity in the manner typified by a left-handed

screw. By Stokes' theorem

On combining (11) and (12) we obtain

This equation is true no matter what the boundaries and shape of the

surface are. It is consequently true for every element of the surface,

no matter what the values of /, m, n may be. It therefore decomposes
into the following three equations,

Maxwell's second three equations for the electromagnetic field.

Equation for an Electromagnetic Wave. Let o-, the conductivity of

the medium, be zero. Then the equations of the electromagnetic field

become

*
j"Jju(Zo + m& + ny) dS is said to give the magnetic induction through the

circuit.



THE ELECTROMAGNETIC THEORY OF LIGHT 395

K dX _ dy d/8 K (VY _ da dy K t)Z _ d da

C <U
~

<)?/

~~

d' <M
~~ ^ <)#' "c M ~

^X
~

ty'

_^:^_<y?_')Y _/i^_lx _^ ^X <>Y ??~
c M ~

ty
~

$z' c~bt
~

tTz

~
da'

~
c S =

da
~

ty*

Differentiating the first with regard to t and substituting from the last

two we obtain

.

'

Let us assume that there are no electrostatic charges in the region
under consideration. Then

For, if we suppose a single electrostatic charge of magnitude e
} ,

at the

point x
lt y^ z

l
the intensity due to it at a point P (x, y, z) distant

r
l
from x

lt y lf
z
lt

is given by ejr-f. Taking the components of this

parallel to the axes we obtain,

*i x-xi Y . ji y -yi and z . . ji g - g
i

1 '^ ' J

This aives
l --

But r
x

2 =
(x

-
XlY + (V- 2/i)

2 + (*
-

^i)
2 and hence 2r

x ^ 2(o?
- &

or

Substitute this value in the above equation and we obtain

- gj (x
- xj = fljA _ 3(x

-
^i)

2
\

4 2

Q- 'I 1
OY

1
6Wl 6(V ~

yv\ and ! Ml ^
Similarly y-

1 = -Ml ^2 )
anci

~^z
=

r*\ r 2

Hence
y-*

+ y-
1 + -^

=
^f8 -

r 2

X

Similarly, if we assume a charge e
2
at a point *

2 , ^2 ,
*
2 ,
and consider its

effect at x, y, z, we find that

^ + ^ + ^2
= Qj

and by assuming a number of such charges we find finally that

^fX X ) + (Y + Y f ) + -^(Zi + Z
2 )

=
-

It is assumed, of course, that none of the charges is at the point x y, s.

If we substitute (14) in (13), then the latter equation reduces

to
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The Equation of Wave Motion. Equation (15) is the same as

. . . (16)

an equation which occurs frequently in physics. The solutions of this

equation represent waves travelling with velocity v.

This may be seen by considering some special cases. Suppose, for

example, that X does not vary withy and z. Then the equation reduces to

In order to solve this equation write

x
l

x -
vt, #

2
= x + vt.

() d do;, () dak <) <)

TTIPTI _ _ _ _-
i _=. _ _ i _

^X da^ *X
+ ^

2
DX ^ +

^X
2

"

mu t
<>2X <>2X

ft
^X ^2X

Therefore ^^ = - + 2^ ^- + ^.
()o?

2
t)^

2

^07^0^ i)^
2

1 _L^i 1_^2_ _! A
s

~ ^ St-'^'is^ "Si"

' " ^; +
*'te~

2

'

. ^)
2x

9
^)
2x n 9

i)
2x > 2x

andconsequently^-
= ,2^2

-

Sk*^
+^r

On substituting these values, the original equation reduces to

_ Q
d&Otfg

The most general solution of this is obviously

X=/iW +/2W;
Hence the most general solution of the original equation is

X = f^x -
vt) + fz (x + vt).

Now, if
t/i(#

-
vt) be plotted as a function of x, it is exactly the

same
as/^rc)

in shape, but every point on it is displaced a distance

vt to the right of the corresponding point inf^x). It thus represents
an irregular wave travelling towards the right with uniform velocity v, the

shape of the wave at time t = being given by X =fi(x). Similarly
X =f2(x + vt) represents a wave travelling towards the left with uni-

form velocity v. The general solution is the sum of these two waves.
If we write

/i'(*
~

vt)
= sin | - and /2 (a? + vt)

= sin

then the two irregular waves reduce to infinite trains of harmonic waves
such as have been used earlier in this book.

Suppose the wave is plane but goes in a direction inclined to the co-

ordinate axes. Let /, m, n be the cosines of the angles which its direction

makes with the co-ordinate axes. Then, as may be verified by sub-

stitution, the solution of the equation takes the form
t/'(/a? + my + nz - vt)

.-> 2-7T/ lx + my + nz\ .

in the case of an irregular wave, and sin -( / -
J
in the

case of an infinite harmonic one.
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Let us suppose that X varies only with r, its distance from the

origin. Then

But r2 = x2 + 2/

2 + z2 and 2?v~ = 2#
; hence

a#\ar r/ ar r ar\ar f/f

, ,

rurther

ar r r Var
2 r r2 ar ,/ r2 ar2

Similarly ^-^T = ^-
9

'

+ ^ -(
- - 2L

J
^y2 yl ^^2

r
^r \^r ^3

an(^ VT =
"2 V2 + S~( rl'

On substituting these values in (16) we obtain

X 2
2
"

"*"

r

^)
2

which may be written
^72

(rX)
= /y2

^~2(
rX

) (18)

This is the same as (17) except for the fact that rX takes the place of X
and r takes the place of x. The most general solution of (18) conse-

quently takes the form
rX =A(r -

vt) +/a(r + vt),

or X =
^/1(r-^) +

^./2 (r + ^) . (19)

This obviously represents two spherical waves of irregular form both

travelling with uniform velocity v, the first away from the origin and
the second towards the origin. The amplitude of each wave is inversely

proportional to its distance from the origin.
A particular form of (19) is

A . 27r/ r\
- sin t

)
.

r r\v)
This represents an infinite harmonic spherical wave travelling away
from the origin.

Electromagnetic Waves. Equation (15) shows that X is propa-

gated by wave motion, the velocity of the waves being c/^/xK. We
can prove the same for Y, Z, a, /?, y by proceeding in exactly the same

way. Consequently the electric and magnetic intensities are propa-

gated in a dielectric with a velocity c/^/xK, and are said to constitute

an electromagnetic wave. Now for air /x
= 1 and K = 1 when they
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are measured respectively in electromagnetic and electrostatic units, as

is done here. Hence for air the velocity is equal to c.

It is shown in books on electricity, that, when the same electrical

quantity is measured on both the electrostatic and electromagnetic

systems of units, the ratio of the results is always a power of c. For

example the numerical value of the capacity of a condenser on the

electrostatic system is c2 times its value on the electromagnetic system.
The value on the electrostatic system can be found by calculation, and
the value on the electromagnetic system by charging the condenser to

a known potential and then discharging it through a galvanometer. Thus
the value of c can be determined by purely electrical methods. The

following table, taken from Kaye and Laby's "Physical and Chemical

Constants," gives the results of the most important determinations,

together with the names of the observers :

c.
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the electric intensity is changing. It is the propagation of this change
in the electric intensity together with the attendant magnetic intensity,
that constitutes an electromagnetic wave. ^Ef we were to move a charged
pith ball suddenly from one point to another by mechanical means,
although a wave would be produced, the effect would not be nearly

powerful enough to observe. Hertz produced the waves by means of

a piece of apparatus called a vibrator or oscillator.

One form of vibrator consisted of two rectangular brass plates, each

of about 40 sq. cms. area, to each of which was attached a thick wire

with a spherical brass knob at its end. By means of the wires shown
in the diagram these knobs were connected to the terminals of the

secondary of an induction coil. The two plates act like the plates of a

condenser of low capacity. When the primary of the induction coil

is broken, a high electromotive force is induced in the secondary.
This causes a current to flow out of the one plate, through the wire,

round the secondary of the induction coil, and through the wire into

the other plate. The two plates thus acquire charges of different sign

and the condenser becomes charged. This goes on until the potential
difference between the two knobs is too great for the insulation of the

FIG. 301. FIG. 302.

air crap between them to withstand. It therefore breaks down and a

discharge passes across the gap. This discharge is an oscillatory one.

The current first goes the one way until the two plates acquire charges

of the opposite sign to those which they possessed at.first It i

reverses until the plates are charged the same way as at nrst 11

reverses again, and so on, the electricity surging backwards
and forwards

across the gap until its energy is dissipated and the gap ceases to con-

duct Every time the primary of the induction coil is broken the whole

process is repeated over again. The number of complete vibrationsi in

one discharge is not large, about four, and the* period is not quite

constant, as the resistance of the gap is changing all the time. LN

of the piih ball moving from A to B in fig 301 we have in the

oscillator shown in fig. 302 an electric charge moving backwards and

forwards between two plates with a complete period of about 3

ec This is, of course, very much faster than any
Barged

conductor

could be moved by mechanical
means^

For the oscillator m % 302

to work properly it is necessary for the surfaces of the knobs

polished very smooth so that the discharge starts
^"

dde
^;,

To detect the waves produced by the osciliator ?^
resonator consisting of a piece of wire bent into a circle, the
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FIG. 303.

terminating in brass knobs the length of the air gap between which
could be regulated with a micrometer screw. The diameter of the

circle was chosen so that the period of the oscillations which could

take place in the wire coincided with the period of the oscillator itself.

If the resonator was placed so that owing to the action

of the oscillator the magnetic induction through it

changed, a periodic electromotive force was induced
round the circle. This caused an oscillating difference

of potential between the two knobs, the amplitude of

which increased until finally sparks passed between
them. The maximum length of the gap across which

sparks would pass was a measure of the strength of the induction

through the circle, and consequently a measure of the component of

magnetic intensity at right angles to the plane of the circle.

If we call all the planes through the axis of the oscillator in fig. 302
meridian planes, and the field of the oscillator be explored with a

resonator, then it is found, that at a distance from the oscillator the

direction of the electric intensity at any point is in the meridian plane
and at right angles to the line joining the point to the oscillator,

while the direction of the magnetic intensity is at right angles to the

meridian plane. Since the disturbance is travelling out from the

oscillator, it follows that the electric and magnetic intensities are at

right angles to one another and to their direction of propagation.
The most convincing way of showing that there actually are waves

travelling out from the oscillator is to produce interference. To do

this they are allowed to fall perpendicularly on a metal screen 2 or 3

J

FIG. 304.

metres square. This reflects them and makes them interfere with the

incident waves, and the result is that stationary waves are formed in

front of the screen. The resonator sparks at the loops and does not

spark at the nodes.

Hertz also demonstrated the refraction of electromagnetic waves by
a prism. For this purpose he made a vibrator consisting of two brass

cylinders, which were placed in the focal line of a parabolic zinc re-

flector. Thus after reflection the waves proceeded as a parallel beam.

The resonator consisted of two pieces of thick wire placed in the focal

line of a similar reflector ; the spark gap was taken through to the
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back of the mirror so that it could be observed without obstructing the

rays. When the beam fell on the reflector, it was concentrated on the
resonator and sparks were produced in the, gap. When a large prism
of pitch of refracting angle 30 was placed in the path of the beam, the

sparks stopped but were produced again when the receiving mirror
was moved a distance to the side, showing clearly that the beam was
deviated by the prism. The angle of minimum deviation was 22 so

that the index of refraction of the prism for the electromagnetic waves
worked out at T69.

If the receiving mirror is rotated round the direction of the beam
coming from the vibrator, the sparks diminish in length, and when the

directions of the resonator and vibrator are at right angles to one
another the sparks cease altogether. This is because the original beam
is plane-polarised ;

its electric intensity is parallel to the focal line of

the first mirror, and, when the mirrors are crossed, its component in

the direction of the resonator is zero. This plane polarisation can also

be shown experimentally in an interesting way by means of a wooden

frame, on which a number of wires have been wound with their direc-

tions parallel, so as to form a kind of diffraction grating. If this is

placed between the vibrator and receiver with the wires parallel to the

former, it is opaque to the radiation. But when the direction of the

wires is at right angles to the axis of the vibrator, the waves are trans-

mitted freely. The action of the wire screen is thus analogous to that

of a Nicol's prism.

Effect of the Medium on the Velocity. The general expression for

the velocity of an electromagnetic wave is c/ ^//xK. For all transparent
bodies p differs inappreciably from 1

;
hence the velocity reduces to

c] ,/K. But the velocity of light in a medium of index of refraction n

is c/n. Hence n =
,JK, or, in other words, the index of refraction is

equal to the square root of the specific inductive capacity.
If we proceed to test this relation we find that for certain gases it

is approximately true. For example, we have the following results :
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is to be expected only when the index of refraction does not change
with the wave-length.

Propagation of a Plane Wave. Consider the expression

It represents a plane wave of electric intensity propagated in the

direction of the positive x axis, v being the velocity of the wave, r its

period, and B the maximum value of its amplitude. In any plane

parallel to yz the electric intensity at any time has everywhere the

same value. If we fix our attention on a definite plane, then, as

time progresses, the electric intensity undergoes a simple harmonic
variation. If we fix our attention on a definite time and move the

plane instantaneously in the direction of the x axis, then the electric

intensity again undergoes a simple harmonic variation when regarded
as afunction of the distance. Its direction, however, always remains

parallel to the y axis.

Put x = Z = 0, and substitute for X, Y, and Z in the second three

equations of the electromagnetic field. Then

,

c ot c ot

The constants of integration must be zero, as there are supposed
to be no permanent magnets or steady currents in the field. We thus

obtain

a = ft
=

0, y
= B - COS -(t - -

fJiV
T \ V

This represents a plane wave of magnetic intensity, of the same

period and velocity as the former wave propagated in the same direc-

tion, the magnetic intensity in the wave being always parallel to the

Z axis. According to the equations of the electromagnetic field, we
cannot have the one wave without the other. Both together are said

to constitute a plane electromagnetic wave plane polarised in the zx

plane. In the wave the electric and magnetic intensities are at right

angles both to one another and to the direction of propagation.

Apart altogether from the differential equation we can think of the

propagation of the above waves occurring as follows : Let us imagine
that initially there is an electric intensity in the y direction everywhere
in a thin layer parallel to the plane x = 0. This induces a magnetic

intensity in the z direction on the front surface of the layer and an

equal one in the - z direction on the back surface of the layer. The
first magnetic intensity induces an electric intensity in the + y direc-

tion in front of the layer and one in the - y direction inside the layer.
This latter cancels out the initial electric intensity. In this way a

pulse is propagated.

Similarly, if we had started out with the wave

Z = C cos (t -
X
\

T \ Vf
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by substitution in the equations of the electromagnetic field we would
have found associated with it the wave

c 27T/;" x\8 = - C cos
(

t
).

fJiV T \ V/

Together they constitute a plane electromagnetic wave plane

polarised in the xy plane.

Suppose that the plane polarised wave is not propagated in the

direction of one of the coordinate axes but in any direction whatever,
the direction cosines of which are /, m, n. Then it may be represented

by
2?r / Ix + my + nz\ 2?r / Ix + my + nz

X = A cos
(t

*

j,
Y = B cos (t - *

2ir / Ix + my + nz\
Z = C cos

^
-

J.

dX dY dZ =

Substituting in this equation and cancelling out the common factor

2?r . 2 / Ix + my + nz- sm
(
t - -

TV T \ V

we obtain lA + mB + nC = 0, i.e. A, B, and C are not independent,
but the resultant electric intensity must be at right angles to the direc-

tion of propagation.

Substituting in the second three equations of the electromagnetic

field, we obtain
. 2ir . 2?r /, Ix + my + nz\

- nB)
- sin [t

-
),' TV T \ V

27T / Ix + my + nz\

*>-('- ->
Ix + my +

- sin
rV

c 2?r / Ix + my + nz\
whence a = (mC - nB) cos ( t - - ~

),

fJiV
T \

c 2?r / Ix + my + nz^

c 27r / Ix + my + nz"

y = (IB
- wA) cos [I

- -
' v

fJ/V
T \

We see from the form of the coefficients that (a, ft, y) is at right

angles to both (X, Y, Z) and (/, m, n).

Poynting's Theorem. If a conductor receives an electrostatic charge,

the energy of the charge is stored up in the field. This can be shown

very well with a Leyden jar, the inner and outer coatings of which can

be detached from the glass. If the condenser is insulated and charged,

and if it is taken apart with insulating tongs and the two coatings put

into contact with one another, no spark passes between them.

26 *
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it is put together again and then discharged, the spark is as great as

it would have been had the condenser never been taken apart. The

energy of the charge has apparently been stored up in the glass.
The energy of a system of charged conductors can, of course, be

calculated from the work done in bringing each elementary charge from

infinity, in analogy with the method of calculating the potential energy
of a system of gravitating masses. It is found that the same numerical

value can always be obtained by assuming that there is an amount of

electrostatic energy stored at every point of the field equal to

KE2

87
per unit volume, E being the electric intensity at the point.

Similarly, at a point in a magnetic field, where H is the magnetic

intensity, we assume that there is a . quantity of energy ^ per unit

volume. This assumption gives the same value for the energy of a

system of electric circuits as is obtained by using the equivalence of

each circuit to a magnetic shell.

We assume, therefore, that the density of the total energy in the

field is given by

Suppose now that we have a certain region of space bounded by a

closed surface. The energy in this region is given by

-fft

f
[f

Y2 + Z 2
) + /x(a

2 + y8
2 + y*)}dx dy dz,

the integration being taken throughout the whole region. The rate of

increase of the energy in the region is obtained by differentiating the

integral with respect to t, and is equal to

l (
/ dX 3Y ?)Z\ / c)a dfl dy

sHx
;>7

+ Y
Jl

+ z
*t)

* Ka
si

+
"Si

+

Substituting for K-CT, ...,..., ^., ...,..., from the equations

of the electromagnetic field, this becomes

=
(/?z

~
yY) +(yx -

az) +(aY " ^}dx dy

* -
yY) + m(7X -

aZ) + n(aY

by Gauss's theorem. The vector the components of which are

ftZ
-

yY, yX - aZ, and aY -
/?X, is evidently at right angles to both

H and E, and its numerical value is equal to

{(ftZ
-

yY)
2 + (yX

-
aZ)

2 + (aY
-

X)
2
}*
= EH sin (9,

where is the angle between the directions of H and E.
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The surface integral is the surface integral of the normal component
. cEH sin .

^ taken over the surface bounding the region. It is natural

. cEH sin 6 .

then to interpret ^-
at a point in space as the rate of flow of

energy per unit area at that point. This result is due to Prof.

Poynting.

Energy of a Plane Wave. Suppose that the wave is propagated in
the x direction and that it is polarised in the zx plane. Then it may
be represented by

V

By Pointing's
theorem the energy is flowing in the direction of

the x axis, i.e. the direction of the flow of energy is identified with the

ray, and the rate of flow at any time for any value of x is given by
cEH sin 6 c2 . 27r- = i B2 cos2 it I eres/sa. cm. sec.

7T / X\
(t ) ergs/sq.T \ Vj47T

This expression oscillates between zero and a constant positive
value, but never changes sign. The energy flow is therefore always
forward. The period of the oscillations is so small that they cannot
be detected by the eye or any physical instrument ; it is the mean value
that is important. Now the mean value of cos2

0, between = and
6 =

TT, is
-J-.

Hence the intensity of the wave is equal to

c2

STT/JLV

As all our observations on light are made in air, for all practical

purposes we may put pv = c. The intensity of the wave is therefore

proportional to the square of the amplitude, a result which has already

(cf. p. 131) been deduced from other considerations.

Boundary'Conditions. It is now necessary to determine the con-

ditioris that must be fulfilled at the boundary of two media when an

electromagnetic wave passes from the

one to the other. To fix our ideas, let

the xy plane be the boundary, let the

specific inductive capacity of the upper
medium be K, of the lower medium K',

and take the axis of 2 positive down-
wards. We shall also suppose that as

we pass through the boundary, the

specific inductive capacity changes dis-

continuously from the value K to K'.

Consider the rectangle ABCD, the side AB of which is in the one

medium and the side CD in the other, both AB and CD being extremely
close to Ox. Let a unit magnetic pole be carried round this rectangle.

Then the work done against the field must be zero, because the area

z
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of the rectangle is so small that the displacement current flowing
through it may be neglected. The work done on the ends AD and BC

may be neglected owing to their being so small. Thus the work done
on AB must be equal and opposite to the work done on CD, or, in other

words, the magnetic intensities along AB and DC are equal. We arrive,

therefore, at the condition that the tangential component of magnetic
intensity must have the same magnitude and direction on both sides of

the boundary, that is, in this case a and ft must be the same on both
sides of the boundary.

Similarly, by taking unit positive electric charge round the rect-

angle, it may be shown that X and Y have the same values on both
sides of the boundary.

EXAMPLES.

(1) Show that, when an electromagnetic wave passes from one medium
to another, if the normal to the surface of separation is parallel to the z

axis, then KZ and
/Lty

have the same values on both sides of the surface of

separation.
(2) A plane wave, which is plane polarised in the xy plane, is propa-

gated in the x direction. Find an expression for the energy in one wave-

length, given that the magnetic intensity is specified by

(3) A long straight cylindrical wire of circular section is carrying a

steady current C, measured in electrostatic units. Calculate by Poynting's
theorem the rate of flow of energy into a length d of the wire, given that R
is the resistance of this length, and compare the result with Joule's expres-
sion for the heat evolved in this portion of the wire.

(4) Assuming that p,
= 1 but that K has the value K], K

2 ,
or K3 accord-

ing as it is associated with X, Y, or Z, so that the first three equations of the

electromagnetic field become

K, 3X 3y _ 3# K* 3Y = 9 _ 3y jvaz = 30 _ J3a
c 3* 3y '32* c 3 9z 3sc' c 3$ 3 30'

show that, if a plane wave is propagated, the resultant electric intensity is

not at right angles to the direction of propagation but the resultant magnetic
intensity is. Also show that the velocity in the direction I, m, n is given by
Fresnel's law for the velocity of light in a crystal (cf. p. 205), namely

P m2

A2 - v2 B2 - V 2 C2

where A 2 = ca/K,, B 2 = c2/K2 ,
and C2 = c

2
/K3 .

_~



CHAPTEE XXIII.

REFLECTION AND REFRACTION.

The General Case. Let a plane polarised plane wave of mono-
chromatic light fall upon the plane boundary of two transparent media.
Take the axis of Z positive downwards, and let the boundary of the

two media be given by 2 = 0. Let
the plane of incidence be the zx

plane and let the angle of incidence

be
<J>.

Let the specific inductive

capacity of the upper medium be K
and of the lower medium K'. As is

usual in problems in optics, we put
the magnetic permeability of both

media equal to unity.
Resolve the electric intensity in

the incident wave into two com-

ponents, of maximum amplitude A
x

in the plane of incidence and Bj

perpendicular to the plane of incidence. Then the plane of polarisa-
tion of the incident light makes an angle cot" 1

8,/Aj with the zx plane.
Resolve A

x
into components A

t
cos

<f> parallel to Ox and - A
x
sin <

parallel to Oz. Then the electric intensity in the incident wave may
be written

27T / Jtix sin < + z cos
<j>}

X
x
= A

x
cos

<f>
cos It - -

sn z cos

27T/ jK{a; sin + z cos~
YI
= B

x
cos

Z, = -
A! sin * cos - -

since the velocity in air is c and the direction cosines of the normal to

the wave-front are sin
<J>, 0, cos <.

To find the magnetic intensity associated with the electric intensity,

substitute for X
lf

Y
lf

Z
l

in the second three equations of the electro-

magnetic field and solve for 04, ft, yv making the constants of integration

zero. Then we obtain

407
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-
B, /KCOS * COS - -

cos it - :

T V C

-. .., sm< + z cos
sin <& cos ( c -

T

The above six equations represent the whole incident wave. When
it arrives at the boundary it gives rise to a refracted and a reflected

wave. We shall assume that the maximum values of the electric

intensity of the refracted wave are respectively A
2
for the component

in, and B
2

for the component perpendicular to the plane of incidence.

We then obtain the following equations for the refracted wave simply
by substituting for A

lf
B

I}
K and

<j>
:

A 008 cos

sn

STT/^ jKfix Sin + Z COS 0}\sm 6 cos f t - *= --- -
,

T\

K'-COS e cos

T\ C

sin + ' cos

- + A
2

cos

, v/K
7

!^ sin 6+ z cos 0}
72
= + B

2 V/K Sln ^ COS - ^- -

Similarly, for the reflected wave, we obtain

a? sin
<f>' + z cos <'}

3

TT/ Ka? sn
<f> + z cos <\

A
3
cos

<f>
cos ^

- -

-^-
-

j,

Y R .q /To Do UUO It;
~

T\ C

a
i , v/ .x)^ sin d>' + z cos <i'

(- A
3 sin ^> cos ( t

a,
- - B

3 V K cos ^ cos -

^3
= + A

3
K cos t -

2?r/ v/KJ^ sn <> + 2f cos
73 =+ B3X/K sm

#,'
cos -

(t
- ^-

-^-
In the above A3 and B3 are put respectively equal to the components

of the maximum electric intensity in and perpendicular to the plane
of incidence. Also, we do not assume that <', the angle of reflection,

is equal to <, the angle of incidence. It should be noted that <' is the
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angle that the normal to the reflected wave-front makes with the
positive direction of Oz.

We have now to apply the boundary conditions. A
lf
B

lf <f>
are known

and we wish to determine A
2 ,
B

2 , 0, A3 ,
B3 ,

<'. It is at once clear that for
2 = all the components of electric and magnetic intensity must
be proportional to the same function of x and t, i.e.

fjK sin
<f>
= JK' sin = ^/K sin

<J>'.

This equation contains the laws of refraction and reflection, for it may
be written

sin tf> /K
7

sn
The laws of reflection and refraction are thus derivable from the

mere fact that there are boundary equations, and they do not depend
on the particular form of the latter.

Since the tangential components of the electric and magnetic
intensities are the same on both sides of the boundary, we have
X

x 4- Xa
= X

2 with three similar equations. These give

(A!
- A

3)
cos

<f>
= A

2
cos B y

B
x + B

3
=

B^,

(B x
- B

?) VK cos $ = B2N/K'cos0 and (A x + A
3) ^/K = A

2 ^/K'.
On solving for the four unknown quantities we obtain

A A V*"' cos
<t>
~

VK^COS ^/Kcosift
-

,/K' cos0
1

^/K"'
cos

<^4- yk cos 0'
3
"

*

,/K cos < + ^/K
7
cos ^'

A = A _
2 N/Kcos j> B = B -

1 '
' 2 L '

cos ^ + ^/K' cos^^'

2 L

v/K' cos ^ + VK cos d>'

On substituting -.
|*

for ^y ,
these results become

tan (<
-

g) sin (<
-

g)
AI tan(<+ Oy

3
~

!

sin(<^ + 0)'

2 sin cos
<f>

2 sin cos <^>A
2
=

AI sin
(</> + 0) cos (^

-
Oy

B2==Bl sin (^ + 0)

'

The above are called Fresnel's formulae. They were first obtained

by Fresnel but by another method. They enable us to determine

completely the reflected and refracted waves when the incident wave
is known.

According to these formulas Ba never vanishes but A3 becomes equal

to zero when tan (< + 0)
= oo

,
i.e. when

<J> + =
^.

In this case

sin = cos 0, and if n be put for the ratio of the refractive indices of

both media, i e. if n = N/K'7K,
sin

n = -. 77
= tan <h.

sin

This value of < is called the polarising angle, and this equation states

Brewster's law, of which an account has already been given in

Chapter XL After reflection at this angle of incidence, natural light

is plane polarised in the plane of incidence.
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Fresnel's formulae can be verified very easily with a spectrometer
fitted with two nicols with square ends, one attached to the collimator
and the other attached to the telescope in front of its object glass.
These nicols can be rotated respectively about the axes of the colli-

mator and telescope, and are provided with divided circles for reading
their positions. The collimator has a circular aperture instead of a
slit. From Fresnel's formulas,

83 = _ BI sin
(<f>

-
0} tan

(<ft + 0) _ Bj cos (<fr
-

0)

A3

~
Aj sin

(< + 0) tan
(<

-
0)

~ "

^ cos
(</> + 0)

A^Bj is the tangent of the angle which the plane of polarisation
makes with the xz plane before reflection, and A3/B3 the tangent of the
like angle after reflection. In the experiments of Jamin and Quincke
A^Bj was put equal to unity, that is, the polarising nicol was set with
its principal plane at 45 to the xz plane, then A3/B3 was determined

experimentally for different values of <, and the results compared with
those given by the formula. The agreement was very good, only in

the neighbourhood of the polarising angle was there an appreciable
difference between theory and experiment. This difference has been
shown to be due to the boundary conditions not being accurate. In

deriving the latter, we assumed that the value of the index of refraction

changed discontinuously in passing from the one medium to the other.

If we assume that the change takes place gradually within a region
small in comparison with the wave-length of light, we obtain more
elaborate boundary conditions, and from these can derive formulas
that represent the experimental results perfectly. From experiments
confirming the more accurate theory, we learn that the transition

layer or region in which the index of refraction changes from the one
value to the other has, in the case of a polished glass surface, a thick-

ness of about TgTr
of the wave-length of sodium light.

Perpendicular Incidence. In the case of perpendicular incidence

<J>
and both become zero and Fresnel's formulae for A3

and B
3
become

indeterminate. If, however, we use the equations on p. 409 immedi-

ately above Fresnel's formulae, cos < and cos both become equal to 1,

and

The fraction of the intensity reflected is therefore the same for light

polarised in and perpendicular to the plane of incidence, namely ( = Y

In the case of reflection from glass to air, n = 1*5 approximately ;

hence 4 per cent of the incident light is reflected.

Total Reflection. Suppose that K' is less than K, that the wave,
for example, is reflected internally at a glass-air surface. Then < is

the angle of incidence in the glass, the angle of refraction in the air,
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and sin = n sin
<f>,

n of course having its usual value of 1'5 or there-
abouts. We have

cos 9 = 71 - sin2 = V1 - w2 sin2
<f>.

Where total reflection occurs, w2 sin2
< is greater than 1 and cos

becomes imaginary. We may write it in this case,

cos 6 = i Jn2 sin2
<f>

- 1.

It is interesting to examine what happens to Fresnel's formulae
when this imaginary value of cos is substituted. Let us at first con-
fine our attention to the reflected wave and examine the expression for
B
3

. For angles of incidence greater than the limiting angle,

sin ft
~

_ B
Sm ft cos ~ cos sm

_

(<j> + 0)

~
l sm

<f>
cos + cos

<j>
sin

sin <f> Jri* sin2
<

- 1 - n sin < cos
<f>

sin < V/W2 Sm2
< _TI + w sin < cos <

n cos < i Jri
1 sin2

< 1
1 n cos < + i ^tf Sjn2

<
_ i*

On multiplying both numerator and denominator by

n cos 4
- i

,/n
2 sin2

<
- 1

this gives

(w
2 cos2

<
- n2 sin2

< + 1)
- 2m cos

<^ ^/w
2 sin2

<
- 1

B
3
= Bl~

^2 _ ^

The coefficient of B
l

is a complex quantity, the modulus of which
is found by calculation to be 1 and the amplitude of which is

_ j
2w cos ^/w

2 sin2
<

- 1

w2 cos2
<

- w2 sin2
< + 1'

On writing 6 for the latter, the equation becomes

83
=

8! e-<*.

In order to interpret this result it is necessary to go back somewhat.

sin + 2r cos

represented the electric intensity perpendicular to the plane of inci-

dence for the incident wave. Instead of the cosine we might have

written

.2/ _ JK(x sin ft + z cos

T\ ^

Yj
= real part of B^

and we could have made similar substitutions for the other cosines.

This assumption is perfectly legitimate, for the equations of the

electromagnetic field and the boundary conditions are linear in X, Y, Z,

a, ft, y ; they are satisfied by both parts of the complex quantities

taken singly, and therefore must be satisfied by their sum. Had we

proceeded in this way, we should have found for Y3
in the above case,
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.27T/
i (

Y3
= real part of B3e

T ^

.27T/ JK(x sin d> - z cos d>)
( 5-i-f

. sin
<j>

- 2 cos
</>)\

-i

*LT \

'

c
~
)
~

\

real part of B
x
e

._.... _. . . sin <]>
- z cos

The amplitude of the reflected wave is therefore the same as the

amplitude of the incident wave, i.e. no light is lost by reflection, but
a phase difference is produced = b and varying with the angle of

incidence.

Similar results are obtained on examining the expression for A
3 .

Let us denote the phase difference produced in this case by a. Both

components of the incident wave were originally in the same phase,
but a relative phase difference has now grown up between them equal
to a - b. This method of interpreting the complex amplitude is due
to Fresnel.

The relative phase difference has been determined experimentally
by a spectrometer of the type shown in fig. 307, and the results have

11

FIG. 307 (from Drude's "
Optics ").

K is the collimator, p' the polariser, C the compensator, p the analyser, F the

telescope, and S the total reflection prism. The instrument depicted is the actual

one used by Drude in determining the optical constants of metals.

been found to agree with theory. The collimator and telescope are

fitted respectively with rotating polarising and analysing nicols the
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positions of which can be observed by reading microscopes. The
collimator has a circular aperture instead of a slit. In front of the
analyser is attached a Babinet compensator of the Soleil type. This
compensator consists of two quartz wedges (fig.

308), in which the axis is perpendicular to the

plane of the paper, and a quartz plate in which
the axis is parallel to the plane of the paper in

the direction shown ;
the quartz plate is cemented

to one of the wedges. The whole arrangement
FlG * 308>

forms a plate of variable thickness, which can produce a relative

phase difference between the components polarised in and at right

angles to the plane of the paper, and by turning the micrometer
screw this phase difference can be varied from - X. to -f A.. The
micrometer screw head can be seen in fig. 307. The difference be-

tween this compensator and the other type described on p. 224 is,

that this one produces the same phase difference throughout the

whole field, and hence is adapted for use with parallel light, whereas
in the other type the phase difference alters as we move along the

wedges.
In verifying the theory the polarising nicol was set so as to polarise

the light in a plane making an angle of 45 with the vertical. The

light was then allowed to enter a total reflecting prism, be totally
reflected by the hypotenuse face, and next to emerge from the third

face and enter the compensator. The latter annulled the relative

phase difference and the light was then extinguished by the analyser.
From the angle between the directions of the telescope and collimator

the angle of incidence of the light on the hypotenuse surface could be

calculated.

When the compensator is removed, this apparatus can be used

for verifying Fresnel's laws as described on p. 410.

Propagation of the Disturbance into the Second Medium. Let us

now investigate what happens to the expression for the amplitude of

the refracted wave when the angle of incidence exceeds the critical

angle of total reflection. If we substituteO

sin = n sin
</>,

cos = i Jri* sin2
<f>

-
1,

in A
2
and B

2 ,
the expressions for the amplitudes, the result is not zero ;

if we substitute these values in

27T/ (# sin 6 + z cos 0)\
cos

(
t - v -

)
T \ c

the expression for the wave itself, we obtain

2rr/ xn sin < . z /-= r-s -^
cos (t - - - - * -

\/w
2 sin2

<f>

- 1

If we interpret this result in the same way as in the previous pages

by writing an exponential in place of the cosine and then taking the

real part, it becomes
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27T/ xn sin
cos

7T/ xn sin <\
[.
< - - -

) (
20

)
T \ C )

In order to make this result intelligible, we have taken the negative
value of the root in the exponential. The exponential then di-

minishes very rapidly as z increases, and becomes inappreciable when
z is 2 or 3 wave-lengths. The expression consequently represents a
wave disturbance in the less dense medium close up to the surface and

moving parallel to the x axis.

This result, namely, that when light is totally reflected there is

nevertheless a wave in the second medium, appears at first astonishing
but is borne out by experience. For if a convex surface of glass of

large radius of curvature is brought into contact with the surface at

which total reflection takes place, there is a transparent patch where
the two surfaces are in optical contact, and this patch is surrounded

by an edge, which transmits light of a reddish tint and reflects light
of a bluish tint. At this edge the glass surfaces are not in contact but

the air film is not thick enough to cause total reflection. Obviously
according to (20) the red must penetrate furthest into the air

;
hence

the tints of the transmitted and reflected lights. Although there is

a wave in the second medium it is found on applying Poynting's
theorem that there is no energy flowing into that medium

;
as long as

the intensity of the incident wave is constant, all its energy reappears
in the reflected wave. Another peculiarity of the wave in the second
medium is that it is not transverse

;
on calculating out the expression

for X it is found that it is not zero, and, of course, the wave is pro-

pagated in the x direction.

The question of the conditions in the second medium at total

reflection has fascinated many experimenters from the time of Newton
on. According to Newton's theory the light corpuscle passed through
the glass in a straight line and was attracted by the glass when it

entered the air, just in the same way as a stone projected into the air

is attracted by gravity. The corpuscle consequently described a para-
bola in the air, then entered the glass again. According to Newton's

reasoning, if another glass surface were gradually approached to the

first, as soon as it touched the vertex of this parabola, some light
should enter this second piece of glass, i.e. while there was still a thin

air film between the two surfaces. Newton succeeded in getting this

effect experimentally, though now we interpret it otherwise.

Propagation of Light in Absorbing Media. So far, in dealing with

electromagnetic waves, we have confined ourselves to dielectrics.

Let us now drop this restriction and assume that o- is not zero.

Then the equations of the field are

47TCT KdX_dy 30 47TO- K ^X_^ <>7 47TCT K dZ _ t) _ *>(X

~~ ~
~ ~~ ~ ~' ~~~

' ~~ ~

c c <U z c c t z x c c
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Let us assume that we are dealing with harmonic plane waves of
period T, and that exponentials are to be substituted in place of X YZ a, ft y, always on the understanding,- of course, that the latter are
the real parts of the exponential replacing them. Then, as t occurs

i
in every quantity in the same factorV T

, dividing by i~ is equiva-

lent to integrating with respect to *, and the first of the above equa-
tions may be written

The second and third equations take the same form If as is
usual in dealing with light waves, we put ^ =

1, the only effect of the
conductivity of the medium is to replace K by the complex quantityK - z'2or. The waves will therefore be represented by terms of the
type

p*(t _ \/K -
i-2(rr(lx + my + nz)\

real part e r\
~

c /'

On writing K - *2<rr = (v
-

*)
2

,

.27T/. _ (v
-

JK)(lx + my + nz)\
this becomes, real part e r \ c

-^(lx + my + nz) (t
-= real part e re

v '
e r \

- & + my + , oos t _ Kte

This represents a wave the amplitude of which diminishes as the

wave advances, the energy of which is being absorbed as it progresses.
The exponential factor diminishes as Ix + my + nz increases. In a
conductor we must have therefore absorption of electromagnetic
waves. The planes of equal amplitude coincide with the planes of

equal phase. The constant v is termed the index of refraction of the

absorbing medium and /c its absorption coefficient. K usually varies

rapidly with the wave-length.

Reflection at a Metal Mirror. Let a plane wave of light fall on a

polished plane metal surface from air, and let the incident and re-

flected waves be represented by the same notation as on p. 408, except
that K is here put = 1, since the first medium is air. The amplitude
of the refracted wave inside the metal dies away very rapidly. Let

v and K be respectively the index of refraction and coefficient of ab-

sorption of the metal. It is seen from the preceding section that the

propagation of a plane wave in an absorbing medium is formally the

same as in a transparent medium, except that the complex expression

(v
- iK

)
2 takes the place of the specific inductive capacity. If we

substitute this expression for K' and put K = 1 all the results of p. 409

stand, only care must be taken in interpreting them.
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Consider the cosine which occurs in all the expressions for the

different components of the refracted wave, namely

27T/ jK'(x sin + z cos 6)
cos ( t -

G

It becomes

T

where sin is given by

(i/
-

*K) sin sin <.

is consequently imaginary. We have

(v
/

i/c)

2
(l

- cos2
0)
= sin2

<f>,

(v
-

IK) cos 6 =
*J(v iKf

- sin2
<f>.

Write a ib for the root on the right side of the equation ;
a and b

are of course functions of <. Then

(v
-

IK) cos 6 a - ib.

Substitute for cos and sin in (21) and it becomes
x sin

<f> + z(a ibySTT/ x sn <& + z(a }\
(t

- - '

)r\ c )
cos t -

X Sln*
cos [t -

T\ C

The direction cosines of the normal to the surfaces of equal phase are

obviously given by
sin <> a

, u,

^/a
2 + sin2

<f> Jo? + sin2 <

and the velocity of the refracted wave is

G

,Ja? + sin2
</>

It varies with the angle of incidence.

The surfaces of equal amplitude are given by z const, and con-

sequently do not coincide with the surfaces of equal phase except for

the case of perpendicular incidence. In this case sin
</>
= 0, a = v,

and b = K. The amplitude, of course, gets rapidly less as z increases.

If we substitute the complex values of sin and cos 9 in the ex-

pressions for A3 and B3 they also become complex. Both the com-

ponents polarised in and at right angles to the plane of incidence thus

suffer a change of phase on reflection, and the reflected wave is in

general elliptically polarised, even if the incident wave is plane

polarised. For two particular angles of incidence, however, per-

pendicular incidence and grazing incidence, there is no relative phase
difference produced by reflection, and consequently, if the incident

wave is plane polarised, the reflected wave is also plane polarised.
The angle for which the relative phase difference is -Jvr

is called the

principal angle of incidence.

The optical constants of a metal can be determined with the

polarisation spectrometer shown on p. 412 by observations on the posi-
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tions of the analyser and compensator necessary to extinguish the
reflected light, when the incident light is plane polarised at 45 to the
vertical. Determinations were made by Drude according to this

method, and it was found necessary to have the surface very carefully
polished, as dirt, oxidation, etc., had a considerable influence on the
results.

K can be measured by having two thin metal films of different

thickness and comparing the difference in the intensities of the trans-

mitted beams. The reflection losses are then the same in both cases.

The index of refraction v of metal prisms has been determined

directly by Kundt. The prisms employed had an extremely small

angle of refraction, less than one minute, and were prepared by the

kathode discharge or by electrolytic deposition on platinised glass.
When the incidence of the light on the prism is approximately per-

pendicular, the velocity of the refracted wave differs inappreciably
from c/v, and the deviation is given by the same formula as in the

case of transparent media. Kundt's measurements give the striking
result that for some metals v is less than 1. The wave is conse-

quently deviated towards the thin end of the prism. This is in

agreement with Drude's determination by the other method.

When a plane polarised wave of light is incident from air per-

pendicularly on the plane surface of a transparent medium, the ratio

of the amplitude of the reflected beam to the amplitude of the incident

beam is given by. , .

1 - n n - 1

T~+~n nTT
according as the incident beam is polarised in or at right angles to

the plane of incidence. This result holds also for metallic mirrors

provided that we write for n its complex equivalent v - IK. The first

of the expressions then becomes

1 - v + IK

1 + v - IK

There is consequently a change of phase as well as a change of

amplitude. If we multiply the expression by its conjugate

1 - V - i*K

1 + v + IK

the result. r,l *ui

(1
.-

v)
2 + K2

_

'

.

v2 + K2 + 1 -

_2y

(1 + V)
2 + *2

= =

VZ + K2 + 1 + 2v

gives the square of the ratio of the amplitudes, or, in other words, the

ratio of the intensities. This quantity has the same value for the

other component ; consequently the ratio of the intensities is always

the same, no matter what the state of polarisation of the incident

light is. In all metals 2v is small compared with 1 + K2
,
hence I

very nearly 1, i.e. all metals possess a high power of reflection, which

is higher the greater the coefficient of absorption K, It is this high
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power of reflection and nothing more that we denote by the term
" metallic lustre ". Air bubbles below the surface of water have
metallic lustre, when they are visible only by light which has been

totally reflected at their surface.

Gold and copper appear yellow because K is great for that colour

and consequently light of that colour is strongly reflected. The
surface colours of metals are approximately complementary to the

colours they show by transmitted light. Thus gold leaf appears
green by transmitted light. For metals K varies from 2 to 4. For
anilin colouring matters K is also large enough to influence the

reflection, and they also show " surface colour," but for the great

majority of substances, copper sulphate and potassium bichromate

crystals for example, K is too small to influence the colour of the

reflected light appreciably. These salts have what is known as body
colour, i.e. the light penetrates some distance in before it is reflected,

and during its passage in and out some of the constituents of white

light are absorbed. The emergent light consequently appears
coloured. In this case the colour of the reflected light is approxi-
mately the same as the colour of the transmitted light.

The fraction of light transmitted perpendicularly through a layer
d cms. thick is

where A is the wave-length in air. In dealing with solutions on p. 328
we represented the same quantity by

10-**
where A and c are constants. These two expressions are merely
different ways of expressing the same thing. For example, the second

may be written
- 2-302 Acd

>

The base e is usual in theoretical work, while the base 10 is more con-
venient for practical determinations.

It should be mentioned that the quantities coefficient of absorption
and molecular extinction coefficient are not universally recognised as
defined here. The specification of the absorption of light is a matter
on which there is still much confusion, and before using any results

obtained in this field it is always necessary to find out in what units

they are expressed.

Fresnel's Theory of Reflection. A theory of the reflection and
refraction of light at the plane surface of a transparent medium, the
results of which were in accordance with facts, was first given by
Fresnel. This theory has the merits of straightforwardness and
simplicity but did not meet with the approval of succeeding mathe-

maticians, and theory succeeded theory throughout the greater part
of last century until finally Hertz's experiments established the electro-

magnetic theory on a firm basis.
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Fresnel regarded light waves as analogous to elastic waves. Now
when elastic waves are propagated, e.g. sound waves in a gas or
torsional vibrations up a stretched wire, the

1

velocity of the wave is equal
to the square root of the quotient of an elasticity modulus by a density.
Fresnel assumed that all space was filled by a very light medium
called the ether, which extended to the sun and stars and which pene-
trated inside all bodies, filling the spaces between their molecules.
The light waves were elastic waves in this ether. The density of the
ether was constant inside a medium, if the index of refraction was
constant, but varied from medium to medium. The elasticity of the

ether was constant throughout all media.

Suppose now that a plane wave is incident at an angle < on the

surface of a transparent medium, as shown in fig. 309, and gives rise

to a reflected wave and a refracted wave, the angle of refraction being
0. For the sake of clearness we can suppose that the upper medium
is air and the lower medium glass. Let v be the velocity of light in

air and v in glass, let p be the density of the ether in air and p in

glass, and let n be the index of refraction of glass. Then
v

since the elasticity is the same for both media. But
v

v'
= n.

Hence n

i.e. the index of refraction of glass is equal to the root of the quotient
of the density of the ether inside

glass by the density of the ether

inside air.

Let a be the amplitude of the A
incident wave, b the amplitude \
of the reflected wave, and c the

amplitude of the refracted wave.

The energy of the incident wave
must be equal to the sum of the

energies of the reflected and re-

fracted waves. To see what rela-

tion this involves between
, b,

and c, let OA (fig. 309) equal v,

let OB = v, let OC = v, let O'A',

O'B', and O'C' be respectively par-
allel and equal to OA, OB, and OC,
and consider the energy in the

parallelipiped standing on AO'

and of unit thickness in a direc- Fia. 309.

tion normal to the paper. After

unit time has elapsed the energy which was initially in AO' has moved

27 *

0'\
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into BO' and CO'. The energy per unit volume is proportional to the

density of the ether and to the square of the amplitude. The volume

occupied by the portion of the incident wave under consideration is

AO x OO' sin O'OA = yOO' cos <. This is also equal to the volume

occupied by the reflected wave, while the refracted wave occupies
t-'OO' cos 9. The equation of energy consequently gives

aPpvOO' cos < = &2
pvOO' cos $ + c2

pVOO' cos

or (a
1 -

b*)pv cos
<f>
= c2pV cos 0.

Now v/v'
= n = sin </sin 6 and p/p

= 1/n? = sin2
0/sin

2 <. Sub-

stitute these values and the energy equation becomes

(a?
- b'

2

)
sin cos

</>
= c2 sin

<f>
cos 6

a? -V _ tan
<fr

~^~ ~
tan

'

The ether in the two media can be regarded as two portions of

different elastic substances in contact. They must remain in contact

during the motion, i.e. there must be no slipping at the interface. The

displacement at the interface must therefore be the same in both media.

Fresnel assumed that the vibration is at right angles to the plane
in which the light is polarised. Consequently if the light is polarised
in the plane of incidence, the complete displacement in the air is a + b

and in the glass is c. Thus
a + b = c . . . . . (23)

Divide (22) by (23) and we obtain

a - b = c tan < cot 6.

Substitute for c from (23) and this gives
a - b =

(a + b) tan < cot 0,

,.,.,.,, sin
(<

-
6)

which simplifies to b = - a -
r~ 7^.sin
(< + 0)

Substitute this value for b in (23) and we obtain

2 cos
<f>

sin
1

sin
(</> + 6>)'

These expressions are the same as have already been obtained by the

electromagnetic theory.
If the light is polarised at right angles to the plane of incidence,

FIG. 310.

the vibrations make an angle with the trace of the surface, as is shown
in fig. 310, and we take their components parallel to the surface.
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The condition for equal displacement i^ then

(a
-

b) cos < = c cos . . . (24)
Divide (22) by this equation and we obtain

sn <j>

a + b = c -r-^Lsm
Substitute for c from (24) and we obtain

+ b = (a
-

b) sm cos

1-1 ,., tan (<b - 6}which simplifies to b = a ---
7-7

tan
(< + BY

and on substituting this value .for b in (24) we obtain

2 cos
</>

sin
a

sin
(< + 6) cos

(<
-

0)'

results which we have already obtained by the electromagnetic theory.
The criticism directed against Fresnel's theory as given above was,

that he did not employ the correct boundary conditions for the passage
of an elastic wave from one medium to another. Not only should the

tangential component of the displacement be the same on both sides

of the boundary but the normal component should also be the same.
This condition is clearly violated above in the case of the component
polarised at right angles to the plane of incidence. To restore it we
must assume that the refracted wave is not transverse but has a

longitudinal component, i.e. the displacement has a component parallel
to the direction of propagation. This longitudinal wave has theoretic-

ally a different velocity from the velocity of the transverse wave. All

experimental evidence is against its existence, and it has proved an

insurmountable obstacle to the rigorous elastic solid theory of light.

Wiener's Experiment. Ifc has been explained on p. 151 that when

light waves are incident perpendicularly on a reflecting surface, stationary
waves are formed. The existence of these stationary waves was demon-
strated directly in a very elegant manner by O. Wiener in 1890. He used

a very thin photographic film, only ^V wave-length of light thick, which was

coated on a glass plate, and placed it almost parallel to the mirror, film side

in, and with one edge touching the surface of the mirror. A silver chloride

film of this thickness was perfectly transparent ; consequently the stationary

waves were not affected by its presence. Where a node intersected the

film there was no photographic action, and where a loop intersected the

film there was a maximum of photographic action. When the film was

developed it was found blackened along the loops with the intervening

portions clear. When the angle between the surface of the mirror and the

film was increased, a greater number of loops was intersected in the same

distance, and the black lines were found to be finer and closer together.

According to the electromagnetic theory, when light is reflected at per-

pendicular incidence from a metal mirror there should be nodes of the

electric intensity approximately on (really slightly behind) the surface of

the mirror and at distances of multiples of X/2 out from this, while the nodes

of the magnetic intensity should be approximately midway between these

planes. Wiener found that the maxima of photographic action corresponded

to the positions of the loops of electric intensity. The experiment was re-
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peated by Drude and Nernst, who used a thin fluorescent film in place of the

photographic film, and the loops of the electric intensity showed their pre-
sence by equidistant green lines. Thus it is the electric intensity in the

light wave which causes both the photographic and fluorescent actions.

The same conclusion is supported by a further experiment due to Wiener
in which light was incident on a metal mirror at an angle of 45 with the
normal. When the light was plane polarised in the plane of incidence, the

presence of stationary waves could be detected in front of the mirror by the
method of the thin photographic film, but, when the incident light was plane
polarised at right angles to the plane of incidence, there was no interference.

In the first case the electric intensities of both the incident and reflected

waves are at right angles to the plane of incidence and hence are in a con-

dition to interfere, while in the second case they make a right angle with
one another and interference is not possible.

Considerable importance used to be attached to the question as to

whether the light vibrations took place in or at right angles to the plane in

which they were polarised. According to the electromagnetic theory some-

thing takes place in both directions, the electric intensity is at right angles
to and the magnetic intensity is in the plane in which the wave is polarised.
This was stated as a fact in Chapter XXII, and we have seen from the results

obtained for the polarising angle in this chapter, that the statement is in

accordance with the definition introduced in Chapter XI. Wiener's experi-
ments show, that it is the electric intensity which is responsible for the

photochemical actions and fluorescence. As the action of light on the
retina is probably photochemical in its nature, it too will be associated with
the electric intensity.

EXAMPLES.

(1) Work out directly for perpendicular incidence the case of reflection

at the plane surface of a transparent medium.

(2) The values of v and K, as determined experimentally by the polarisa-
tion spectrometer for sodium light, are given for seven different metals in

the tables at the end of the book. Calculate the percentage of light re-

flected at normal incidence by these same metals, and compare the results in

the cases of silver and platinum with the values determined directly by
Hagen and Rubens.

(3) On p. 227 Fresnel's rhomb was described as a parallelipiped of

crown glass, in which a beam of light is twice reflected internally at an

angle of 55 after having entered normally through the end. If the rhomb
is to be made of the hard crown glass, for which the constants are given on

p. 61, calculate the value of the angles necessary to make the phase
difference exactly right for the D lines, and find at the same time what the

phase difference is for the C, F, and G lines.

(4) Graph A3/Aj and B^/Bj for crown glass as functions of the angle of

incidence from to 90.

(5) Calculate the percentage of yellow light transmitted perpendicularly
through a film of silver one-twentieth wave-length thick.



CHAPTER XXIV.

THE THEORY OF DISPERSION.

ACCORDING to the electromagnetic theory as formulated by Maxwell
the specific inductive capacity was a constant for the medium and the

medium was regarded as continuous. As the index of refraction is

equal to the square root of the specific inductive capacity, it follows

that the index of refraction is also a constant for the medium, and con-

sequently the electromagnetic theory in its original form is unable to

explain the dispersion of light. This difficulty has been overcome by

assuming that the structure of matter is not continuous, but that

matter contains electrons and ions which vibrate under the action of

light waves, and the explanation has been so successful that dispersion
is now regarded as one of the strong points of the electromagnetic

theory. We shall now proceed to investigate the effect on the velocity

of light of the electrons in a medium.
Maxwell's first set of equations for the electromagnetic field was

of the form

. .

Let us suppose that we are dealing with a medium in which there is

a great number of particles of the same mass m, each carrying the

same charge
-

e, and that there, are N of these particles per unit

volume at the point under consideration. We shall leave over the

question as to whether these particles are electrons or ions, i.e. charged

atoms Let $, H?, and /. be the average velocities of the particles
at at at

in the x, y, and z directions. The number of particles crossing unit

area at right angles to the x direction per second is Ndx/dt, and they

carry with them a charge
- Hedx/dt. But by the definition of con-

ductivity this is equal to <rX. Let us suppose that the particles are

moving about in a medium of specific inductive capacity unity. Then

on substituting for o-X and putting K = 1 equation (25) becomes

4:7rN6 dx 1 dX
__ <>y _ tyJ /

2g\~
df

+ cM ~
ty *s

Let the charged particles oscillate about equilibrium positions.

Then each is subject to an equation of the form

d2x , dxm
d^ + h

dt
+

-fx = -

423
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where x denotes the displacement of the particle from its equilibrium

position. The first term gives the rate of increase of momentum of the

particle, and the third term gives a force attracting it towards its

equilibrium position and proportional to its distance from that position ;

the second term gives a force proportional to the velocity, which

always resists the motion. The force represented by the third term
is analogous to the component of the weight of the bob of a pendulum,
and the force represented by the second term to the resistance due to

air friction.

To solve this equation substitute

eP*

for x. This gives

mp 2 + hp + / = 0,

the roots of which are

- h Jh* - 4mfP=- ^rT
Let us assume that the quantity inside the root is negative. Then the

solution of (27) is

- '-
. (28)[2m J

where A and a are constants. The solution represents a damped
simple harmonic motion, the period of which is given by

This period is referred to as the "
free period

"
;
h2

is regarded as small
in comparison with 4m/ so that the free period is approximately

(29)

When the light wave is passing, each particle is acted on by a

force - eX due to the electric intensity of the wave. Instead of equa-
tion (27) we have therefore

d*x , dxm
dfi

+
dt

+ fx = ~ ex - (30)

Let us suppose that the light wave is a harmonic one. The equation
then represents forced vibrations. The solution consists of two parts,
one exactly the same as (28), called the free vibration, and another

having the same period as the incident wave. This second part is

called the forced vibration. The free vibration dies down rapidly
owing to the exponential, so we have to consider only the forced

vibration.

Since equation (30) is linear, we can write exponentials instead
of sines or cosines. Assume that the period of the incident wave is

2rr/g. Then t occurs in x solely in the factor e'
1^ and a differentiation

of x with regard to / is equivalent to a multiplication by ig. Thus
equation (30) reduces to

(
- mg >2 + ihg + f)x = - eX.
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So far x has been the coordinate of
v
a representative particle. By

writing down the similar equations for all the particles in the unit
volume we find, that if x denotes the "average displacement of the

particles,

(- mf + ihg + f)Nex = - Ne2X.

Differentiate with respect to t and bring the bracket on the left to the
denominator on the right. Then

dx - Ne2
<>X

Ng_ __ _
dt

(
- mg* + ihg + /) M

'

Now substitute in (26) and the latter equation becomes

This is formally the same as the equation for the propagation of light
in absorbing media. We have, therefore,

If a wave is propagated, then, in a medium which contains electrons

vibrating in the above manner, its index of refraction and coefficient

of absorption are given by the above equation. The y and z com-

ponents of the vibrations of the electrons, when treated in the same

way, lead to the same result.

The derivation of (31) is difficult to follow, but its application to

the results of experiment is comparatively simple.

"Normal" Dispersion. Let us suppose that in the denominator of

(31) kg is so small that it can be neglected in comparison with

(,/
~ wo 2

)-
Then the right-hand side of the equation becomes real,

consequently K becomes 0, and the medium is transparent. Equation

(31) thus simplifies to

If A is the wave-length of the light in vacuo

_
ŷ

'

Write m/f = (Xj^Trc)'
2

. We see from (29) that X is the wave-

length corresponding to the free period of the electrons. Then (32)

can be written

*_ . (33)
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where M =* Ne2X 2
/(/wnr

2
).

Let us assume that X lies in the ultra-

violet and write v for the suffix . Then Xv
2 is less than X2

,
and the

denominator can be expanded in powers of X^
2
/ Thus

y= 1 + M + -f (34)

The dispersion of most transparent substances can be represented

fairly well by the above formula, stopping at the X
~ 4 term. A better

agreement can be obtained by assuming that, in addition to the electrons

with the free period in the ultra-violet, there are also electrons with
their free period in the infra-red. The effect of the latter is to add a

new term to the expression for v2
,
which becomes

1/2 = l +
x2 - x 2 + x2 - xr

2
'

M D refers to the electrons with the period in the ultra-violet, and M,.

and X r to the electrons with the period in the infra-red. If we assume
that Xr is much' greater than X, the new term reduces simply to

- M/-X
2
/Xr

2
,
and the formula for the index of refraction becomes

M rX2

or v2 = - A'X2 + A + BX~ 2 + CX- . . , (35)

To illustrate the use of this formula I have calculated out the

values of the constants for the case of the index of refraction of water.

The first column in the following table gives wave-lengths, and the

second the observed values of the index of refraction of water corres-

ponding to these wave-lengths.
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These values were then substituted in the formula and i? calculated
The results are given in the fourth column. The third column gives
the observed value of v\ and the fifth Column the difference of the
observed and calculated values. The difference might possibly be made
smaller by using additional places of decimals in the calculation.

As has already been mentioned on p. 401 the dielectric constant is
the value which v

1 takes when A is infinite. When X is very great,
Xr/X becomes smaller than 1. The infra-red term

.VI,.X
2

X2 - Ar
2

can then be expanded in the same way as the ultra-violet one and gives

If now we make X infinite, j/
2 becomes equal to K and all the terms in

the expansions vanish except the constant terms. We have therefore

K = 1 + M^ + M r .

But A, the constant term in (35), is equal to 1 + M v. Hence
K - A = M r .

If we take K = 80 and substitute the value for A, this gives approxi-
mately

M r = 78.

But A' = M r/X,.
2 = 1-38 10.

Hence X 7
.
2 = - =

1>38 1Q6
,

which gives Xr
= 7'5 10~3 cms. It will be shown further down that

there is an absorption band in the spectrum at every point where the

electrons have a free period. Consequently, according to our calcula-

tion, there should be an absorption band at X = 7'5 10~3 or 75/*.

This is too far in the infra-red to be detected by a fluorite or rock-salt

prism and bolometer. Water has however very many strong absorption
bands in the near infra-red. The assumption made in the theory,

namely, that there is only one free period in the infra-red, is too simple
for a close agreement to be expected. But in any case the theory

explains satisfactorily the difference between v2 and K.

If we consider the coefficients in the formula due to the ultra-violet

free period, we find that theoretically (A
-

1) C = B2
,
since each equals

Mw
2
Xt,

4
,
but that this relation is not fulfilled. There is probably more

than one free period in the ultra-violet. If, in order to obtain a rough

result, we adhere to our assumption of one free period,

2 __B__ 6-12 10 -"

7
~

A - 1
~

-7642
'

i.e. X = 8-9 10- 6 cm.

It has not been possible to investigate the absorption spectrum of water

as far as this in the ultra-violet, but as far as water has been investigated

it is transparent.
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N/>2A 2

We have . M. = = -764.

Substitute 8-9 10~6 for \v and 1-772 107c for e/m. 1-772 107 is the

generally accepted value for the ratio of the charge to the mass of an

electron in electromagnetic units, but in our notation e/m is measured
in electrostatic units and hence the value has to be multiplied by c. We
obtain then

55(1-772 107 x 8-9 10
- 6

)
2 = -764,

or Mm = 9-6 10
~ 5

.

N?w is the total mass of the ultra-violet electrons per unit volume, m
is YTnnr f the mass of a hydrogen atom, and hence ^it^ws of the mass
of a water molecule. If we suppose that there is one ultra-violet

electron in each molecule, the total mass of the molecules per unit

volume would be

9-6 10
~ 5 x 18000 = 1-7.

But the density of water is 1. Hence there are l
-

7 electrons per
molecule having a free period in the ultra-violet.

Interesting calculations of this nature have been made by Drude.
He believed that the vibrating particles in the ultra-violet were electrons

and those in the infra-red positive ions, and that the numbers of vibrat-

ing electrons and ions per molecule were each equal to the number of

bonds in the molecule. Thus the 1-7 above would bean approximation
for 2. His results are suggestive but by no means final. The theory
of dispersion has taken us a certain distance, but it is impossible to get
further until we have more knowledge of the structure of the molecule.

It should be stated, that for representing the indices of refraction of

transparent substances in the visible spectrum Hartmann's empirical
formula (p. 245) is better than the theoretical formula for i/

2
. But in

the neighbourhood of the absorption bands Hartmann's formula is of no
use at all

; also in the case of transparent substances, when the ultra-

violet as well as the visible is considered, the theoretical formula is the

better one.

Gladstone and Dale found experimentally that if
p.

is the refractive

index of a gas and d its density, then

d

is constant for the gas, no matter what the pressure is. In 1880 L. Lorenz
in Copenhagen and H. A. Lorentz in Leyden showed on theoretical grounds
that

1

+ 2)3"

ought to be a constant for a substance. Experiment showed that this

second expression enabled the refractive index of a vapour to be calculated

when that of its liquid was known. Thus the expression takes the values

0-2068 and 0'2061 respectively for water vapour and water, 0'2898 and
0*2805 respectively for carbon disulphide vapour and carbon disulphide, and
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0'1796 and 0*1790 for chloroform vapour and chloroform. The second ex-

pression can be written

fJi

- 1 fJL+ 1.

d >2 + 2'

and, as the second factor in it does not vary rapidly with
p.

for small

changes in /A, it must obviously lead to the same result as Gladstone and
Dale's expression.

The physical chemists have applied the name specific refraction to both
of these expressions indifferently, and have introduced the terms atomic and
molecular refractions to denote the product of the specific refraction by the

atomic weight and the moleculai* weight of the substance. They have found
that the molecular refraction of a substance can be obtained roughly by

adding the atomic refractions of the atoms composing its molecule. Or, in

other words, molecular refraction is additive, but not always ;
the constitu-

tion of the molecule has an influence on the accuracy of the agreement.
We have from equation (33)

where M and X are constants. Write p.
for v and suppose that we have

several different classes of electrons in the substance. Then

-1 = 2

X2 - X 2'

ii for

3 Sut

MX2

where each different class of electrons contributes its own term on the

right-hand side. But for a given wave-length the right-hand side is con-

stant. If the substance expands, all the quantities M vary inversely as d,

for they all contain the number of electrons per cubic centimetre as a factor.

Hence the theory of dispersion leads to the result known as Newton's law,

namely, that it is

d

that should be constant, and neither of the previous expressions. Of course

for small changes of
//.
Newton's law gives the same results as the other two

formulae.

"Anomalous" Dispersion. So far we have dealt only with trans-

parent bodies. Let us now return to (31) and assume that K is not

zero. In order to simplify our results write, as before,

g = 27rc/X,//m =(27rc/X )
2

,
and M = NeV/

Then (31) becomes
MX2

" - =
(X

2 - V)

where G is put for . On separating the real and imaginary

parts (36) resolves into

, ,
MW - V)

"" " *" L +
(A*

- X 2
)

2 + G 2X2

MGX3

and 2 =
2~I s

Let us confine our attention now to solutions of inorganic salts, such
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as cobalt chloride or didymium chloride, solutions of anilin colouring

matters, such as cyanine or fuchsine, and glasses coloured with, for

example, cobalt oxide. In these cases we have one or more bands
in the absorption spectrum, and the index of refraction varies in the

neighbourhood of each band ; /c
2

, though, can always be neglected in

comparison with v2
,
and v does not vary much from the value which

it would have for the solvent alone or for the glass without the addition

of the colouring oxide.

In the expression for 2i//c, as X varies, the (X
2 - X 2

)
2 term changes

its value much more rapidly than the other terms. Hence we may write

X for X in the other terms and consider them constant. Divide both

sides by 2i/. We have then

. _
xt_y+g_ .-;,"' . (37,

To the same degree of approximation

,. (38)
(X

2 - X 2
)
2 +

500^ 600fj.fl
Wave Length

FIG. 311.

IQOfjLfJ.

To illustrate the variation of v and K with X they have both been plot-
ted in fig. 311 as functions of X for M = -01,G = 3 10- 6,andX = 6 10~ 5
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cms. It is seen that * has a well-defined maximum at X = 6 10~ 5 cms
and that it falls rapidly to zero on both sides of this maximum, while
v decreases as we approach the band from the side of smaller wave-
lengths, increases rapidly inside the band, and then decreases on the
other side.

So far we have assumed only one free period. This is, of course,
an ideal case. But in the case of well-defined bands in the visible

spectrum with transparent regions between them the above formulae
can be applied, because, though each band has its own free period and
although there are free periods in the ultra-violet causing the disper-
sion of the solvent, still throughout any one band the effect of the
other bands on * is negligible and their effect on v is constant. Thus,
to take a concrete case, if we are dealing with a solution of cyanine in

alcohol, in the neighbourhood of the cyanine band

,2 = !
, MV(X2 - X

2) M'X' (X
- X'

)h
(X*

- X 2)2 + GV *
(A

2 -
XV)* + G*XV

and

2,* -~
MGV

* + GV'
The summation term gives the effect of all the ultra-violet and infra-

red electrons, and, if we put n for the index of refraction of the solvent

alone, the first of the above equations may be written
> " V)

(V - V) 2 + QV
According to the curve shown on p. 430 the index of refraction for

X =
550/A/x is smaller than the index of refraction for X =

650/x/A, i.e.

the index of refraction is smaller on the violet side of the band.

Consequently, if we fill a hollow prism with an alcoholic solution of

cyanine, which has a well-marked absorption band at 590/A/A, and use

this prism to produce a spectrum, the red is more deviated than the

violet and the colours come in the wrong order. This phenomenon is

known as anomalous dispersion, though there is nothing anomalous
about it. All substances which show normal dispersion in the visible

spectrum must show anomalous dispersion in the ultra-violet. The
increase in the index of refraction towards the violet in normal disper-
sion is merely the beginning of the right-hand slope of the v curve in

fig. 311 and is caused by the ultra-violet absorption. Hence instead of

anomalous dispersion the name selective dispersion has been introduced

to describe the phenomenon.

Selective dispersion was first properly studied by Christiansen and

Kundt and is shown by all substances which have an absorption band

in the visible spectrum. It is difficult to exhibit experimentally,
because owing to the absorption band the prism must have a very
small angle. Pfliiger verified the theory by using prisms of solid

cyanine of very small angle, determining v with a spectrometer and

measuring K with a spectrophotometer. Thin parallel sided films were
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used with the spectrophotometer. The curves had not quite the shape
demanded by theory for a single free period, but the agreement could
be made perfect by assuming that the cyanine band consisted really
of several bands close together superimposed.

Perhaps the simplest way of showing selective dispersion is as

follows : An ordinary spectrometer is taken, a crown glass prism
placed on the table, and the collimator slit replaced by a small circular

diaphragm. Or instead of this the V-shaped piece that regulates the

height of the slit is pushed in, until the height of the slit is no greater
than its breadth. The slit is then illuminated with a metal filament

lamp, and, as the source is practically a point one, a horizontal line

spectrum is seen in the field of the telescope. The lamp is moved
about until a portion of a filament comes on to the slit and the spectrum
is as bright as possible. Next two square glass plates of about 2 or 3

cms. side are taken and a hollow prism of about 2 refracting angle
made. This is easily done by placing the plates together with a wedge
between them at the thick end of the prism, holding them in position
with two elastic bands and making the sides tight with seccotine.

After the seccotine is firm the elastic bands and wedge are removed.
Care must be taken that no seccotine gets inside the prism at the re-

fracting edge, as owing to the absorption the prism must be used where
it is thinnest. Seccotine dissolves in acetic acid, and flows out of its

tube better when slightly warmed.
When this prism is ready, it is filled with a very concentrated

alcoholic solution of cyanine and placed on the spectrometer with its

refracting edge horizontal and pointing downwards. It thus gives an

upward deviation to the rays after they leave the crown glass prism.
This deviation is, however, so small, that the spectrum is still in the

field of the telescope usually about a quarter of a diameter of the

field from the top. If the hollow prism were filled with alcohol,

the spectrum would be a straight line. Owing, however, to the cyanine
the yellow is absorbed and the index of refraction of the yellowish-red
increased and of the yellowish-green diminished. Consequently the

deviation of the yellowish-red is greater and of the yellowish-green less

than it would be were there no cyanine in solution, and the line spectrum
is broken into two parts as shown in fig. 312 which represents the appear-

ance in the field. The positions of the different

colours, red, orange, green, blue, indigo, violet,

are indicated by the letters E, 0, G, B, I, and V.

The yellow is entirely absorbed. With the

average spectrometer eyepiece under the con-

ditions described above, if the average vertical

deviation of the spectrum is
-} diameter, the

deviations of the orange and green just where

they cease to be visible are respectively about
FIG. 312.

j-j.
diameter more and less than this. This

arrangement for showing selective dispersion employs what is known
as the method of crossed prisms.
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When K2 can be neglected in comparison with v2 as in the case of
solutions and coloured glass, the absorption band does not appreciably
affect the reflecting power of the substance/' In the case of solid cyanine
and fuchsine, however, K2 cannot be neglected in comparison with v2 .

Consequently (cf. p. 418) these substances reflect the colours which
they absorb, or, in other words, they possess

" surface colour".
It has been found by the method of residual rays (cf. p. 304) that

quartz, fluorite, rock salt, and sylvin all possess well-marked regions
of metallic reflection in the infra-red. Their indices of refraction in

the infra-red can all be represented extremely well by the theoretical

formula on the assumption that there are free periods at these regions.

Calculation of the Number of Electrons Causing an Absorption Band
per Molecule. It was mentioned on p. 428 that Drude has made
calculations from the constants of the dispersion formula as to the
number of vibrating electrons there are in the ultra-violet per molecule
for different substances. I have shown * that similar calculations can
be made from the variation of K throughout an absorption band in a

solution of a dye. For in the formula (37) write n the index of refrac-

tion of the solvent for v ;
then__MGXQ

3

"
2rc((A

2 - A 2
)
2 +

'

Let Km be the maximum value of K
;
then

Let A
x
be the wave-length for which K has half its maximum value ;

then \
L
is given by

V - V" - * GAo

or 2(XX
- A

)
= G, . (40)

if we take the greater value of A
x
and write X

1 + A approximately equal
to 2A . From (39) we have

4?z<cm(X 1

- X
)

\ AAo A
o

on substituting for G from (40). Now

where m is the mass of the electron and N the number of electrons per
unit volume. Suppose that e is measured in electromagnetic units

;

then the c2 in the denominator disappears. Hence

mir X

Let p be the number of electrons per molecule of colouring matter be-

longing to the absorption band under consideration. Then N//> is the

number of molecules per unit of volume. Let s be the strength of

the solution in gramme-molecules per litre, and let mn be the mass of

* " Proc. Roy. Soc.," A 82, p. 606, 1909.

28



434 A TREATISE ON LIGHT

an atom of hydrogen. Then s/(WQQmH )
is also equal to the number of

molecules of dissolved colouring matter per unit volume. Therefore

N
_

s

p
=

1000wH
'

Substitute for N in (41) and we obtain

1000wH raTT
"

A
which gives

m
=

~s~ ~&~ A 3

The following table shows some results obtained by the use of this

formula. The first column gives the solution and the second and third

the values of A and X
l
used :

Solution.
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velocity. When impacts between molecules occur, free vibrations are
set up and energy is lost, but this loss of ejaergy cannot be represented
accurately in an equation and the second term is only an approximate
way of allowing for it. Again the equation (30) holds only on the

assumption that the electron is not acted on by the other electrons in
its neighbourhood. If the assumption does not hold, more complicated
systems will arise, of which it has as yet been impossible to form any
definite picture.

The Dispersion of Metals. According to p. 415 if a harmonic wave
of period T is propagated through a medium of specific inductive capacity
K and conductivity or, the result is analytically the same as if the
medium had a complex specific inductive capacity K - z2o-r. This

specific inductive capacity was written (v
-

z*)
2

, where v was the in-

dex of refraction and K the coefficient of absorption of the medium.
On equating the imaginary parts of these two expressions we obtain

VK = <TT . . . . . (43)

Now, if the medium in question is a metal, o- is a constant and can be
determined by electrical methods, and v and K can be determined by
optical methods for light of any particular period T. It is found, how-

ever, when we substitute the values in (43), that the equation is

not satisfied, although it ought to be according to the original electro-

magnetic theory. But, just as in the case of transparent media, the

discrepancy is removed when we drop the assumption that the structure

of the medium is continuous.

Maxwell's first three equations of the electromagnetic field then

take the form (cf. p. 423)

c dt c Dt Dy Dz

N is the number of charged particles per unit volume at the point in

question and dxjdt is their average velocity in the x direction. In the

case of transparent media these charged particles consist of electrons

and ions vibrating about their positions of equilibrium. In the case of

metals in addition to these stationary electrons and ions we have free

electrons. The current along a wire consists simply of a procession
of the free electrons along the wire. The equation of a free electron

under the action of a light wave can be obtained from (30) simply

by putting f = 0. The term for the effect of the free electrons on the

index o'f refraction and coefficient of absorption can be obtained from

the term for the effect of the stationary electrons simply by putting

/ = 0. Thus suppose N denotes the number of free electrons per unit

volume, and that the region of the spectrum under consideration is so

far from the free periods, that the influence of the latter on the index

of refraction is constant, and on the coefficient of absorption can be

neglected. Then

28*
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X 2
47TNe2

(
- ^ Ky = n2 + -

5 n- mgz + m#
2Ne2A

where n2
represents the effect of the stationary electrons and ions.

This equation resolves into

,, _ . rf _ -~|^- .

'

. . (44)

and "* = -TT^o-^a- . (45)

Now consider the equation of motion of the free electron

d2x
,
dxmW +h
dt

= ~ eY"

Let us assume that X is constant. Then the equation can be written

d/dx e \ h/dx e

Jt\dt
+

h*)
+

m(di
+

h

and has the solution

- h
*

ax e m

dt
+

h

Hence when the steady state is reached the term on the right becomes
and

dx e

-JT
=

7 X.
dt h

The current per unit area in the x direction is -
Nedx/dt or

(

Consequently the conductivity according to the usual definition is given

by

""'IT
If we return now to equation (45) and substitute u-h for N?-, it

becomes

when r is written for A/c. We see at once why the relation VK = O-T is

not fulfilled. It is on account of the term (27rm)
2
/(/jr)

2 in the denomi-

nator, which becomes zero only when r is infinite. VK must be less

than or. This is the case ; for example in the case of mercury VK = 8'6

when O-T = 20.

According to (46) when VK, a; and T are known h can be calcu-

lated. Hence N can be calculated by substitution in the expression
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for or. It is found in this way that the number of free electrons

is of the same magnitude as the number of molecules.

In the case of electrolytes o- is very moich smaller than in the case

of metals. Hence, since VK is always less than <rr, they do not absorb

light appreciably.
If we consider equation (44) we see that K can be greater than v

on account of the second term on the right being negative, more

especially if h is small, which happens when the conductivity is great.

When A, is large equation (44) becomes

i.e. the right-hand side is constant. But under the same circumstances

VK = <TT. Now o- is constant. Hence when T is very large the pro-
duct VK is very large, but the difference i/

2 - K2 remains finite. Conse-

quently v must become approximately equal to K.

The expression for the fraction of light reflected at perpendicular
incidence by a metal mirror was given by

_ v2 + K2 + 1 - 2v
-

V2 + K2 + i + 2v
-

HenCe 1 - R =
2 ^ 2y

'

If v is put equal to K this becomes

since K is considerably greater than 1. Put v = K in IK = O-T and we

obtain K = \fa-r. Hence

or, if R is measured in per cent,

100 - R - -= .... (47)

Eubens and Hagen measured the reflecting powers of various metals

in the infra-red both by means of a reflecting spectrometer fitted with

a fluorite prism and by the method of residual rays. They found that

at the wave-length 12/x the above relation was satisfied. Thus at this

wave-length the motion of the electrons has little influence and

Maxwell's original theory is satisfied.

Equation (47), it should be noted, provides a method, although

an inaccurate one, of comparing conductivities optically.

Theory of the Faraday Effect. If a piece of dense glass is placed in a

strong magnetic field and a plane polarised beam of light sent through it

in the direction of the lines of force, the plane of polarisation of the

beam is rotated, the rotation being proportional to the strength of the

field. This phenomenon has already been described in Chapter XII
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and is known as the Faraday effect. It can be explained very readily
in terms of the motion of the electrons contained inside the body.

Suppose for the sake of simplicity that there is only one kind of

electron inside the body, in number N per unit volume, and that these

electrons are vibrating about their positions of equilibrium. Neglect
also the frictional resistance to the motion of the electrons, and suppose
that the magnetic field is parallel to the Z axis and that the wave is propa-

gated in this direction. Then, as may be seen from the theory of the

Zeeman effect on p. 285, the equations of motion of the typical

electron are

d?x f e dy e

~d&
+ m *

^m'dt
~
m *

^y , iy _ H--^ = -

e
\

df2 mj m dt m '

d*z fW2 ^mZ "

The difference in the sign of the H terms as compared with p. 286 is

due to the fact that here the charge is - e. If we multiply the second

of these equations by i and add it to the first, they combine into

According to (26) we have

_
dx ^dX _ ^y _ <)/3

c dt c M ~
ty

~
"be'

If we differentiate this equation with regard to t and substitute for ft

and y from the second three equations of the electromagnetic field, it

becomes on the assumption that K =
/x
= 1

If we multiply the similar equation for Y by i and add it to this one,
we obtain

4:7rNe d* 1 c)
2

+ 2(X + iY) . (49)

This equation must be solved in conjunction with (48). Let us
assume that / occurs in x + iy and X + z'Y solely in the factor ew*.

Then (48) becomes

(x + iy)(
- a* + - + U-q] = - -(X + iY),yj

\ m my
) m v

* x has different meanings on the right-hand side and left-hand side of this

equation. On the left-hand side it is the displacement of an electron, and on the

right-hand side the coordinate of a point in space.
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and on substituting for x + iy in (49) we obtain

4?rNe 1 e d 2 Id2

in m
^2 })2

_ -^2

This represents the propagation of a wave in a medium, the square of
the index of refraction of which is given by

The solution is therefore given by
X + iY =

or K - cos
g(t

- ^\ Y = sin g(t
- -

V C :/ \

As has already been shown on p. 221 this represents a left-handed

circularly polarised wave.
Instead of finding equations for x + iy and X + z'Y, we might have

taken x -
iy and X -

z'Y. The only difference in this case would be
in the sign of the H term

; hence, if we denote the index of refraction

in this case by ??
2 ,

2W
2

'

_
mj

The solution in this case is given by

and represents a right-handed circularly polarised wave travelling in

the direction of the z axis.

In the medium in the magnetic field, then, X cannot occur apart
from Y. Only circularly polarised waves can be propagated. If a

plane polarised beam enters such a medium, it is decomposed into two

circularly polarised waves which are propagated with different velo-

cities c/Wj and c/w2
. As was shown on p. 222 this is equivalent to a

rotation of the original plane of polarisation at a rate of

2c

radians per cm. Now

- =

(/
- ^2

)
2

since (Heg')
2 is small compared with the other term in the denomi-

nator. If we write
j 4- 2

= 2w, where w is approximately the refractive

in^ex in the absence of a magnetic field,
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and the rotation per cm. is given by

If, as before, we substitute m/f = (A /27rc)
2 and write g =

S-rrc/X, this

becomes
X2H

(A"-V)
Let us suppose that X is in the ultra-violet, then as X diminishes,

the magnitude of the rotation increases. Also the rotation is propor-
tional to H and is greater if X is near the visible spectrum, i.e. if the

medium has a high refractive index, all which is in accordance with

experiment.
If we pass through a well-defined absorption band, according to

(50) the rotation should increase to a very high value in the centre

of the band and then decrease again. It has the same sign and is

approximately symmetrical on both sides of the band. But formula

(50) is only approximate. If the friction terms in the equation of

the electron are not neglected it is found that the band splits into two

components, the distance between which is proportional to the field

strength, and that between the components the rotation is in the other

direction. An absorption Zeeman effect takes place. The one com-

ponent absorbs right-handed circularly polarised light and the other left-

handed circularly polarised light. This absorption or ''inverse"

Zeeman effect, as it has been called, has been observed by J.

Becquerel in the case of certain crystals containing didymium.
According to our investigation w

2
is greater than M

T ,
i.e. the right-

handed wave is the slower. Consequently the rotation of the plane
of polarisation is left-handed, or in the same direction as the current

producing the field. Had the sign of e been different, the rotation

would have been the other way. The fact, that in the great majority
of substances the rotation is in the same direction as the current pro-

ducing the field, shows that the vibrators are electrons.

The above theory of the Faraday effect was first given by W.
Voigt.

Mechanical Analogy. The fact, that the anomalous dispersion of a

medium could be explained by means of the forced vibrations of particles
inside it, was first shown by Maxwell in 1869, but did not receive attention
until put forward by Sellmeier two years later. Sellmeier used the elastic

solid theory of light ; he assumed that the medium was permeated by the
ether and that the particles of the medium were attached to ether particles
but not rigidly. Each material particle could execute vibrations about the
ether particle to which it was attached. When the wave passed through
the medium, the ether particles vibrated and the material particles attached
to them executed forced vibrations.

In this section we shall calculate the velocity of a sine wave along a cord,
which is stretched horizontally, and to each unit of length of which there is

a number of little pendulums attached, each of mass m and length I. We
shall suppose that the cord is displaced in a horizontal plane, that T is the

stretching force in it and that p is its mass per unit length. This problem
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possesses a close analogy to Sellmeier's theory of dispersion, and also throws
a great deal of light on the electromagnetic* theory of dispersion.

During the passage of the wave each particle in the cord executes a
S.H.M. in a horizontal direction at right angles to the undisturbed position
of the cord. Since the point of support of each pendulum executes a S.H.M.
in this direction, the pendulum itself executes vibrations in a vertical plane
through this direction. At first the motion of the pendulum consists of two

parts, the free vibration, the period x>f which is 2n ijl/g, and the forced vibra-

tion, which has the same period as the point of support. But the free vibra-

tion soon dies down and only the forced vibration is left. Let Aa and B6 be
the two extreme positions of one of the pendulums when it is executing
forced vibrations, a and 6 being the turning positions of the point of support.
Produce Aa and Bb to meet at O. If the pendulum were a simple one

vibrating about O, the motion of the part Aa would obviously be unaltered.

Now suppose that the pendulum is in the intermediate position Cc mak-

ing an angle 6 with the vertical. The stretching force in the cord is mg cos 6.

The vertical component of this is mg cos2
0, which may be taken equal to

mg since 6 is small ; the horizontal component is mg sin 6. Let OC = L ;

L is the length of the equivalent simple pendulum which would have the

OC b

FIG. 314.

same period as the point of support has. Then Oc = CO - Cc = L - I and

the horizontal component of the stretching force is

mg
oc =

r-T^-j
x displacement of point of support.

L '
i v

If L is smaller than ,
the bob of the pendulum is in the opposite phase to

the point of support, and we have fig. 314 instead of fig. 313, but the result

is the same.
Let fig. 315 be a plan of a portion of the cord, and suppose that the wave

is passing from left to right with velocity v. Consider the motion of an

element of length FG with its midpoint at

P, the displacement of which from its

equilibrium position is NP. Let R be

the radius of curvature at P. Then FG
is acted on by two forces, the reaction of

the pendulums attached to it and the

resultant of the stretching forces at its

two ends. The number of pendulums attached to the length FG i

hence the first force is

FIG. 315.
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nfG JUS. N p.
L It

It may be shown by the triangle of forces that the second force is

To find the acceleration of the element suppose a velocity v from right to
left superimposed on the whole diagram. This does not alter the accelera-

tion of FG . The latter is then the acceleration of a particle moving round a
curve of radius of curvature R with velocity v and is consequently v2

/R.

Equating the rate of change of momentum of FG to the resultant force on it

we find

NP . (51)

It is shown in books on the Differential Calculus that the radius of curvature

of a curve is given by =
^\ when ~ is small. Now the curve in fig.

315 may be represented by

y = e sin

1
. <Py . /2n-VHeace - = + sm

On substituting N P =
?/
= + (^ ) ^ in (51) and simplifying, we obtain

nmg ( \ \2

p(L
-

When L is greater than I the ambiguous sign must be chosen so as to

dimmish the velocity. Write T/p =
VQ*, since it is the square of the velocity

when there are no pendulums attached, write T for the period of the wave
and TO for the free period of the pendulum. Then

where M = nrnv^/T. If we write
p.

for the ratio of the velocities, this gives

an equation of the same form as (33). To represent a medium with two
different classes of electrons we require a cord to which are attached two
sets of pendulums with different lengths.

EXAMPLES.

(1) The indices of refraction of carbon bisulphide are given for seven

different wave-lengths at and 20 C. in the tables at the end of the book.

Its coefficient of cubical expansion is represented by a + 2bt, where t is the

temperature in degrees Centigrade, a = '0011398, and b = '00000137. Find
whether the change in the refractive index is best represented by Gladstone

and Dale's, Lorenz and Lorentz's, or Newton's formula.

(2) Show that the curve given in fig. 285, which represents Ives' results

for the sensitiveness of the eye to light of different colours, can be repre-
sented fairly well by a formula similar to (37). Determine the most favour-

able values of the constants of the formula, and show by a graph how closely
it fits the experimental results.



CHAPTER XXV.

THEORY OF RADIATION.

IT has already been stated in Chapter XIV that in 1860 Kirchhoff

published the law, that the ratio of the radiating power to the absorbing

power of all bodies is the same and a function of the wave-length and
the temperature. By the radiating power of a body is meant the

quantity of heat radiated from unit area of its surface in unit time,

and by the absorbing power is meant the fraction of the energy incident

on the surface, that is absorbed by the body. This law has been the

point of departure of some very interesting and far-reaching experi-
mental and theoretical investigations.

Kirchhoff gave a rigorous theoretical proof of the law, and since his

time there have been other proofs given. They are all, however, some-

what abstract, so we shall content ourselves with the proof of one

simple case of the law. Kirchhoff gave this proof before he gave the

rigorous proof.
Let CDFB, GJKH (fig. 316) be pieces of two bodies. They have the

form of slabs extending to infinity on all sides. Let ^ r\ n .1

the faces CB, JK, which are turned away from one

another, be impervious to heat. Let EI ,
A

x
denote

the radiating power and absorbing power of the body
on the left, and E

2 ,
A

2
the radiating power and ab-

sorbing power of the body on the right.

Suppose that there is equilibrium of temperature
between the two bodies. Then according to Prevost's

theory of exchanges each receives as much heat as it

radiates. From the shape of the bodies it is evident

that the radiation from each must be normal to their

surfaces. It is sufficient, therefore, to consider unit area of the one

surface and the unit area of the other surface opposite it. Consider the

energy E
l originally emitted from 1. A.^ is absorbed by 2, (1

- A
2)E,

reflected. Of the reflected energy (I
- A.^A^ is absorbed by 1,

(1
_ A

2) (1
- A^Ej reflected. Of this (1

- A
2) (1

- A^A^ is ab-

sorbed by 2, and so on. It is easy to see that the quantity absorbed

by 1 is

(1
- A^A^ + (1

- A
2 )

2
(l

- AjA^! + (1
- A.

2)
3
(l

-
AjPAjC,

. . .

{1 + (1
- A

x)(l
-

A,) + (1
- AJ^l - A

2 )
2

. . .
}

FIG. 316.

- A
8)A 1

E
1

- A
2)'
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and the quantity absorbed by 2 is

+ (1
- AjXl

-
AJA.E! + (1

-
Aj'fl

- A
2)2A2

E
1

If we interchange the suffixes we obtain the quantity of the energy E
2

that is absorbed by 1. It is

_ _
I -

(i
-

Al)(i
- A

2y
The total quantity of energy absorbed by 1 is

(1
- A

2)A 1
E

1
A

X
E
2 ^ (1

- A
2)A 1

E
1
+ A

X
E
2

1 -
(1

- AJ(1 - A
2)

"*

1 -
(1

- A^l - A
2) Aj + A

2
-

AlA2

This must equal Er Therefore

(1
- AJA^ + AjE2

= (A x + A
2
- A^E^

Hence AjE2
= A

2 Ej
or E^ = E

2/A2 ,

which proves the proposition.

The law has been tested experimentally in various cases and always
found in agreement with facts. It is illustrated by many elementary
experiments. For example, if letters are written with ink on a piece
of bright platinum foil and the latter then heated in the bunsen flame,
the writing stands out brighter than the surrounding foil. It absorbs
more and consequently emits more.

The only form of energy considered by the proof is heat. Hence
the law holds only for temperature radiation. Under this limitation it

is universally accepted as true, being fulfilled in the case of all glowing
solids and also in the case of some gases, such as carbon dioxide.

Carbon dioxide when heated emits bands at 2-8/* and 4'3/x. They are

prominent in the spectrum of the bunsen burner. H. Schmidt measured
the absorption and emission of these bands and found they obeyed
Kirchhoffs law.

Band and line spectra cannot be produced as a result of heating alone,
but only as the result of the liberation of chemical or electrical energy.
Sources emitting bands and lines absorb these bands and lines, so the

law is obeyed qualitatively in their case, but the ratio of E/A for these

sources is not the same as for a glowing solid.

If in the expression for the law we write A = 0, in order that the

ratio may remain finite E must also be put 1 = 0. Now A may be zero

for either of two reasons ; the body may be perfectly transparent or

its surface may reflect all the radiation that falls on it. We arrive

therefore at the important result that a body cannot emit those rays
for which it is transparent, or for which its surface acts as a perfect
mirror.

In the rigorous proof of his law Kirchhoff introduced the idea of a

perfectly black body, i.e. one for which A = 1. According to the table

given on p. 362, A has the value -988 for black cloth and the value '996

for black velvet, hence neither of these substances is perfectly black.
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Let S be the radiating power of a perfectly black body, and A and E
the absorbing and radiating powers of any other body. Then

S = E/A. *

Hence for any given temperature and wave-length no body can radiate
more than a perfectly black body. S is, of course, a function of the

wave-length and the temperature. It is sometimes called Kirchhoff's
function. Kirchhoff pointed out the importance of determining it,

because it enabled either E or A to be calculated when the other was
known, and he stated that it would undoubtedly be of a simple form,
since it was independent of the properties of any particular body.

It would be extremely difficult to measure E and A for one particular

body for different wave-lengths and thus determine S, for, of course, A
would have to be measured at the same temperature as E that is,

while the body is radiating. Paschen commenced a series of researches

in 1892 with the purpose of determining S, the method being to

measure E for a series of bodies which were more or less black. Then,
if these bodies were arranged in order of their "blackness," it would
be possible by a species of extrapolation to arrive at the behaviour of

the ideal black body. Paschen used a piece of platinum foil folded

double, in the fold of which a thermo-element was placed for the purpose
of determining its temperature. The foil was heated by a current

from a secondary battery, and was coated with the substances the

radiation from which was to be examined. The radiation was measured
with a bolometer : the spectral apparatus had concave mirrors instead

of lenses, and the prism was of fluorite. The substances used were

carbon filaments, platinum foil, platinum foil covered with iron oxide,

copper oxide, and soot. They all behaved in much the same manner with

the exception of platinum, which radiated considerably less than the

others.

The next important step was the experimental realisation of the

perfectly black body by Lummer and Pringsheim. A perfectly black

body is one that absorbs all the rays that

fall on it and reflects none. Consider

the accompanying diagram (fig. 317). It

represents a section of a hollow sphere
which has a small opening at AB. R is

a ray which enters the opening and is

reflected in succession at C, D, E, and F.

The inside surface ,of the sphere is

blackened. Only a small portion of the

energy is reflected each time, the greater

part being absorbed. The hole AB is of

such a size that the chances of the ray finding its way out again are

very small. Light falling on AB is practically all absorbed. Conse-

quently, if the sphere be maintained at a uniform temperature,

sufficiently high to make its inner surface radiate out heat appreciably,

the radiation from AB will be the radiation of a black body for that

FIG. 317.
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temperature, or black radiation, as it is called. Also, if any body be
heated inside the sphere to the tempera-
ture of the latter, the radiation issuing
from its surface through the opening
will be black radiation.

For low temperatures double-walled
vessels were used, the space between the

walls being filled with steam, ice, carbon
dioxide snow, or liquid air, so as to keep
the interior at a uniform temperature.
The radiation escaped by means of a

tube. For high temperatures an electri-

cally heated body of porcelain was used.

With this apparatus Lummer and

Pringsheim first proved that the radiation

from a black body was proportional to the

fourth power of the absolute temperature.
This law had been enunciated by Stefan

as a result of observations made on the

rate of cooling of thermometers with
blackened bulbs, etc. Then, in 1899,

they published energy curves taken with
the same radiators. Some of these

energy curves are reproduced in the

accompanying diagram (fig. 318). Thus Kirchhoff's function S was
determined as a function of A. for several different values of T.

- A

Density of Equilibrium Radiation in an Enclosed Vessel. At the

same time as Paschen and Lummer and Pringsheim were seeking to

measure S experimentally, endeavours were being made to determine
S as a function of A. and T purely by theoretical reasoning. The results

obtained have been very important, but as the reasoning leading up to

them is long and abstract, only a short sketch of it will be given here.

The theoretical investigations are based on the idea of radiation

being in equilibrium with matter. To understand this idea let us re-

vert to fig. 316. At any time there is a flow of energy from 1 to 2

and a flow from 2 to 1. On the assumption that the velocity of the

radiation is c let us calculate the density of the flow from 1 to 2.

The Ej emitted by 1, if allowed to flow forward without obstruction,
would fill a cylinder of length c and unit cross-sectional area. Hence
it gives a density of Ej/c. The portion of E

2
emitted by 2 and reflected

by 1 gives a density of (1
-

Aj)E2/c. The portion of E
l
reflected by

both 2 and 1 gives (1 Aj)(l A^Ej/c. The portion of E
2
reflected

by 1 and 2 and then again by 1 gives (1
- A

1 )'

2
(l

- A
2)E2/c.

If we
proceed in this way, we find fhat the density of the resultant stream

from 1 to 2 is given by
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<,- . /-i . \_
^

Ej(l
" AJ

-(l-AjfL-Aj
T

1 -
(1

-

=
Ofa + A

2
-
.A^V)^

1 + E
2
~ A

i
E
2)'

If we substitute for E
2
from AjE^ =

AgEj, the expression reduces to

E
i

s
or -.

CAj C

The density of the resultant stream in the other direction has, of

course, the same value. Thus, when thermal equilibrium is established,
the density of the radiation in the space enclosed between 1 and 2 is

independent of the materials of which these substances are composed,
and, if there is a small opening made in one of the slabs at P, the

density of the radiation issuing from P is S/c. We thus see

why the radiation from a hollow vessel is always black

radiation, even though the inside of the vessel reflects quite
well.

It is not necessary for the enclosed space to have the
form shown in fig. 319 in order that the expression for the

density may equal S/c ;
the enclosure may have any shape

whatever. When a system is in thermal equilibrium the

radiation in every direction for every wave-length has a

definite density. If the surrounding bodies become colder,
radiation is absorbed and the density becomes less ; if they
become warmer, radiation is emitted and the density in space
becomes greater. We thus arrive at the idea of radiation in space

being in equilibrium with matter at any temperature.

Boltzmann's Ether Engine. In the theory of the steam engine
much use is made of a series of changes known as the Carnot cycle.

A definite mass of gas can be put through a Carnot cycle by enclosing
it in a cylinder with a tightly fitting piston as is shown in fig. 320,

supplying a quantity of heat to it, and allowing it to

expand isothermally. It is then allowed to expand
further without gain or loss of heat. During this ex-

pansion its temperature falls. It is next allowed to

contract isothermally, and during this operation a

quantity of heat is taken from it. It is finally made to

contract without gain or loss of heat, and during this

operation the temperature increases to its initial value.

The gas has then returned to its initial condition and

the cycle of operations is completed.
FlQ - 32 -

Suppose that instead of containing gas the cylinder is a vacuum,
and that the inside surface of the cylinder and the lower surface of

the piston are perfect reflectors. Let us suppose also that there is

radiation inside the cylinder. This radiation will be reflected back-
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wards and forward and never be absorbed. Its density throughout the

cylinder is constant, and it can also be said to have the temperature of

the matter with which it would be in equilibrium. The radiation

passes in the ether, so that the energy in the cylinder may be said to

be contained in the ether, just as in the former case it was contained

in the gas. The analogy extends still further
;

it was found by Bartolli

as a deduction from the second law of thermodynamics, that the radiation

exerts a pressure on the sides of the cylinder, just as in the former case

a pressure was exerted by the gas. The radiation in the cylinder can

consequently be put through a Carnot cycle just as the gas was, and
as in this case the working substance in the cycle is the luminiferous

ether, the arrangement of cylinder and piston for putting it through
the cycle has been called an ether engine.

By considering such a cycle Boltzmann proved that the total radia-

tion from a black body was proportional to the fourth power of its

absolute temperature. This law had been stated previously but

erroneously by Stefan as holding good for. all bodies, and as the

amended version was due to Boltzmann, it is very often referred to as

the Stefan-Boltzmann law.

Wien's Displacement Law. Stefan's law applies only to the total

radiation from a black body and gives no information as to how it is

distributed through the spectrum. It is well known that when a

piece of carbon is heated it sends out first a black heat, then, as its

temperature is raised, a red heat,* and finally a white heat. With
rise of temperature, therefore, the wave-length of the radiation dimin-

ishes. This has been known for a long time, and in 1847 Draper
determined the temperature at which all bodies began to send out red

light. He found it to be 525 C., and the statement that all bodies

begin to emit red rays at this temperature was known for a long time

as Draper's law. As a matter of fact bodies do not all begin to radiate at

the same temperature. The " blacker
"
the body is, the lower is the tem-

perature at which visible radiation starts. But Draper heated all his

specimens in an iron tube closed at one end, and hence by his method
of experimenting made them all to some extent black bodies.

As the temperature is raised, then, the wave-lengths of the radia-

tion alter. This alteration has been investigated mathematically by
Wien, Suppose we have a quantity of radiation of a given density
enclosed in a cylinder with a piston, the inside surface of the enclosure

being a perfect mirror, and suppose that the piston is pushed slowly

down, then the radiation will be compressed and its density increased.

It will consequently be in equilibrium with matter at a higher tem-

perature. It has already been shown in the section dealing with the

Doppler principle on p. 281, that if a beam is incident at an angle
on a mirror which is moving with a velocity v in the direction of its

* If the observations are made very carefully with an extended object in a very
dark room, owing to the Purkinje effect (Chapter XIX) it appears grey before red.
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normal, then after reflection the wave-length of the beam is diminished
in the ratio of 1 to 1 - 2 (v/c) cos 0. Now as the piston moves down,
its surface acts as a moving mirror, the^radiation in the cylinder is

being continuously reflected by it and consequently its wave-length is

being diminished. Arguing on these lines Wien snowed, that if X^ is

the wave-length of the maximum of the energy curve at absolute tem-

perature T, then A^T is constant. He also showed how, when the

energy curve is known for a given temperature, it can be constructed
for any other temperature. This result is known as Wien's displace-
ment law.

Radiation Formulae. By assuming a particular and not at all plaus-
ible constitution for the radiating body, Wien obtained the formula

which is known as Wien's radiation law. Whenever S refers only to

one particular wave-length we shall henceforth denote it by Sx ;
then

J o

Owing to the definition of SA it is, of course, independent of the size

of the hole or the distance of the latter from the slit of the spectroscope.

By assuming that all the "
standing waves

"
which it was possible

to form inside an enclosure possessed the same quantity of energy,
and by dividing the spectrum into intervals and counting how many
waves had their periods in each interval, Eayleigh derived the formula

Eayleigh' s formula does not represent the experimental results.

Wien's formula was satisfied by Paschen's results, but did not fit

Lummer and Pringsheim's data so well. Investigation showed that it

was the formula, not Lummer and Pringsheim's results, that was at

fault, and finally Planck proposed the formula

which fits all results within error of observation and which is at pre-

sent almost universally accepted.
In deriving his formula Planck considers each wave-length sepa-

rately. He assumes the existence of an enclosure containing a great

number of Hertzian oscillators all radiating and absorbing the same

wave-length, but possessing at any given instant different quantities of

energy This distribution of the energy among the different oscillators

occurs according to the laws of probability, and by using a very

general definition of temperature the temperature of the system can

be derived from the distribution of energy. Then by calculating the

density of the radiation in the enclosure the value of SA for that

particular value of X can be found as a function of T.

29
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In order to obtain the correct result Planck found it necessary to

assume, to put the matter very crudely, that the oscillators did not

radiate continuously, but emitted the energy in jerks or "
quanta ".

This theory of quanta is, of course, opposed to all previous notions.

It seems to find a confirmation in one or two other branches of

physics, and has aroused a great deal of attention at present. But if

we consider the modern view as to the nature of white light, which
has been expounded in Chapter XXI, according to which white light
consists of pulses and the harmonic waves into which it can be

resolved are mere mathematical fictions having no physical reality, it

does not seem justifiable to consider each different wave-length sepa-

rately. If this is the case, Planck's whole argument falls to the

ground.

Discussion of the Radiation Formula. It will be noticed that

when XT is made very large, Planck's formula agrees with Eayleigh's,
and when XT is made very small, it agrees with Wien's. In far the

greater number of cases, indeed except when dealing with residual

rays, Wien's formula does not differ much from Planck's, and, since it

has the advantage of simplicity, it can be used as an approximation
for the latter. From it a number of important results about black

body radiation can be deduced.

We have SA = GI\
~

5 e~
c '2/AT

.

To find for what value of X the expression has a maximum take the

logarithm of Sx
1

,
differentiate it with respect to X, and equate the

result to zero.

'This gives log Sx = log c, - 5 log X - A
AT

I*

X X2T
~

'

and finally XT =
^

Denote the value of X corresponding to the maximum value of S\ by
Xm . When T is measured in degrees absolute and X in 10~4

cm.,
c
2
= 14,500. Therefore

XmT = 2900.

As the temperature increases, the maximum moves towards the

visible spectrum. By substituting Xm in the expression for SA ,
we find

that the maximum value of SA increases as the fifth power of the

absolute temperature. SA always increases with the temperature for

every value of X, no matter on which side of the maximum it is.

To find the total radiation, integratec^Se^/^TfromX = OtoX = oo.

The integration follows easily if XT is put = 1/6 and is regarded as

the variable. The result is GcjT
4
/^

4
. This is Stefan's law.

The temperature radiation of bodies that are not black follows

more complicated laws. The energy curves vary all the way from

shapes not differing widely from that for the black body to curves with
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100

50-

two or more sharp maxima. The wave-length of maximum intensity
however, always decreases as the temperature increases, and many
substances, which radiate selectively at low temperatures, become
similar to the black body at high temperatures. Of course, no body
can radiate more than a black body for any
wave-length and temperature.

The metals form an interesting class,
and an attempt has been made to represent
their energy curves by formulae of the same
form as Wien's, but with a different power
of A. in place of the X~ 5

. At ordinary
temperatures they all reflect much better

in the infra-red than in the visible spect-
rum. Hence their absorbing power and

consequently their radiating power is less

in the infra-red. This selective reflection

seems to persist at high temperatures, and
the energy curves resemble somewhat the
curves for the black body, but with the
ordinates on the infra-red side of the
maximum diminished, and consequently
the radiant efficiency increased. Some of

Lummer and Pringsheim's curves repre-

senting the radiation from glowing plati-
num at different temperatures are given
in fig. 321. The total radiation from

platinum varies as the fifth power of the

absolute temperature.

Optical Pyrometry. The theory of the black body has been

applied in three different ways to the measurement of temperature.

Temperature may be read by the hydrogen thermometer up to 600 C.
,

and thence by the nitrogen thermometer up to 1150 C. Beyond this

it is customary to use thermo-couples, which have been calibrated as

far as the gas thermometers go, and to extrapolate for values beyond.

Thermo-couples are, however, unsuitable for some purposes, and in

any case they cannot be used beyond the melting-point of platinum.
This is where optical pyrometry finds its use.

The first optical method consists in finding the position of AOT and

applying the equation A.mT = 2900. The second consists in measur-

ing the total radiation by some instrument such as Fery's thermo-

electric telescope and using Stefan's law. In this instrument an image
of the source is formed on a thermo-couple by a concave mirror, and

the instrument is calibrated by pointing it at two sources of known

temperature. The third method consists in measuring the brightness

of the source for one wave-length in the visible spectrum, and calibrat-

ing the photometer by means of two sources of known temperature.
These methods give relative measurements satisfactorily and

29*
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FIG. 321.
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enable one to reproduce any temperature with accuracy, which is all

that is required for industrial purposes ;
but they must be used with

considerable care if absolute measurements are required. Many
people in possession of optical pyrometers are unaware of the limita-

tions of their instrument, and have too profound a faith in its empirical
formula.

All three methods hold in the first instance only for the black

body. The first method holds also for a "
grey

"
body that is one

that reflects all colours equally well. In the case of a grey body the

ordinates of the energy curve are supposed to be diminished in the

same ratio all over, and the position of the maximum is unaltered.

The first method is, however, not so accurate as the other two, for the

position of the maximum cannot be easily determined. The last two
methods if applied indiscriminately will not give the true temperature
of a body but its

" black
"
temperature that is, the temperature of a

black body which would have the same total radiation, or which
would have the same brightness for the wave-length in question.

To get the true temperature we may proceed in two ways. On
the first method, which is due to Lummer and Pringsheim, the scale

of the instrument is calibrated by using glowing platinum as well as

the black body. We thus have two determinations of the temperature,
the second value being that which the body would have if it had the

same properties as platinum. As platinum differs widely from the

black body as a radiator, there is a presumption that the true tem-

perature of the body will lie between the limits thus obtained. On
the second method the body is placed inside a sphere, the inner sur-

face of which is a good reflector, and the radiation through a hole in

the surface examined. The radiation from the body is thus increased,

until its black temperature equals its true temperature.

Optical pyrometry has been applied to the determination of the

temperature of the sun, and values somewhat below 6000 C. have

been obtained. If the sun is a black radiator, this is not far from its

most economic temperature, i.e. the temperature at which the greatest

proportion of its radiation falls within the limits of the visible

spectrum. If the temperature were greater than this, too large a

proportion of the radiation would fall in the ultra-violet. Through
long ages of evolution our eyes have adapted themselves to the sun,
and become most sensitive to these wave-lengths which it radiates

most intensely.
In the ordinary gas or candle flame, the carbon glow lamp, and the

crater of the carbon arc, the source of light is in each case glowing
carbon, and the energy spectrum is approximately that of the black

body. The fundamental difference is that of temperature. By means
of the thermojunction the temperature of the luminous region of the

gas flame has been found to be not more than 1780 C., and by
optical methods the temperatures of the carbon glow lamp and arc

crater have been found respectively to be below 1800 C. and between
3500 and 4000 C.
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The Pressure of Light.* It has been shown from Maxwell's equa-
tions that there is momentum in an electromagnetic field as well as
energy, that the direction of this momentum is the same as the direc-
tion of propagation of the energy, and that its value per unit volume
is numerically equal to the energy per unit volume divided by the
velocity of light. A pencil of light is consequently a stream of
momentum.

Thus if a light wave is incident on a plane absorbing surface at an
angle < and if the energy falling per second per square centimetre held
normal to the rays is E, the momentum received per second per square
centimetre is (E cos

<f>)/c. This produces
AT 1 E COS2

</>Normal pressure = ---.

m ,
. , E cos <b sin <f>

Tangential stress = - -.
c

If the wave is entirely absorbed both these forces exist.

If the stream is entirely reflected, the reflected pencil exerts an

equal normal force and an equal and opposite tangential force and we
have only the normal pressure of amount 2E (cos <f>)

2
/c.

If only a fraction r is reflected, the incident and reflected waves
give

AT (1 + r)E cos2

Normal pressure = - --

(1
- r)E cos d> sin d> .

Tangential stress = J =
'

c

A beam of light should exert a pressure, then, on a surface on which
it falls. This pressure is, however, extremely small. For solar radia-

tion at the earth's surface, when the absorption of the atmosphere is

allowed for, E = 0-175 107
ergs/cm.

2 sec. Consequently if the surface

is a black one and the incidence is normal, the magnitude of the normal

component is only
0-175 107

= 5'8 10~ 5
dynes/sq. cm.

A pressure was to be expected according to Newton's corpuscular

theory, owing to the destruction of the momentum of the stream of

particles which constituted the light ray according to that theory, and

the pressure could be calculated on the corpuscular theory according
to the ordinary laws of dynamics. An unsuccessful attempt was made
to detect its existence experimentally as early as 1754. Unsuccessful

attempts were made to detect the pressure by other physicists, that of

Crookes, for example, leading to the discovery of the radiometer. An

expression was derived for the pressure on the electromagnetic theory

by Clerk Maxwell, and shortly afterwards it was shown independently

by Bartolli from thermodynamical considerations, as has already been

mentioned, that a light wave exerts a pressure on a surface on which it

* The matter of this and the two following sections is taken from a paper by Prof.

3. H. Poynting, "Phil. Trans.," A., vol. 202, 1904, p. 538.
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falls. The above method of deriving the formulae is considerably

simpler than Clerk Maxwell's, but the legitimacy of using the concep-
tion of optical momentum would not be universally admitted.

The existence of the normal component of the pressure was proved
experimentally in 1900 by Lebedew, and independently immediately
afterwards by Nichols and Hull. The method of experimenting was

approximately the same in each case. Light from an arc lamp was
concentrated on a suspended vane, made of thin platinum discs in

Lebedew's arrangement and of thin silvered glass in Nichols and Hull's

arrangement. The light produced a rotation of the vane and this.

rotation was read by a mirror attached to it. The most suitable

pressure of air was sought in each case. The chief difficulty was the

radiometer or gas action ; the side on which the light falls gets heated,
the pressure on that side rises and this rise in pressure produces
a spurious effect. Lebedew eliminated the gas action by letting the

light fall rapidly in succession on the two sides of the disc and taking
the mean of the two deflections. The results in both cases were found
to agree with theory.

The tangential stress was detected and measured by Poynting and
Barlow in 1904. The angle of incidence used was 45, and the magni-
tude of the result was found to agree with theory.

Pressure of Radiation on its Source. If rays of light are streams of

momentum, it follows, since the momentum of rays and source in any
direction is constant, that the rays must exert a backward pressure
on their source.

If 1 sq. cm. of surface is emitting altogether energy R per second,
and if Ndw is the energy it is emitting through a cone dw with axis

along the normal, then in direction it is emitting N cos# dot through
a cone dw. Putting dm = 2?r sin# dO and integrating over the hemi-

sphere, we have

fl= N
Jo

cos# . STT sin0 dO =

If we draw a hemisphere, radius r, round the source as centre, the

energy falling on area r2dw is N cos# do) per second, and, since the

velocity is c, the energy density just outside the surface on which it

falls is N (cos#)/(cr
2
),
and this is the rate at which momentum is being

received, that -is, it is the normal pressure. The total force on area

r2do> is N cos# doi/c. This is the momentum sent out by the radiating

square centimetre per second through the pencil with angle dot, in the

direction 0, and is therefore the force on the square centimetre due to

that pencil.

Resolving along the normal and in the surface we have
_ T . N cos2 Odu
Normal pressure =

,

N cos 6 sin

Tangential stress =
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Putting dt = 27T sin<9 dB and integrating over the hemisphere we get
Resultant normal thrust

If ',

=
1

2

(N cos2
<9 27r sin0 dele)

=
27rN/(3c) = 2R/(3c).

J o

Total tangential stress = 0, since the radiation is symmetrical about
the normal.

Comparison of Radiation Pressure with Gravitational Attraction
exerted by the Sun on a Small Body. Let the small body be a sphere of
radius a and density p, let its surface be a perfect absorber, and let it

be at one temperature throughout. Let us assume that it is exposed
to solar radiation of intensity E ergs/sq. cm. sec. Then it receives a
momentum

7ra2E

c

per second from the sun. Its own radiation being equal in all direc-
tions has zero resultant thrust.

The acceleration of gravity towards the sun at the distance of the
earth is about 0-59 cm./sec. Thus we have

Radiation pressure 7ra2E

Gravitation pull
~"

c x ^ircfip x 0*59'

The two will be equal when

*
cp x 0-59'

If we put />
=

!, = 0-175 107
,

c = 3 1010
,

we get a = 74 10~ 6
,

i.e. a body of diameter about two wave-lengths of red light would be

equally attracted and repelled, if we could assume that a surface so

small still continues to absorb. But when we are getting to dimen-
sions comparable with a wave-length that assumption can no longer be
made.

EXAMPLES.

(1) Show that, if Wien's formula is assumed for the black body, the

maximum value of Sx. varies as T 5
.

(2) Derive Stefan's law from Wien's radiation formula, giving in full

all the steps of the integration. Show in the same way that Stefan's law can

be derived from Planck's radiation formula.

(3) Show clearly that if XT is made very large Planck's radiation formula

reduces to Rayleigh's.

(4) Show that when 1/0 is substituted for XT in Wien's radiation formula

and the integral taken with regard to the wave-length, the result is

:"* do.

If the curve 3
e

2
is plotted and ordinates set up at values of correspond-

ing to the ends of the visible spectrum for a definite temperature, show how
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the ratio of the area included between these ordinates to the area of the

whole curve gives the radiant efficiency (cf. p. 353) for that temperature.
Hence find the radiant efficiency of a black body at a temperature of 2000

abs.

(5) The total radiation from platinum varies as the fifth power of the

absolute temperature. Show that the formula

-C2/AT

satisfies this requirement. Show also, as is required for all metals, that this

formula gives relatively less radiation in the infra-red than is done by the

corresponding formula for the black body.
(6) Let EI denote the radiating power of an arc lamp for sodium light,

and let E2 denote the radiating power for the same wave-length of a sodium
flame placed in front of it. Let a denote the fraction of the incident sodium

light absorbed by the flame. The sides of the sodium flame are plane
and at right angles to the line df vision of an observer. Show that the D
lines will appear reversed if E^ is greater than E

2 .

(7) Show that an infinitely thick flame radiates like a black body.

[Divide the flame into n parallel layers of equal thickness ; let E be the

radiating power of a single layer, and let a be the fraction of light absorbed by
a layer. Then the radiating power of the whole flame is

E + E(l -
a) + E(l

-
a)

2 + . . . ]

(8) It is found that, when a thermopile is exposed to the full radiation

of the sun, the deflection on the scale is 81 times as great as when it is ex-

posed to the radiation from a disc of platinum which subtends the same

angle at the thermopile as the sun does. The "black "
temperature of the

platinum is 2000 abs., i.e. its surface is as bright as the surface of a black

body at that temperature. Find the " black
"
temperature of the sun.

(9) The sun is 600,000 times as bright as the full moon. The brightness
of the sky at full moon is 10 - 6 times the brightness of the moon's surface.

Assuming that the total radiation from the sun and from the sky is propor-
tional in each case to the visible radiation, show that the temperature of a

small portion of matter in interstellar space cannot be greater than 7 abs.



CHAPTER XXVI.

THE RELATIVE MOTION OF MATTER AND ETHER.

Astronomical Aberration. We come now to discuss the nature of

the ether. If light is a wave-motion propagated out from the sun, we
must assume the existence of a medium for it to travel in, and this

medium, which fills interstellar space and penetrates between the

molecules of matter, is known as the luminiferous ether. It has usually
been discussed fully at an early stage in books on light and attention

drawn to its contradictory properties, how it opposes no measurable

resistance to the motion of the planets through space, and yet acts as a

rigid solid as far as the vibrations of light are concerned. But in this

book the jdiscussion of it has hitherto been evaded, because there is

some doubt at present as to whether it really exists.

Fresnel regarded the ether as continuous and having a density and

elasticity in the same way as ordinary matter has, only its density was
infinitesimal compared with the density of ordinary matter. The

density of the ether varied from medium to medium, being greater in-

side an optically dense medium such as glass than in air, but its

elasticity was the same in all media. The velocity of light in any
medium was inversely proportional to the square root of the density of

the ether inside that medium. We have already seen that on this

basis Fresnel was able to give a satisfactory theory of reflection and

refraction.

Now what happens when matter moves through the ether ? Does

the ether contained in it move with it, or does

the matter move through the ether like a wire

framework through air ?

In 1726 the astronomer Bradley observed a

phenomenon, known as the aberration of light,

which apparently enables us to answer this ques-

tion. It has already been described in Chapter

VIII, and consists in an apparent displacement

of the stars in the sky owing to the motion of

the earth in its orbit about the sun. Suppose L L_
that an observer is stationed at O and looks at 0, P

a star, the true direction of which is OQ, but FlG 322

that the earth is moving with velocity v in the

direction OP. Let V be the velocity of light. In estimating v c

the velocity of the earth in its orbit need be considered, the compon
457
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due to the diurnal rotation being neglected. If the axis of the telescope
were pointed in the direction OQ, owing to the lateral motion of the

telescope the rays from the star would not travel down its axis. In
order that this may take place the telescope must be pointed in the

direction OjQ, where OjO/OQ = /V. For if we suppose the centre of

the object glass to be at Q, the cross-wires move from O
1
to O while

the ray is travelling from Q to O, and consequently only if the telescope
is pointed in the direction of O

T
Q will the rays come to a focus on the

cross-wires.

The phenomenon is exactly analogous to the case of a ship which is-

moving at a high speed, and which is being struck by shots fired at

right angles to its line of motion. Owing to the motion of the ship the
track of the shot through it will not be at right angles to its length, but
the hole in the side at which the shot leaves will be further astern than
the hole at which it enters. Thus the apparent direction of the cannon
as estimated from the shot holes is ahead of the true direction, in the
same way as the apparent direction of the star is ahead of its true

direction.

The angle between the true and apparent directions of the star,

namely, OQOj, is given by
sin OQOj _ OOj
sin QOOj

~~

OjQ
Since C^O is small, we may write OQ for OjQ and /-OQOj for its

sine. Hence the aberration

= 55l sin Q00r

The maximum value of OQOj is obtained by putting sin =
1, and

equals 20 '47 seconds. As has already been stated, the value of the

velocity of light obtained from measurements of the aberration agrees
with the values obtained by the other methods.

In the above explanation we have assumed that the ether remains
at rest while the telescope and the air inside it move through it. We
can thus apparently assume that the ether remains always absolutely
at rest.

Airy's Experiment. This assumption is, however, upset by an ex-

periment due to Airy. He filled a telescope with water. The velocity
of the ray down the telescope would consequently be diminished, while
the velocity of the earth through space remains the same. Also the

ray would be refracted on passing out of the object glass into the

water. Now according to the foregoing theory on account of both these

reasons the aberration should be greater. But it remains exactly the

same.
We must therefore modify our assumption, and assume that the

ether inside the telescope drifts with it when it is filled with water,
but not when it is filled with air. The magnitude of this drift can easily
be calculated from geometrical considerations.
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For in fig. 323 let OQ represent the true direction and C^Q the
apparent direction of the star. When the rays
enter the water at Q they are refracted; Now
QO gives their direction of incidence and QO

l
the

normal
; consequently the direction of refraction

is given by QS, where
sin OjQO =

yw,
sin C^QS.

Since the angles are small we may write this

equation

OjQO =
/u, O^S

or simply C^O = p C^S.
The velocity of the rays down the telescope is 0, S T P

diminished in the ratio of /x to 1, consequently FlG> 323.
the time taken by them in passing down the

telescope is increased in the ratio of 1 to /x and during this time the-

cross-wires would arrive at T instead of O, where OjT =
/xO 1

O.

We have to explain, therefore, how it is that the ray arrives at T
instead of S, and this can be done only by assuming that the ether

drifts the distance ST while the rays are passing down the tube.

While the water moves the distance OjT, the ether moves ST, or, in

other words, the ether contained inside the water is moving in the same
direction as the latter, but with a velocity only ST/OjT of the velocity of

the latter.

We have therefore for the velocity of the ether drift

This expression was first obtained by Fresnel. It becomes zero for air,.

i.e. when
//,
= 1.

Fresnel's Method of Obtaining the Expression for the Ether Drift.

Suppose that a glass plate is moving through the ether with velocity

v, that the density of the ether inside the glass is p', and that its density
in vacuo is p ; p. is, of course, greater than p. Then it is clear that the

ether inside the glass must be to a certain extent dragged with it, for

if it remained at rest the glass would move away from the place where

the ether had the greater density.
Let v' be the velocity of drift of the ether. Then since there is no-

flow round the edges of the plate, the quantity entering the front surface

is pv per unit area. The quantity leaving the back surface of the plate

is p'(v -v') per unit area. Since the quantity inside the plate is-

constant,

pv =
p'(v

-
v') or v' = vll - A

But pip = /x
2

,
the square of the index of refraction of the glass. Con-

sequent ly on substituting we find
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the same result as before.

Fizeau's Experiment. Fresnel's formula for the ether drift was
verified in a celebrated experiment carried out by Fizeau in 1859.

Fig. 324 shows the arrangement. As source a narrow slit at S
illuminated by monochromatic light is taken. The rays from S are

reflected by a glass plate G, made parallel by a lens L, and then pass
through two apertures A and B. CD is a vessel which is divided into

two parts by a partition, and through which water can be forced in the

-direction of the arrows. The pencils from the apertures enter and
leave the vessel through parallel plates of glass. They are then re-

ceived by a lens L' and reflected by a mirror M at its focus, after which

they pass back through L', CD, L, and G to S', but with their paths
interchanged. The pencil which enters CD through A leaves it through
B. The two pencils form interference bands at S'.

FIG. 324.

If the water is at rest, the paths of the two pencils are exactly
similar. If, however, the water is being forced through, the pencil
which enters through A travels against the current both going and re-

turning. Hence, if according to Fresnel's theory the ether is dragged
with the current, this pencil is retarded, while the other pencil which
in both cases travels with the current is accelerated. The interference

bands at S' should therefore be displaced.
The phase difference introduced by the motion can easily be calcu-

lated. For let V be the velocity of light in vacuo, v me velocity of the

water and /x its index of refraction, and let / be the length of the vessel

CD. Then the difference of the times required by the two paths is

22 2Z

-
(l

- -
V f

/*

From the difference of times in emerging from A and B and the velo-

city of light in air the path difference at S' can be calculated.

Fizeau obtained a measurable result when the velocity of the water
was 7 metres per second, and the result supported Fresnel's theory.
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The experiment was repeated by Michelson and Morley in 1886 in
a slightly different manner and with greater accuracy. Their results,
also bear out the foregoing theory.

Michelson and Morley's Experiment. Fizeau's experiment ia

unique in that it gives a positive effect. Many experiments have
been

^made
with the intention, of detecting a possible effect of the

earth's motion on optical phenomena, but the results have been wholly
negative. The most celebrated of these experiments has been that
made in 1887 by Michelson and Morley with Michelson's interfero-
meter.

Fig. 325 represents the interferometer. Its use has already been

I

B/>

o 1

FIG. 325.

described on pp. 149 and 291, The light from the slit enters the

glass .plate A and divides into two beams at its second surface,

which is half-silvered. One of these beams then goes back through
the plate and is reflected back on its path by the mirror at C, while

the other passes through the equally thick plate B and is reflected

back on its path by the mirror at D. The two beams then superimpose

again at the point where they separated, and interference bands are

produced. These interference bands are observed by a telescope
which is pointed in the direction OA. Let us suppose that the two

paths are optically equal, and that the optical distance from the point
of separation of the beams to either of the mirrors is d.

Let us suppose now that the earth is moving through space in the

direction parallel to SD with a velocity v. Then the time taken by
the light to go from A to D and back is

d d

v + v
+ v - v'

where V is the velocity of light. The equivalent optical length of this

path is consequently
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.approximately. We have supposed in this calculation that the ether

is at rest in the glass as well as in the air, but owing
to the fraction of the path in the glass being very
small this assumption does not affect the result appreci-

ably.
Let us calculate now the equivalent length of the path

AC. Owing to the motion of the glass plate A in space
from A to A'

(fig. 326), while the light is going from the

plate to the mirror and back, the rays are no longer inci-

a \ A/ dent on C perpendicularly but they fall on it at an angle
as shown in the figure. CF = d and AF/CF = v/V.

Hence the equivalent length is

AC + CA' = 2AC = 2 ^/CF
2 + AF2

/ AF2\ AF2

= 2CF( 1 + 2
\
= 2CF + approximately

The difference between the equivalent lengths of the two paths is

consequently

ty
V2

'

If the earth were to stop suddenly, then the interference bands would
be displaced in the field.

It is impossible to start or stop the earth's motion suddenly, but

the same effect can be obtained by rotating the whole apparatus through
90, so that the path AC becomes parallel to the direction of the earth's

motion and the path AD at right angles to it. This makes the difference

the other way, so that the rotation produces a difference of length

equal to (2du
2
)/V

2
.

In the first experiments tried the calculated shift was too small, so

-by means of multiple reflections d was increased to 11 metres. We
have v2/V

2 =10~ 8
. Hence the difference should have been 2 -2 x

10~ 5
cms., or less than half a wave-length of sodium light. The actual

displacement observed was certainly less than -^ and probably less

than ^5- of this amount. To avoid vibration and distortion of the

apparatus due to rotating it, it was mounted on a heavy slab of stone

floating in an iron trough, which was cemented in a low brick pier.

This slab was kept in a slow rotation, the time of a complete revolution

being about six minutes, and, in order to avoid the strains set up by
stopping it or starting it, the observations were made while it was

moving.
The apparent result of Michelson and Morley's experiment is to

prove that the ether in the vicinity of the earth moves with the same

velocity that the earth does, a result which is at variance with Fresnel's

law of drift and the phenomena of astronomical aberration. In order

to remove this contradiction Fitzgerald and Lorentz put forward the

suggestion simultaneously, that the lineal dimensions of matter depend
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to a slight extent on its absolute motion through space. If the arm
AD (fig. 325) which lies in the direction of the earth's motion is always

(di>
2
)/(2v

2
)
shorter than the other, then the two paths would have the

same equivalent length.
This suggestion is not so artificial as it seems at first sight, because

in the first place the change required in the length is so very small.

Since u2/V
2 is only 10" 8

,
the diameter of the earth which is parallel to

the direction of motion would be diminished only 2 inches by the

motion. Also the length of a body depends on the forces between its

molecules. These molecular forces may very well be electrical in their

origin. If so, they would be transmitted by the ether and would be

influenced by the motion of the molecules through the ether.

Sir Oliver Lodge made an experiment, in which two large steel

discs 3 feet in diameter were mounted on a common axle, one above

the other with their planes 1 inch

apart, and rotated at a very high speed.
Two interfering beams were passed
round the space between the discs in

opposite directions by means of a

system of mirrors. Fig. 327 shows a

plan of the arrangement. The two
beams are separated and united again
at the half-silvered glass plate G, and
each goes round the axle three times.

The two paths are shown exactly

superimposed. The four mirrors A,

B, C, and D are, of course, fixed.

If the ether between the discs was dragged with them, it was

thought that there might be a displacement of the bands when the motion
started. No such displacement was observed. This showed that the

ether was not appreciably affected by the moving matter in its vicinity,
a result which is in full agreement with Fresnel's formula.

Brace's Experiment. Lord Rayleigh suggested, that if transparent
media really contracted in the way described by Fitzgerald and Lorentz

when they were moving through space, then they might become

doubly-refracting, just as a block of glass does when it is subjected to

unilateral stress. He made an attempt to detect such an effect experi-

mentally but with negative results. This experiment was repeated

by Brace in 1904 on a more elaborate scale.

Brace used a trough 413 cms. long which was filled with water,

but the rays were reflected back and forward along it so that the

total length of the path in water was about 30 metres. The trough
was rotated about a vertical axis. The light was plane polarised at

an angle of 45 to the direction of the earth's motion before it entered

the water. If the trough was at right angles to the direction of the

earth's motion, and the vibration was resolved into two components

perpendicular and parallel to this direction, and if the water contracted
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in one of these directions, the two components of the vibration might
presumably have different velocities. Hence the water might become

doubly-refracting. But when the trough was rotated through 90 so
that it became parallel to the direction of the earth's motion, the velocity
of the two component vibrations should become the same and the

double refraction disappear.
No double refraction was observed. Brace estimated that a change

in the index of refraction of 7 '8 x 10~ 13 could have been detected.

The greatest effect which might have been expected was 1600 time&
this.

Lorentz's Theory. While the last experiments described above
were performed, the views of physicists as to the nature of light had

changed, and they were no longer thinking in terms of the elastic solid

theory, but in terms of the electromagnetic theory. The influence of

the earth's motion on the electromagnetic theory was investigated very
successfully by H. A. Lorentz in 1895.

He starts out from Maxwell's equations in their usual form, referred

to axes fixed in space, and assumes that the ions and electrons which
form the earth's constitution are all streaming past with velocity v, i.e.

the earth's orbital velocity in space. Owing to their rapid motion the
electrons are appreciably acted on by the magnetic intensity as well as.

by the electric intensity of the light wave, and consequently new terms.

appear in their equations of motion.
He finds as a result that in the moving body the electric inten-

sity can no longer be propagated in plane transversal waves, although
the magnetic intensity can. . He also finds that V, the velocity of light
in a moving body, measured with reference to that moving body in a.

direction in which the component of the body's velocity is v, is given by

an expression which is the same as Fresnel obtained, except for a.

slight difference in the definition of /*. Thus the body acts on the wave
as if it were dragging with it the medium in which the latter travels,
but this drift is purely a virtual one. According to H. A. Lorentz
the ether is not a medium in any way analogous to matter, but purely
space endowed with the property of propagating wave motion.

Lorentz also finds that the results for a system moving with

velocity v in the x direction simplify considerably, when they are

expressed as a function of t (vx)/V
2 instead of as a function of /.

Maxwell's equations have then the same form as for a system at rest.

Hence t -
(ur)/V

2
may be regarded as a sort of local time for the

plane specified by x.

The Principle of Relativity. The introduction of this local time

and the Fitzgerald-Lorentz contraction have paved the way for a very
bold and far-reaching hypothesis, which on account of its difficulty
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can only be very inadequately mentioned here, but which can hardly
be left out on account of its very great importance. This is the

principle of relativity introduced by Einstein in 1905, which states

that motion through the ether is quite without influence upon all

optical experiments made with terrestrial sources of light, and that the

apparent velocity of light is a constant.

Suppose that a wave is sent out from a point O on the earth's

surface, and that, when this point has reached O
lf

the wave-front is a

sphere A which has its centre at O. Einstein states that to an
observer moving with the point, the wave-front appears to be a sphere
with the point O 1 as centre, because events, which appear to be simul-
taneous to an observer at rest, do not appear to

be simultaneous to an observer moving with the

system, and because points in the system, which

appear to be equidistant to an observer at rest,

do not appear to be equidistant to an observer

moving with the system.
The meaning of this sentence may be made

clearer by approaching the matter from another

side. Suppose a book is lying on the table ;
FIG. 328.

then we receive certain sensations of form, colour, touch, smell, etc.,

from it. We know that these sensations are relative because the

colour, for example, may appear different to one who is colour blind,
but we attempt to allow for the limitations of our senses and form, a

concept of the thing itself. Now hitherto, although we assumed that

the properties of the book were relative, we always believed that it

existed at a certain definite point in time and space, that our time and

space were absolute time and space. But according to Einstein they
are relative too.

The time and space that an event takes place at depend on the

velocity of the coordinate system, and all coordinate systems have the
same claim to finality. We cannot get from our relative system to an
absolute coordinate system. Now as we have always involuntarily
assumed an absolute coordinate system fixed somewhere in the ether,
the non-existence of this absolute system appears to many to involve

the non-existence of the ether also.

Of course the philosophers have for long written about the

relativity of time and space, but their discussions only proved its

possibility. The distinctive feature of the new hypothesis is that it is

quantitative, and Einstein seeks to show that it is necessary. We have
certain phenomena presented to us ; according to Einstein we have
failed to construct a consistent explanation of them on the assumption
that we are dealing with absolute time and space, and hence that

assumption must go.

Einstein's principle cuts at the roots of many fundamental ideas,

and its applications extend far beyond optics. Hence most people
find it exceedingly difficult to get a grip of, and it would be too much
to say that it is either generally accepted or denied. But the Michel-

30
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son-Morley experiment is a somewhat narrow experimental basis on
which to rear such a structure.

EXAMPLES.

(1) A plane wave is incident at an angle < on the plane surface of a

piece of glass, which is moving with velocity v in the direction of the normal
to the surface. Find the value of the angle of reflection by applying
Huygens' principle.

(2) Find the angle of refraction in the preceding problem, given that p, is

the refractive index of the glass.
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INDICES OP EEFEACTION OF OPTICAL GLASSES MADE BY CHANCE
BEOTHEBS & Co., LIMITED, BIRMINGHAM.

Factory
Number.
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INDICES OF EEFBACTION OF SOLIDS AND LIQUIDS WITH EESPECT TO AtB.

Wave-length.
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PERCENTAGE OF LIGHT KEFLECTED BY METAL MIRRORS.

(E. HAGEN AND H. EUBENS.)

Wave-length.
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CALIBRATION OF THE ULTRA-VIOLET.

The following spectral lines are useful for calibrating a spectro-

graph of moderate dispersion. They are produced by passing the

spark in air between terminals of the metals in question, a condenser

being connected up in parallel with the spark. The zinc lines printed
in heavy type are prominent and easily recognised. The air lines

become stronger if the condenser is removed. The three aluminium
lines require a very long exposure. The sensitiveness of the photo-
graphic plate is low for wave-lengths smaller than 2300. The
relative brightness of the different lines depends on the induction coil.

Al 1852-2
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